A  COURSE  IN  MATHEMATICAL  ANALYSIS 


DIFFERENTIAL  EQUATIONS 


BEING  PART  II  OF  VOLUME  II 

BY 

EDOUARD  GOURSAT 

PROFESSOR   OF   MATHEMATICS,  THE   UNIVERSITY  OF   PARIS 

TRANSLATED  BY 

EARLE  RAYMOND  HEDRICK 

PROFESSOR   OF   MATHEMATICS,  THE   UNIVERSITY  OF   MISSOURI 

AND 

OTTO  DUNKEL 

ASSISTANT  PROFESSOR  OF  MATHEMATICS,  WASHINGTON  UNIVERSITY 


GINN  AND  COMPANY 

BOSTON     •     NEW    YORK     •     CHICAGO     •     LONDON 
ATLANTA     •     DALLAS     •     COLUMBUS      •     SAN    FRANCISCO 


300 


'- 


€4 


COPYRIGHT,  1917,  BY 

EARLE  RAYMOND  HEDRICK  AND  OTTO  DUNKEL 


ALL,  RIGHTS   RESERVED 

PRINTED  IN  THE  UNITED  STATES  OF  AMERICA 
325.10 


gbc  fltbemtum   grt« 

GINN  AND  COMPANY  •  PRO 
PRIETORS  •  BOSTON  •  U.S.A. 


PREFACE 

The  present  volume  consists  of  the  second  half  of  the  second 
volume  of  the  French  edition  of  Goursat's  "  Cours  d'Analyse 
Mathematique."  As  was  stated  in  the  preface  to  the  first  half 
of  this  volume,  it  seemed  best,  for  purposes  of  American  schools, 
to  issue  these  two  parts  separately,  and  this  was  done  with  the 
approval  of  Professor  Goursat. 

It  is  hoped  that  the  present  volume,  which  is  entitled  "  Differen 
tial  Equations,"  will  prove  serviceable  in  American  universities 

for  courses  which  bear  that  name. 

E.  R.  HEDRICK 

OTTO  DUNKEL 
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A  COURSE  LN 
MATHEMATICAL  ANALYSIS 

VOLUME  II.    PART  II 


DIFFEKENTIAL  EQUATIONS 

CHAPTER  I 

ELEMENTARY  METHODS  OF  INTEGRATION 
I.  FORMATION  OF  DIFFERENTIAL  EQUATIONS 

1.  Elimination  of  constants.    Let  us  consider  a  family  of  plane 
curves  represented  by  the  equation 

(1)  F(*>y>  ci>cv  •••>c»)=°» 

which  depends  upon  n  arbitrary  constants.  If  we  assign  to  these  con 
stants  definite  but  arbitrarily  chosen  values,  the  successive  derivatives 
of  the  function  y  of  the  variable  x  defined  by  the  preceding  equation 
are  furnished  by  the  relations 


(2) 


If  we  stop  with  the  equation  for  calculating  the  derivative  of  the 
nth  order,  we  shall  have  in  all  (n  +  1)  relations  between  x,  y,  ?/',  y", 
•  •  •,  ?/(n)  and  the  constants  clt  ca,  •  •  -,  cw.  The  elimination  of  these  rc 
constants  leads  in  general  to  a  single  relation  between  x,  y,y',  >  -  -,  y(n), 

(3)  *(*,y,y',y'r,---,y("))=o. 

From  the  very  way  in  which  the  equation  (3)  is  derived  it  is  clear  that 
every  function  defined  by  the  relation  (1)  satisfies  this  equation  (3), 
whatever  may  be  the  values  assigned  to  the  constants  c,-;  hence 
we  say  that  any  such  function  is  a  particular  integral  of  the  differ 
ential  equation  (3).  The  whole  set  of  these  particular  integrals  is 
the  general  integral  of  the  same  equation.  Using  geometric  language 
for  convenience,  we  shall  also  say  that  every  curve  represented  by 


,    _  ,   L  ,2   ,   3F    „ 

-^-r  -f  2  TT-^-  y '  +  -T-J  y '2  +  -3-  y"  =  0, 
2  y  2  "          oy  y 
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the  equation  (1)  is  an  integral  curve  of  the  equation  (3),  or  that  the 
equation  (3)  is  the  differential  equation  of  the  given  family  of 
curves  (1). 

We  see  that  the  order  of  the  differential  equation  is  equal  to  the 
number  of  arbitrary  constants  upon  which  that  family  of  curves  de 
pends.  It  is  also  clear  that  the  reasoning  does  not  at  all  prove  that 
the  equation  (3)  has  no  other  integrals  than  those  which  are  repre 
sented  by  the  equation  (1).  In  fact,  the  equation  (3)  may  have  other 
integrals,  as  we  shall  see  presently. 

The  above  statements  do  not  apply  to  the  exceptional  cases  in  which  the 
elimination  of  the  n  parameters  ct-  between  the  (n  +  1)  relations  (1)  and  (2)  leads 
to  several  distinct  relations  between  x,  y,  ?/',  y",  -  •  •,  y<»>.  We  could  in  those 
cases  find  one  relation  not  containing  ?/(«),  so  that  the  family  of  curves  con 
sidered  would  be  the  integral  curves  of  a  differential  equation  of  an  order  less 
than  n.  This  will  occur  if  these  curves  depend  in  reality  upon  only  n  —  p 
parameters  (p>0).  For  example,  the  curves  represented  by  the  equation 
F\x,  y,  <f>  (a,  &)]  =  0  apparently  depend  upon  two  arbitrary  parameters  a  and  b  ; 
in  reality  they  depend  upon  only  a  single  parameter  c  =  0(a,  6).  There  is  also 
another  way  in  which  the  lowering  of  the  order  of  the  differential  equation  may 
occur.  For  example,  the  curves  represented  by  the  equation  y2  =  2  axy  +  bx2 
really  depend  upon  -the  two  independent  parameters  a  and  6,  yet  these  curves 
always  satisfy  the  equation  y  =  xy'.  This  is  because  the  preceding  equation 
represents  two  straight  lines  through  the  origin,  each  of  which  is  an  integral 
curve  of  the  equation  y  =  xy'. 

Examples.  The  straight  lines  passing  through  a  fixed  point  (a,  6)  are  repre 
sented  by  the  equation 

(4)  y-b=C(x-a) 

and  depend  upon  an  arbitrary  parameter  C.  The  elimination  of  this  parameter 
between  the  preceding  relation  and  the  relation  y'  =  C  leads  immediately  to 
the  differential  equation  of  this  system  of  straight  lines : 

(5)  y-b  =  y'(x-a). 
Conversely,  we  can  write  equation  (5)  in  the  form 

V'    =     1 
y— b      x—a 

and  therefore  every  integral  of  that  equation  satisfies  the  relation 
Log  (y  -  b)  =  Log  (x  -  a)  +  Log  C, 

which  is  equivalent  to  the  equation  (4). 

The  set  of  all  straight  lines  in  a  plane,  y  =  C^x  +  C2,  form  a  two-parameter 
family  whose  differential  equation  is  y"  =  0.  The  converse  is  self-evident. 

The  circles  in  a  plane 

(6)  x2  +  s/2  +  2  Ax  +  2  By  +  C  =  0 
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form  a  three-parameter  family;  the  corresponding  differential  equation  must 
therefore  be  of  the  third  order.  Differentiating  the  preceding  relation  three 
times,  we  find 

(7)  x  +  yy'  +  A  +  By'  =  0,         1+  /2  4-  yy"  +  By"  =  0, 

Zy'y"  +  yy'"  +  By'"  =  0. 

The  elimination  of  B  between  the  last  two  equations  leads  to  the  desired  equation 

(8)  y"'(l  +  y">)-Zy'y"*  =  0. 

The  only  plane  curves  satisfying  this  relation  are  circles  and  straight  lines. 
We  see  first  of  all  that  any  straight  line  is  an  integral  curve,  for  the  equation 
is  satisfied  if  we  have  y"  =  0  and  therefore  y'"  =  0.  Now  let  us  suppose  that 
y"  ?£  0  ;  then  we  can  write  the  equation  (8)  in  the  form 


y"       l  +  y-2 
from  which  we  derive 

Log  y"  =  ?  Log  (1  +  yt)  +  Log  Cv 
where  Cl  is  a  constant  different  from  zero.  This  result  may  be  written  in  the  form 


A  second  integration  gives 


or 

~ 


integrating  once  more,  there  results  finally 


which  is  the  equation  of  a  circle. 

The  differential  equation  of  all  conies  may  be  found  easily  by  the  following 
method,  which  is  due  to  Halphen.  If  the  conic  has  no  asymptote  parallel  to 
the  y-axis,  its  equation  solved  with  respect  to  y  is  of  the  form 


y  =  mx  +  n  +  vAx2  +  2  Bx  +  C. 
After  two  differentiations  we  find 

AC-  B2 

I/"  = j» 

(Ax*  +  2  Bx  +  C)t 
or 

(y")~%  =  (AC-  &)-$(Ax2  +  2Bx+  C), 

so  that  (y")~3/2  is  a  trinomial  of  the  second  degree  in  x.  Hence,  to  eliminate 
the  three  constants  .4,  B,  C  three  differentiations  are  sufficient,  and  the  desired 
differential  equation  can  be  written  in  the  abridged  form 
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Carrying  out  the  differentiations,  we  obtain  the  equation 
(9)  40  y'"s  -  45  y"y'"  y™  +  9  y"2  y*  =  0. 

The  differential  equation  of  parabolas  may  be  found  by  the  same  -method. 
We  have,  in  fact,  for  a  parabola  A  =  0,  and  (2/")~2/3  is  a  binomial  of  the  first 
degree.  The  differential  equation  is,  therefore,  in  an  abridged  form, 


or,  after  carrying  out  the  indicated  differentiations, 
(10)  5y///2-3y//yiv  =  0. 

II.   EQUATIONS  OF  THE   FIRST  ORDER 

Every  differential  equation  of  the  nth  order,  formed  by  the  elimi 
nation  of  the  constants,  has  an  infinite  number  of  integrals  that 
depend  upon  n  arbitrary  parameters.  But  it  is  by  no  means  evident 
that  a  differential  equation  given  a  priori  has  any  integrals.  This 
involves  a  fundamental  question  to  which  we  shall  return  in  the 
following  chapter.  We  shall  first  consider  some  simple  types  of 
differential  equations  of  the  first  order  whose  integration  can  be 
effected  by  quadratures.  The  existence  of  the  integrals  will  be 
established  by  the  very  method  by  which  we  obtain  them.  If  this 
order  of  procedure  seems  subject  to  criticism  from  the  point  of 
view  of  pure  logic,  we  may  at  least  observe  that  it  conforms  to  the 
historical  development  of  the  subject. 

2.  Separation  of  the  variables.  The  simplest  type  of  differential 
equation  is  the  equation  already  studied, 

<n>  £='<*>> 

where  f(x)  is  a  continuous  function  if  the  variable  x  is  real,  or  an 
analytic  function  if  we  regard  the  independent  variable  x  as  com 
plex.  We  have  seen  that  that  equation  has  an  infinite  number  of 
integrals  which  can  be  represented  by  the  relation 


=  f 

Jxn 


where  the  lower  limit  XQ  is  considered  as  fixed,  and  where  C  denotes 
an  arbitrary  constant.    The  equation 

(12) 
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reduces  to  the  preceding  by  considering  y  as  the  independent  vari 
able  and  x  as  the  unknown  function.  The  equation  may  then  be 
written  in  the  form  dx/dy  =  l/<f>  (y),  and  consequently 


In  general,  when  a  differential  equation  is  solved  with  respect  to 
the  derivative  of  the  unknown  function,  it  is  often  convenient  to 
write  it  in  the  differential  notation, 

(13)  P  (x,  y)dx  +  Q,  (x}  y)  dy  =  0. 

This  form  does  not  commit  us  in  any  way-  as  to  the  choice  of  the 
independent  variable,  which  may  be  either  x  or  y.  If  we  wish  to 
substitute  for  x  and  y  new  variables  u  and  v,  we  need  only  replace 
x,  y,  dx}  dy  in  the  equation  (13)  by  their  corresponding  expressions 
in  terms  of  u,  v,  du,  dv.  Let  us  also  notice  that  we  may,  without 
changing  the  integrals  of  the  equation  (13),  multiply  or  divide  both 
its  terms  by  the  same  function  of  x  and  y,  n(x,  ?/),  provided  that  we 
take  account  of  the  solutions  of  the  equation  p  (x,  y)  =  0  which  may 
be  made  to  appear  or  may  be  suppressed  by  the  operation.  The  two 
cases  which  we  have  just  treated  are  particular  cases  under  a  more 
general  method,  called  the  separation  of  variables.  If  a  differential 
equation  of  the  first  order  is  of  the  form 

(14)  Xdx  +  Ydy  =  0, 

where  X  and  Y  depend  only  upon  x  and  y  respectively,  we  say  that 
the  variables  are  separated.  The  equation  is  then  integrable  by  quad 
ratures,  for  if  we  put 


U  =  f  Xdx  +  f  Vdy, 
J*i  Jv0 


the  equation  can  be  written  in  the  form  dU  =  0,  and  the  "general 
integral  is  represented  by  the  relation  U  =  C. 
The  equation 

(15)  XYldx+XlYdy  =  0, 

where  X  and  X1  depend  only  upon  x,  and  where  Y  and  Yl  depend 
only  upon  y,  can  be  reduced  to  the  preceding  form  by  dividing  the 
two  terms  by  X^.  It  should  be  noticed  that  in  this  example  the 
solutions  of  the  two  equations,  Xl  =  0,  Yl  =  0,  are  suppressed.  Indeed, 
it  is  clear  that  if  y  =  b  is  a  root  of  the  equation  Yl  =  0,  y  =  b  is  an 
integral  of  the  proposed  equation,  while  in  general  it  will  not  be 
included  in  the  general  integral  of  the  new  equation. 
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3.  Homogeneous  equations.   A  differential  equation  of  the  first  order 
is  said  to  be  homogeneous  if  it  can  be  written  in  the  form 


% 


-'(£)•• 


where  the  right-hand  side  is  a  homogeneous  function  of  degree  zero. 
It  can  be  reduced  to  an  integrable  form  by  putting  y  =  ux,  where 
the  new  variables  are  x  and  u.  This  substitution  gives 

dy  du 

~  =  U  +  X-J-9 

dx  dx 

and  the  equation  (16)  becomes 


We  can  now  separate  the  variables  by  writing  the  equation  in  the 
form 

dx  _        du 

x        f(u)  —  u 
and  the  general  integral  is  obtained  by  one  quadrature  in  the  form 

/du 
^>j  .       ~-^»    T^^. 

We  have  only  to  replace  in  it  u  by  y/x  in  order  to  obtain  the  equation 
of  the  integral  curves. 

The  general  equation  of  that  family  of  curves  is  of  the  form 
x  =  C<j>  (y/x\  where  C  is  an  arbitrary  constant.  These  curves  are 
all  similar  to  any  one  of  them,  with  the  origin  as  center  of  simili 
tude,  the  ratio  of  similitude  being  alone  variable  ;  for  we  can  derive 
the  preceding  equation  from  the  equation  x  =  <£  (y/x)  by  replacing 
x  and  y  in  it  by  x/C  and  y/C  respectively.  Conversely,  given  a 
family  of  curves  similar  to  each  other  with  respect  to  the  origin,  the 
corresponding  differential  equation  of  the  first  order  is  homogeneous. 
We  can  verify  this  by  actual  calculation,  but  the  result  is  evident 
a  priori,  for  the  tangents  to  the  different  curves  of  that  family  at 
the  points  of  intersection  with  a  straight  line  through  the  origin 
must  be  parallel,  and  therefore  the  slope  of  the  tangent  y'  depends 
only  on  the  ratio  y/x. 

We  can  reduce  to  the  homogeneous  form  any  equation  of  the  type 


dx      J  \a'x  +  b'y  +  c', 
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where  #,  b,  c,  a',  b',  c'  are  any  constants,  except  that  b  and  b'  are  not 
both  zero.  In  order  that  this  equation  be  of  the  desired  form,  it  is 
sufficient  that  c  =  c'  =  0.  Now,  if  we  put 


where  X  and  Y  are  the  new  variables  and  where  a  and  ft  are  any 
two  constants,  the  given  equation  becomes 


dY=     /  aX  +  bY+aa  +  bp+c 
dX     J  \a'X  +  b'Y  +  a'a  +  b' 


'Y  +  a'a  +  b'ft  + 
and  this  new  equation  will  be  homogeneous  if 

aa  +  bfi+c  =  Q,         a'a  +  b'ft  +  c'  =  0. 

These  two  conditions  determine  a  and  ft  if  ab'  —  a'b  is  not  zero. 
In  the  particular  case  in  which  ab'  —  a'b  =  0,  suppose  b  =£  0  ;  we 
shall  have  a'x  -f  Vy  =  k  (ax  -\-  by),  where  k  is  a  constant  which  has 
a  finite  value.  Putting  ax  -f  by  =  w,  the  equation  takes  the  form 

1  du 


in  which  the  variables  are  separated. 

4.  Linear  equations.  A  linear  differential  equation  of  the  first 
order  is  of  the  form 

(19)  g  +  A>  +  A-i  =  0, 

where  X  and  Xl  are  functions  of  x.    If  Xl  =  0,  we  can  write  this 
equation  in  the  form 

(20)  ^+Xdx  =  Q, 

and  the  general  integral  is  obtained  by  one  quadrature  in  the  form 

-  f*Xdx 

(21)  y  =  Ce  j*o      . 

In  order  to  integrate  the  complete  equation  (19),  where  Xl  is 
supposed  different  from  zero,  we  shall  try  to  satisfy  that  equation 
by  taking  for  y  an  expression  of  the  form  (21),  considering  C  no 
longer  as  a  constant  but  as  an  unknown  function  of  x.  This 
amounts  to  making  the  change  of  variable  y  =  Yz,  where  z  is  the 
new  function  to  be  determined  and  Y  any  one  of  the  integrals 
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of  the  equation   (20).    After  this  substitution,  the  equation   (19), 
by  virtue  of  the  relation  (20)  which   Y  satisfies,  takes  the  form 


which  is  integrable  by  one  quadrature.    We  derive  from  it 


where  C  is  an  arbitrary  constant.  The  general  integral  of  the 
equation  (19)  is  therefore  obtainable  by  two  successive  quadratures. 
Replacing  Y  by  its  value,  we  can  again  write  it  in  the  form 


(22) 


-fxdxi  C  fxd*j    \ 

=  e  J       (  C  —  I  X^eJ       dx\, 


where  the  lower  limits  in  the  two  integrals  are  chosen  at  pleasure. 
The  general  integral  is  an  integral  linear  function  of  the  constant 
of  integration  of  the  form  y  =  Cf(x)-\-  <f>(x),  where  f(x)  and  <f>(x~) 
are  definite  functions  of  x.  This  property  characterizes  the  linear 
equation,  for  if  we  eliminate  the  constant  C  between  the  preceding 
equation  and  the  equation 

y'  =  Cf(x)  +*'(*), 

we  are  evidently  led  to  a  relation  that  is  linear  in  y  and  y'. 

This  result  may  be  stated  in  another  way.  Let  yv  ?/2,  yz  be  three 
particular  integrals  of  the  linear  equation,  corresponding  to  the 
values  Cj,  Ca,  (78  of  the  constant  C ;  the  elimination  of  the  two  func 
tions  f(x)  and  <£  (x)  between  the  three  relations, 

2/!  =  <V  (*)  +  4>  (x),     ya  =  C,f(x)  +  <£  (x),     7/3  =  C9f(x)  +  $  (x), 

leads  to  the  relation  (yg  -  y^)/(yz  -^)  =  (C8-  C1)/(C2  -  Cj),  which 
shows  that  the  ratio  (y§  —  y,)/(ya  —  y^  is  constant  for  any  three 
particular  integrals  of  a  linear  equation.  If  we  know  two  particular 
integrals  yv  y^  of  a  linear  equation,  we  can  then  write  down  imme 
diately  the  general  integral  in  the  form 

=  const. 

It  is  also  to  be  noticed  that  if  we  know  a  single  particular  inte 
gral  yv  the  general  integral  can  be  obtained  by  a  single  quadrature ; 
in  fact,  putting  y  =  y^  +  u,  we  are  led  to  the  equation  du/dx  -f  Xu  =  0, 
which  is  identical  with  the  equation  (20). 
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5.  Bernoulli's  equation.    Bernoulli's  equation 
(23)  g  +  .V,/  +  A-i2,n  =  0, 

where  the  exponent  n  may  be  any  number  different  from  zero  and 
from  unity,  can  be  reduced  to  a  linear  equation  by  the  substitution 
z  =  y1  ~ ".  For  then  we  can  write  the  preceding  equation,  after 
dividing  all  its  terms  by  ?/n,  in  the  form 


17  i        -t*.*^        i        *.  ».        >_f. 

—  7i  dx 

We  can  reduce  to  the  preceding  type  any  equation  of  the  form 
(24) 


where   k  and  m  are   any  two  numbers  whatever.    For  if  we  put 
y  =  ux,  the  equation  obtained  can  be  written  as  follows : 

dor 

+  fcr"  +  a  =  0, 


and,  putting  z  =  x~ (m  + 1},  we  are  led  to  a  linear  equation. 
6.  Jacobi's  equation.    Let  us  consider  the  equation 

(25)  /(a  +  a/x  +  a"y}  (xdy  —  y^} 

\      —  (b  +  &'*  +  &'V)  <fy  +  (c  +  c'x  +  c"y)  dx  =  0, 

where  a,  a',  a",  6,  6',  6",  c,  c',  c"  are  any  constant  coefficients.  If  a  —  b  =  c  =  0, 
the  equation  comes  under  type  (24),  for  we  have  only  to  divide  by  a'x  +  a"y  to 
reduce  it  to  this  type.  In  order  to  reduce  the  general  case  to  this  particular 
case,  let  us  put  x  =  X  +  a-,  y  =  Y  +  /3,  where  X  and  Y  are  two  new  variables 
and  where  a  and  /3  are  two  constants.  Thus  we  obtain  a  new  equation  of  the 
same  form,  which  can  be  written  as  follows : 

{(a'X  +  a"F)  (XdY-  YdX) 
-  [B  +  b'X  +  b"Y-  (A  +  a'X  +  a"F)  a  -  AX]dY 
+  [C  +  c'X+c"Y-(A  +  a'X+  a"F)/3  -  ^F]dX=  0, 

where 

J.  =  a  +  axa  +  a"j3,         B  =  6  +  b'a  +  6"/3,         C  =  c  +  c'ar  +  c"/3. 

This  equation  (25')  will  be  of  the  type  (24)  if  we  have  A  a  —  B  =  Q,Ap—C  =  Q. 
We  are  then  led  to  determine  the  constants  a,  /3  by  these  two  conditions,  which 
may  be  written  in  a  more  symmetric  form  by  introducing  an  auxiliary  un 
known  X  : 

A  —  \  =  0,         B  —  \a  =  0,         C  —  X/3  =  0. 
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The  elimination  of  the  unknowns  a,  /3  leads  to  an  auxiliary  equation  of  the 
third  degree  for  the  determination  of  X  : 

a  —  X  of  a" 

b  b'-\  V       =  0. 

c  c'  c"  -  X 

The  integration  of  Jacobi's  equation  depends,  then,  first  of  all  on  the  solution 
of  this  equation  of  the  third  degree,  as  will  be  seen  by  other  methods  a  little 
later. 

7.  Riccati's  equation.    Riccati's  equation 

(26)  ^  +  Ay  +  A>  +  A-2  =  o, 

where  A",  Xv  A'2  are  functions  of  x,  cannot  in  general  be  integrated 
by  quadratures.  The  integrals  of  this  equation,  when  the  coefficients 
are  unrestricted,  form  new  transcendental  functions,  whose  proper 
ties  we  shall  study.  But  this  equation  is  related  to  the  matter  which 
we  are  discussing  on  account  of  the  following  property  :  If  we 
know  a  particular  integral,  we  can  find  the  general  integral  by  two 
quadratures. 

Let  yl  be  a  particular  integral.  The  change  of  variable  y  =  y^  +  z 
leads  to  an  equation  of  the  same  form  which  does  not  contain  any 
term  independent  of  2,  since  z  =  0  must  be  an  integral  ;  that  equa 
tion  is,  in  fact, 


and  we  have  only  to  put  u  =  1/z  in  order  to  transform  it  into  a 
linear  equation.    This  proves  the  proposition  just  stated. 

From  this   result,   several  important  consequences   follow.    The 
general  integral  of  the  linear  equation  in  u  is  of  the  form  (§4) 


hence  the  general  integral  of  the  Riccati  equation  is  of  the  form 
1/1 


We  see  that  it  is  a  rational  function  of  the  first  degree  in  the  constant 
of  integration.  Conversely,  every  differential  equation  of  the  first 
order  which  has  this  property  is  a  Riccati  equation.  For,  let  f(x), 
</>  (x),  fj(x)9  ^(x)  be  any  four  functions  of  x  ;  all  the  functions  y 
represented  by  the  expression  (28),  where  C  is  an  arbitrary  con 
stant,  are  integrals  of  an  equation  of  the  first  order,  which  is  easily 
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obtained  by  solving  the  equation  (28)  for  C  and  then  taking  the 
derivative.    This  gives 

C^iLZj^, 

uf-A 

and  the  corresponding  differential  equation  is 

G//-/i)  (*i  -  to'  -  y**)  -  Oi  -  yf)  (y/+  yf  -/O  =  0, 

which  is  of  precisely  the  form  (26). 

Let  2/i>  y*  %'  2/4  k®  four  particular  integrals  corresponding  to  the 
values  Cj,  C2,  Cg,  C4  of  the  constant  C.  By  the  theory  of  the  anhar- 
nionic  ratio  we  have  the  relation 


which  is  easily  verified  also  by  direct  calculation,  and  which  proves 
that  the  anharmonic  ratio  of  any  four  particular  integrals  of  Riccati's 
equation  is  constant. 

This  theorem  enables  us  to  find  without  any  quadrature  the  gen 
eral  integral  of  a  Riccati  equation  when  we  know  three  of  its  partic 
ular  integrals  ylt  y2,  yg.  Every  other  integral  y  must  be  such  that 
the  anharmonic  ratio  (y  -  y^/(y  -  y^-s-fa,  -  y^/(yz  -  ?/2)  is  con 
stant.  The  general  integral  is  then  obtained  by  equating  this  ratio  to 
an  arbitrary  constant.  It  is  clear  that  y  will  be  a  rational  function 
of  the  first  degree  in  this  constant,  which  proves  that  the  preceding 
property  belongs  only  to  the  Riccati  equations. 

Let  us  observe  that  if  we  know  only  two  particular  integrals,  y^ 
and  y2,  we  can  complete  the  integration  by  one  quadrature;  for, 
after  the  first  transformation  y  =  y^  +  2,  the  equation  obtained  in  z 
has  the  integral  y.2  —  ?/r  The  linear  equation  in  u  has  therefore  the 
known  particular  integral  l/(y2  —  y^).  The  general  integral  of  the 
equation  in  u  will  then  be  found  by  a  single  quadrature.* 

Application.  Let  us  consider  a  family  of  circles  in  a  plane,  "which  depends 
upon  one  variable  parameter.  Let  (a,  6)  be  the  coordinates  of  the  center  of  the 
variable  circle  and  let  R  be  its  radius  (the  axes  being  rectangular).  AVe  shall 

*  The  properties  of  Riccati's  equation  established  in  the  text  can  be  derived  also 
by  observing  that  the  equation  is  not  changed  in  form  by  any  general  linear  trans 
formation  ?/=  (fz  +  <f>)/(fiZ  +  </>!),  where/,/!,  0,  <j>i  are  functions  of  x.  If  we  know 
one,  two,  or  three  integrals  of  the  equation  (26),  we  can  always  choose  the  linear 
transformation  in  such  a  way  that,  in  the  transformed  equation  in  z,  one,  two,  or 
three  of  the  coefficients  of  the  polynomial  of  the  second  degree  in  z  will  be  zero.  A 
linear  equation  may  be  regarded  as  a  Riccati  equation  which  is  satisfied  by  the 
particular  integral  y=  w,  that  is,  such  that  the  equation  obtained  by  putting  y  =  \/z 
has  the  solution  2=0, 
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suppose  that  a,  6,  R  are  known  functions  of  a  variable  parameter  a.  Let  us  try 
to  find  the  curves  which  cut  each  of  these  circles  at  a  known  angle  F,  which 
may  be  constant  or  a  given  function  of  a.  The  coordinates  of  any  point  M  of 
the  circle  C  with  the  center  (a,  b)  and  the  radius  R  can  be  represented  by  the 
equations 

x  =  a  +  R  cos  0,        y  =  b  +  R  sin  0, 

where  9  is  the  angle  which  the  radius  terminating  at  the  point  M  makes  with 
the  direction  Ox.  The  problem  reduces  to  the  determination  of  the  angle  6  as  a 
function  of  the  parameter  a,  so  that  the  curve  described  by  the  point  M  cuts  the 
circle  C  at  the  angle  V.  The  differential  equation  of  the  problem  is  therefore 


dx 
which  becomes,  after  replacing  dx  and  dy  by  their  values  and  reducing, 

R  —  +  b'  cos  6  —  a'  sin  0  —  ctn  V(R'  +  a'  cos  6  +  b'  sin  0)  =  0, 
da 

where  a',  &',  R'  are  the  derivatives  of  a,  b,  R  with  respect  to  a.   Taking  for  the 
new  unknown  t  =  tan  (0/2),  we  obtain  the  Riccati  equation 

(29)     27?^  +  &'(!  -  t2)  -  2  a't  -  ctn  V  [R'(l  +  i2)  +  a'  (1  -  t2)  +  2  6'«]  =  0. 

It  will  suffice,  then,  to  know  a  single  trajectory  in  order  to  obtain  all  the  others 
by  two  quadratures. 

Let  us  consider  the  particular  case  of  orthogonal  trajectories  ;  the  angle  V  is 
then  a  right  angle,  and  the  cotangent  is  zero.  If  we  also  suppose  that  the  circles 
considered  have  their  centers  on  a  straight  line,  we  know  a  priori  two  particular 
integrals  of  the  equation  (29),  for  the  line  of  the  centers  is  an  orthogonal  tra 
jectory  and  meets  each  circle  in  two  points.  It  is  easily  shown  that  the  inte 
gration  requires  only  one  quadrature,  for  if  we  take  the  x-axis  for  the  line  of 
centers,  the  equation  (29)  reduces  to  R  (dt/dx)  —  a't  =  0. 

8.  Equations  not  solved  for  y'.  In  the  different  cases  which  we 
have  just  examined  the  equation  was  supposed  to  be  solved  with 
respect  to  y1.  Let  us  now  consider  the  general  equation  of  the  first 
order  F(x,  i/}  ?/')  =  0.  Let  S  be  the  surface  represented  by  the  equa 
tion  F(x,  y,  z)  —  0,  obtained  by  replacing  y'  by  z.  To  every  integral 
y  =  f(x)  of  the  proposed  equation  there  corresponds  a  curve  T,  rep 
resented  by  the  relations 


which  lies  entirely  on  the  surface  S,  since  we  have 
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But  this  curve  F  is  not  any  curve  on  the  surface  S ;  along  this  curve, 
in  fact,  y  and  z  are  functions  of  x  satisfying  the  relation  dy  —  zdx  =  0, 
and  that  relation  preserves  the  same  form  if  we  take  any  independ 
ent  variable  in  place  of  x. 

Conversely,  let  F  be  a  curve  lying  on  the  surface  5;  the  coordi 
nates  x,  y,  z  of  a  point  of  that  curve  are  functions  of  a  variable  a. 
If  these  three  functions,  x  =  ^(a),  y  =  <#>2(^),  «  —  <t>9(a),  satisfy  the 
relation  dy  =  zdx,  we  can  deduce  from  them  an  integral  of  the  given 
equation ;  for  the  first  two  relations,  x  =  ^(a),  y  =  <£2(a),  represent 
a  plane  curve  C.  Let  y  =  f(x)  be  the  equation  of  that  curve,  suppos 
ing  it  solved  for  y.  Along  the  entire  curve  F  we  have  z  =f(x'),  and 
consequently  F[x, /(#),  /'(a*)]  =  0 ;  the  curve  C  is  therefore  an  inte 
gral  curve.  There  would  be  an  exception  only  in  case  the  curve  C 
were  to  reduce  to  a  point,  and  the  curve  F  to  a  straight  line  parallel 
to  Oz.  The  two  problems  are  then  equivalent :  to  integrate  the  given 
equation  F(x,  y,  y')  =  0  or  to  find  the  curves  of  the  surface  S  for 
which  we  have 

dy-zdx  =  0. 

This  being  the  case,  let  us  suppose  that  we  can  express  the  coor 
dinates  of  a  point  x,  y,  z  of  the  surface  S  explicitly  as  functions  of 
two  variable  parameters  u,  v : 

x=f(u,v),         y=4>(u,v),         z  =  $(uyv). 

Every  curve  F  of  the  surface  S  is  obtained  by  establishing  a  certain 
relation  between  u  and  r,  and,  in  order  that  that  curve  shall  define 
an  integral,  it  is  necessary  and  sufficient  that  we  have  dy  =  z  dx,  or 

-7—  du  -f-  —  dv  =  \lr(u. 
cu  cv 

We  have  thus  a  differential  equation  dv/du  =  TT(U,  ?•),  solved  with 
respect  to  dv/du.  It  is  clear  that  the  preceding  discussion  applies 
also  to  equations  which  can  be  solved  for  y1. 

This  transformation  is  immediate  for  the  equations  solved  for  one 
of  the  variables  x  or  y.  For  example,  let  the  equation  be 

(30)  y  =/(*,?'); 

we  can  here  take  for  the  variable  parameters  x  and  y1  =  p.  The  sur 
face  S  is  then  represented  by  the  equations 

?-/(*,!>), 


16  ELEMENTARY  METHODS  OF  INTEGRATION         [i,  §  8 

and  the  relation  dy  =  z  dx  becomes 


This  result  could  have  been  obtained  directly  by  differentiating  the 
relation  (30)  and  replacing  y'  by  p.  Let  p  =  <f>(x,  C)  be  the  general 
integral  of  the  equation  (31)  ;  to  deduce  from  it  the  general  integral 
of  the  equation  (30),  it  will  only  be  necessary  to  replace  y'  in  the 
equation  (30)  by  $(x,  C). 

9.    Lagrange's  equation.    Let  us  consider  in  particular  an  equation 
linear  in  the  two  variables  x  and  y  : 

(32)  y  =  *<K</')  +  <AO')- 

Differentiating  the  two  sides,  and  denoting  ?/'  by  p,  we  obtain  the 
equation 


If  we  consider  p  as  the  independent  variable,  and  x  as  the  unknown 
function,  that  equation,  which  can  be  written  in  the  form 


is  linear  and  is  integrable  by  two  quadratures.    Having  obtained  x 
as  a  function  of  p,  by  putting  that  value  of  x  in  the  expression 

V  =  *<£<»  4-  ^QO, 

we  shall  have  the  coordinates  x  and  y  expressed  as  functions  of  the 
parameter/?  and  of  an  arbitrary  constant* 

We  can  readily  discuss  the  general  appearance  of  the  family  of  integral 
curves  by  observing  that  x  and  y  are  polynomials  of  the  first  degree  in  the 
arbitrary  constant  C: 


(33)  x 

But  the  functions  F(p),  -F\(p),  4>(p),  ^(p)  are  not  arbitrary  functions,  since 
the  parameter  p  represents  the  slope  dy/dx  of  the  tangent.  On  this  account 
we  must  have  F{(p)  =pF'(p},  4>[(p)  =p*'(p).  Let  r0,  1\  be  two  particular 
integrals  corresponding  to  the  values  C  =  0,  C  =  I  of  the  constant  : 


f*0  =  *(p) 
Uo  =  *i(P 


*!<!>). 


*  The  equation  (32)  can  also  be  reduced  to  a  linear  equation  by  means  of  Legendre's 
transformation  (I,  §  62,  2d  ed.  ;  §  36,  1st  ed.). 

A  homogeneous  equation  of  the  form  ?/  =  z0(?//),  not  solved  for  ?/',  may  be  consid 
ered  as  a  particular  case  of  Lagrange's  equation  and  integrated  in  the  same  way. 
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The  equations  (33),  which  represent  any  integral  T,  may  be  written  also  in 
the  form 


At  the  points  3f0(x0,  y0),  Mfa,  3^),  Jf  (x,  y)  of  the  curves  ro,  I\,  r,  which 
correspond  to  the  same  value  of  p,  the  tangents  to  these  curves  are  parallel. 
Moreover,  we  derive  from  the  preceding  expressions 

y-yo  =  x-xo=    c 

y-yl      x-xl      C-l' 

which  proves  that  the  three  points  M,  3f0,  Ml  are  on  a  straight  line  and  that 
the  ratio  in^/MM-i  is  constant.  We  have  then  the  following  geometric 
construction  :  Given  the  two  curves  T0,  1^,  we  join  the  points  Jf0,  3ft  of  these 
two  curves  where  the  tangents  are  parallel,  and  we  take  on  the  straight  line  joining 
these  points  the  point  M  such  that  the  ratio  MMo/MMi  will  be  equal  to  a  given 
constant  K.  If  the  points  3f0,  J^  describe  the  curves  T0,  I\,  the  point  M  describes 
an  integral  curve  T,  and  we  obtain  the  general  integral  by  varying  the  constant  K. 

10.  Clairaut's  equation.  A  remarkable  particular  case  of  Lagrange's 
equation  had  been  treated  previously  by  Clairaut  ;  every  equation  of 
the  form 


(34)  y=* 

is  called  a  Clairaut  equation.  Following  the  general  method,  we 
differentiate  the  two  sides  and  put  p  =  y';  this  leads  to  the  equation 

(35)  [*+/'0>)]|ra 

This  equation  is  satisfied  by  putting  dp/clx  =  0  ;  whence  p  =  C.  The 
general  integral  of  Clairaut's  equation  is,  then, 

(36)  y  =  C*+/(C). 

This  equation  represents  a  family  of  straight  lines,  and  it  is  readily 
seen  that  they  are  really  integral  curves.  But  the  equation  (35)  is 
also  satisfied  by  causing  the  first  factor  x  +f(p)  to  vanish.  From 
this  it  follows  that  there  exists  a  new  integral  of  the  equation  (34), 
which  is  represented  by  the  two  equations 


Xow  the  elimination  of  7?  between  these  two  equations  would  lead 
precisely  to  the  envelope  of  the  straight  lines  represented  by  the 
equation  (36).  Hence  Clairaut's  equation  has  also  as  an  integral 
curve  the  envelope  of  the  straight  lines  u-hich  represent  the  general 
integral.  Since  we  cannot  obtain  this  integral  by  giving  a  particular 
value  to  the  constant  C,  we  say  that  it  is  a  singular  integral. 
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We  are  led  to  Clairaut's  equation  when  we  undertake  to  determine  a  plane 
curve  by  a  property  of  its  tangents  in  which  the  point  of  contact  does  not  enter. 
In  fact,  let  y  =f(x)  be  the  equation  of  the  desired  curve  ;  then  the  equation  of 
the  tangent  is  Y=  y'X  +  y  —  xy',  and  we  are  led  to  a  relation  between  y'  and 
y  —  xy',  that  is,  to  Clairaut's  equation.  It  is  clear  that  in  this  case  it  is  the 
singular  integral  which  gives  the  real  solution  of  the  problem. 

Let  us  propose,  for  example,  to  find  a  curve  such  that  the  product  of  the  dis 
tances  from  two  fixed  points  F,  F'  to  any  one  of  its  tangents  is  always  equal  to  a 
constant  b*.  Let  2  c  be  the  distance  FF',  let  the  middle  point  of  the  segment 
FF'  be  taken  for  the  origin,  and  let  the  straight  line  FF'  be  the  x-axis.  This 
leads  to  the  differential  equation 


if  we  suppose  that  the  two  points  F,  F'  lie  on  the  same  side  of  the  tangent.  This 
equation  reduces  to  the  form  y  =  xy'  ±  V&2  +  a2^'2  ;  hence  the  general  integral 
represents  the  family  of  straight  lines 

y  =  Cx  ±  V&2  +  a2  C2,        a2  =  62  +  c2. 
The  singular  integral  curve,  the  envelope  of  these  straight  lines,  is  the  ellipse 

tf +  ^  =  1' 
which  is  the  true  solution  of  the  problem. 

11.  Integration  of  the  equations  F(x,  yf)  =  Q,  F(z/,   y')  =  0.    The 

equations  which  contain  only  one  of  the  variables  x  or  y  are  inte- 
grable  by  a  quadrature,  provided  that  we  can  solve  the  equation  for 
y'  (§  2).  If  the  equation  is  algebraic,  y  is  an  Abelian  integral  or 
the  inverse  function  of  an  Abelian  integral.  Whenever  the  relation 
is  of  deficiency  zero  or  deficiency  one,  we  can  express  x  and  y  as 
functions  of  a  variable  parameter,  either  rationally  or  by  means  of 
the  classic  transcendentals.  Let  us  consider,  first,  equations  of  the 
type  F(y,  y')  =  0,  of  deficiency  zero ;  we  can  express  y  and  y'  as 
rational  functions  of  a  parameter  u,  y=f(u\  y'  =/l(?<),  and  the 
condition  dy  =  y'dx  gives  us  f(u)du  =fl(n)dx.  Then  the  variables 
x  and  y  are  given  by  the  expressions 

(37)  y=/«,         x 

in  terms  of  the  variable  parameter  u.  The  same  procedure  is  applica 
ble  to  the  equations  F(y,  y')  =  0  if  the  relation  is  of  deficiency  one ; 
but  we  must  take  for  f(u)  and  f^u)  elliptic  functions,  and  x  and  y  are 
expressed  in  terms  of  the  transcendentals  p,  £,  a-  (Part  I,  §  75). 

We  can  proceed  similarly  with  the  equations  F(x,  y')  =  0  if  the 
relation  is  of  deficiency  zero  or  one ;  besides,  they  reduce  to  the  pre 
ceding  form  by  interchanging  x  and  y. 
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Example  1.  The  equation  y2  (y'  —  1)  =  (2  —  y')2  is  of  deficiency  zero.  Putting 
2  —  yf  =  yu,  we  derive  from  it  y'  =  1  +  u2,  y  =  l/u  —  u.  The  relation  dy  =  y'dx 
becomes  here  dx  =  —  du/u2.  We  have,  then,  x  =  l/u  +  C,  and  the  general  inte 
gral  of  the  given  equation  is  y  =  x  —  C  —  l/(x  —  C). 

Example  2.  The  equation  y'3  —  3y'2  —  9  t/4  —  12  y2  =  0  represents,  if  we  regard 
y  and  y'  in  it  as  the  coordinates  of  a  point,  a  unicursal  quartic  having  three 
double  points  (y  =  0,  y'  =  0),  (y  =  ±  V—  2/3,  y'  =  2).  We  can,  in  fact,  write 
the  preceding  equation 


Putting  first  y'  =  u2  —  1,  we  have  3  y2  =  (u  +  I)2  (u  —  2)  ;  if  we  then  put 
u  —  2  =  3  1  2,  we  obtain  finally  the  following  expressions  for  y  and  y'  as  func 
tions  of  the  parameter  t  : 

y  =  3(t  +  *3),        y'  =  3(1  +  t2)  (1  +  Si2). 
The  relation  dy  =  y'dx  reduces  here  to  (1  +  t2)  dx  =  dt  ;  we  derive  from  it 

t  =  tan(x+  C), 

and  the  general  integral  of  the  given  equation  is  therefore 
y  =  3  tan  (x  +  C)  +  3  tan3  (x  +  C). 

Example  3.  Let  E  (y)  be  a  polynomial  of  the  third  or  of  the  fourth  degree, 
prime  to  its  derivative  ;  let  us  consider  the  differential  equation 

(38)  y-2=R(y). 

We  have  seen  in  §  78,  Part  I,  that  we  can  satisfy  this  equation  of  deficiency 
one  by  putting  y  =/(u),  y7  =  /'(M),  where  /(it)  is  an  elliptic  function  of  the 
second  'order.  The  condition  dy  —  y'dx  becomes  du  =  dx  ;  the  general  integral 
of  the  equation  (38)  is  therefore  an  elliptic  function  y  =f(x  +  C). 

If  the  polynomial  R  (y)  is  of  lower  degree  than  the  third,  or  if  the  polyno 
mial,  although  of  the  third  or  of  the  fourth  degree,  is  not  prime  to  its  derivative, 
the  relation  (38)  is  of  deficiency  zero.  WTe  can  express  y  and  y'  by  rational  func 
tions  of  a  parameter  w,  and,  by  applying  the  preceding  method,  we  easily  show 
that  the  general  integral  is  a  rational  function  of  x  or  a  rational  function  of  e030. 

12.  Integrating  factors.  The  method  of  integration  by  the  separa 
tion  of  the  variables  was  generalized  by  Euler.  The  reasoning  of  §  2 
applies  really  to  every  equation  of  the  first  order 

(39)  P(x,y)dx  +  Q(x,y)dy  =  0, 

where  the  coefficients  P  and  Q  contain  both  x  and  y,  provided  that 
we  have  dP/3y  =  dQ/cx.  This  condition  is  necessary  and  sufficient 
in  order  that  Pdx  +  Qdy  shall  be  the  total  differential  of  a  function 
U(xy  y),  and  the  function  U  (x,  y)  is  obtained  by  quadratures,  as  we 
have  seen  (I,  §  151).  The  equation  (39)  is  then  identical  with  the 
equation  dU  =  0,  and  the  most  general  solution  is  given  by  a  rela 
tion  of  the  form  U(xt  y)=C  between  x  and  y.  The  equation  (39)  is 
therefore  integrable  by  quadratures  whenever  the  coefficients  P  and 
Q  satisfy  the  condition  dP/dy  =  dQ/dx. 


20  ELEMENTARY  METHODS  OF  INTEGRATION        [I,  §  12 

In  order  that  the  preceding  method  may  be  applied,  it  is  not 
necessary  that  we  have  dP/dy  =  dQ/dx  ;  it  suffices  to  know  an  inte 
grating  factor,  that  is,  a  factor  JJL  (x,  y)  such  that  the  product 


satisfies  the  integrability  condition  d(^P)/dy  =  d(/jiQ)/dx,  or,  after 
developing, 

(40)  ,_.«A:f 


The  investigation  of  the  integrating  factors  is  thus  reduced  to  the 
integration  of  the  preceding  equation,  which  is  a  partial  differential 
equation  of  the  first  order.  It  seems  that  in  proceeding  in  this  way 
we  have  made  the  integration  of  equation  (39)  depend  on  an  appar 
ently  more  difficult  problem,  but  it  is  to  be  noticed  that  it  suffices 
to  know  one  particular  solution  of  the  equation  (40)  in  order  to  apply 
the  method,  and  in  many  cases  we  can  find  a  particular  integral  of 
the  equation  (40)  by  more  or  less  direct  processes.  Let  us  see,  for 
example,  in  what  case  the  equation  (39)  has  an  integrating  factor 
depending  only  on  x.  If  we  suppose  dp/dy  =  0,  the  equation  (40) 
becomes 


and  the  expression  [dP/dy  —  cQ/dx^/Q  must  be  independent  of  yj 
if  it  is,  we  obtain  an  integrating  factor  //,  by  a  quadrature.  Let  us 
suppose  in  addition  that  Q  =  1  ;  then  dP/dy  must  be  a  function  X 
of  the  variable  x,  and  the  equation  (39)  is  a  linear  equation, 

(39f)  dy  +  (Xy  +  Xddx  =  Q, 

where  X  and  Xl  denote  functions  of  x  alone.  In  this  case,  the  equa 
tion  (40)  is  satisfied  by 

f'xdx 

p  =  ejx<>      , 

and  it  is  easy  to  show  that  if  we  multiply  the  equation  (39')  by  this 
factor,  we  have  on  the  left  an  exact  differential 


e(dy  +  Xydx  +  X^dx)  =  dye          +        Xledx=  0. 

\  JXQ  ' 

The  calculations  which  have  to  be  made  for  the  integration  are 
exactly  the  same  as  in  the  first  method  (§4). 

We  shall  show  farther  on  that  the  equation  (40)  has  an  infinite 
number  of  integrals  under  very  general  conditions,  which  are  always 
satisfied  in  the  cases  in  which  we  are  interested.  If  we  know  one 
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integrating  factor  pv  we  can  obtain  all  others  in  the  following  way  : 
Putting  fi  =  fjL^j  the  equation  (40)  becomes 

(40')  p^_Q|?  =  0. 

dy          dx 

Now  we  know  one  function  satisfying  this  relation  :  it  is  the  func 
tion,  U(x,  y),  whose  total  differential  is  ^(Pdx  -f  Qdy\  since  the 
partial  derivatives  dU/cx,  dU/dy  are  equal  to  ^P  and  to  /-^Q.  We 
have,  then,  also  (dv/dy)(dU/dx)  —  (dv/dx')(<)U/dy')=  0,  which  proves 
that  v  is  of  the  form  <j>(U)  and  that  the  general  expression  for  the 
integrating  factors  is  /z  =  ^(U),  where  <f>  is  an  arbitrary  function 
of  U.  It  is  easy  to  show  that  /x,  is  really  an  integrating  factor,  for 
from  the  identity 

Qdy)=dU 


we  derive,  by  multiplying  by 


and  the  right-hand  side  is  the  exact  differential  of  the  function 

=  C<t>(U)dU. 


We  deduce  from  this  an  interesting  consequence  :  if  /ij  and  /x2  are 
two  integrating  factors,  the  ratio  pjn^  is  a  function  of  U.  If  this 
quotient  ^a/AS  is  not  constant,  the  general  integral  of  the  differential 
equation  can  then  be  written  in  the  form  /VX  =  constant. 

The  preceding  theorem  is  sometimes  helpful  in  finding  an  inte 
grating  factor.    Let  us  consider  the  differential  equation 

(41)  Pdx+Qdy  +  P^dx  +  Q^dy  =  0, 

where  P,  Pv  Q,  Qx  are  functions  of  x,  y,  and  let  us  suppose  that  we 
know  how  to  find  an  integrating  factor  for  each  of  the  expressions 
Pdx  +  Qdy,  Ptdx  +  Q^dy.  The  general  expression  for  the  integrat 
ing  factors  of  P  dx  +  Q  dy  is  /x<£  (£/"),  where  /x  is  the  known  factor,  U 
a  function  of  x  and  y  which  we  obtain  by  quadratures,  and  <f>  an 
arbitrary  function.  Similarly,  the  general  expression  for  the  inte 
grating  factors  of  P^dx  +  Q^dy  is  /^(t^),  where  ^  and  U^  are 
definite  functions  and  \f/  an  arbitrary  function.  If  we  can  choose  the 
functions  </>  and  ^  in  such  a  way  that  we  have 


we  shall  have  an  integrating  factor  for  the  given  equation  (41). 
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Let  us  take,  for  example,  the  equation 

axdy  +  bydx+  xmyn(axdy  +  pydx)  =  0, 

where  a,  &,  a,  p  are  constants.  Every  integrating  factor  of  axdy  +  bydx  is  of 
the  form  <f>(xbya)/xy,  and,  similarly,  every  integrating  factor  of  the  second 
part  is  of  the  form  \f/(x&ya)/xm  +  lyn  +  l.  In  order  to  have  a  common  integrating 
factor,  it  will  suffice  to  find  two  exponents,  p  and  </,  such  that  we  have 

xmy»(xbya)P  =  (x&y<*)9, 
which  leads  to  the  conditions 

pa  —  qa  +  n  =  0,        pb  —  qp  +  in  =  0. 

These  conditions  are  compatible  if  ap  —  ba  is  not  zero,  and  determine  an  inte 
grating  factor  of  the  form  xMyy.  Multiplying  by  this  integrating  factor,  the 
equation  takes  the  form  vP~ldv  +  vq1~ldvl  =  0,  where  we  have  put  v  =  xbya, 
vl=xPya;  and  this  equation  is  immediately  integrable. 

In  the  particular  case  where  ap  —  ba  =  0,  we  obtain  from  it  a/a  =  p/b  =  fc, 
and  the  equation  can  be  written  in  the  form  (axdy  +  bydx)  (1  +  kxmyn)  =  0. 

Note.  If  we  know  the  general  integral  of  a  differential  equation  of  the  first 
order,  it  is  quite  easy  to  obtain  an  integrating  factor.  For  let/(x,  y)  =  C  be 
the  general  integral  of  the  equation  (39).  The  differential  equation  of  the  curves 
represented  by  that  relation  is  also  (df/dx)dx  +  (df/dy)dy  =  0;  in  order  that  it 
be  identical  with  the  equation  (39),  we  must  have 

df     df 


and  the  common  value  of  the  two  preceding  ratios  is  evidently  an  integrating 
factor  for  Pdx  +  Qdy.  Every  other  integrating  factor  is  equal  to  this  one 
multiplied  by  an  arbitrary  function  of  /(x,  y). 

13.  Application  to  conformal  representation.  The  theory  of  integrat 
ing  factors  finds  an  important  application  in  the  problem  of  conformal 
representation.  Let 

ds*  =Edu2  +  2  Fdudv  +  Gdi? 

be  a  quadratic  form  in  du,  dv  whose  coefficients  E,  F,  G  are  analytic 
functions  of  u  and  v  such  that  EG  —  F2  is  not  zero.  We  can  also 
write  ds2  in  the  form 

ds*  =  (adu  +  bdv)  (a^du  -f-  b^v), 

where  a,  b,  alt  b^  are  also  analytic  functions  of  u  and  v.  According 
to  a  result  which  will  be  rigorously  proved  later,  each  of  the  expres 
sions  adu  4-  bdv,  a^du  -J-  b^dv  has  an  infinite  number  of  integrating 
factors,  which  are  themselves  analytic  functions.  If  /z,  /^  are  two 
such  factors,  we  have  the  identities 

At  (a  du  +  bdv)=dU,         A^K  du  -f  ^  dv)  =  d  Uv 
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and  therefore 

H^ds2 

whence,  substituting 


we  obtain 

Edu*  -f  2  Fdudv  +  Gdv*  =  X(dX*  +  dY*). 

Every  analytic  surface  can  therefore  be  represented  on  a  plane 
conformly  ;  that  is,  without  alteration  of  the  angles  between  pairs  of 
curves.  If  the  surface  is  real,  we  may  suppose  that  the  real  points 
of  the  surface  correspond  to  real  values  of  the  variables  u,  v  ;  the 
coefficients  E,  F,  G  are  real,  while  a  and  a^  are  conjugate  imaginaries, 
as  also  b  and  &r  We  can  also  take  for  /x  and  ji^  and  therefore  for  U 
and  Uv  conjugate  imaginaries,  so  that  to  real  values  of  u,  v  corre 
spond  real  values  of  A'  and  of  Y.  To  real  points  of  the  surface 
correspond  therefore  real  points  of  the  plane. 

Since  it  is  possible  to  represent  every  analytic  surface  on  a  plane 
conformly,  we  conclude  that  any  analytic  surface  can  be  represented 
conformly  on  any  other  analytic  surface. 

14.  Euler's  equation.  A  great  many  devices  have  been  invented  for 
the  integration  of  differential  equations  of  special  forms.  A  cele 
brated  example,  due  to  Euler  and  now  known  by  his  name,  is  the 
equation 

dx 


where  X  and  Y  are  two  polynomials  of  the  fourth  degree  in  x  and  y 
respectively,  having  the  same  coefficients  : 

X  =  ax*  +  ax*  4-  a,x2  +  ac  -f-  «, 


The  variables  being  separated,  we  obtain  the  general  integral  of 
equation  (42)  by  two  quadratures,  which  introduce  two  transcen 
dental  functions  depending  respectively  upon  x  and  y.  Euler's  fun 
damental  discovery,  which  was  the  starting  point  of  the  theory  of 
elliptic  functions,  consisted  in  showing  that  that  relation  between 
the  variables  x  and  y  which  in  appearance  is  transcendental  is  in 
reality  algebraic. 

Let  us  first  consider  the  case  where  A"  is  a  polynomial  of  the  sec 
ond  degree,  not  a  perfect  square.  A  linear  substitution  enables  us  to 
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bring  it  to  the  form  A"  =A  (x2  —  1),  and  in  this  particular  case  the 
equation  (42)  becomes 

dx  dy 


(43) 


=  0. 


Vi  -  x2     Vi  - 

Clearing  of  fractions,  we  can  write  this  in  the  form 

Vl  -  tfdx  +  Vl  -  x*dy  =  d(x  Vl- y2  -f  y  Vl  -  ar2) 

/      dx  dy      ^ 

+  xy{     .  -\ J 

\Vi-x2     Vi-/, 

which  shows  that  we  have  identically 


The  expression  V(l  —  a'2)  (1  —  y2)  —  o-y  is  therefore  an  integrating 
factor  for  the  equation  (43),  and  the  general  integral  is  given  by  the 
relation 

(44)  x  Vl-y2  +  y  Vl-z2  =  C, 
or  by  the  relation 

(45)  V(l-a;a)(l-^)  -  zy  =  C", 

since  the  equation  (43)  has  the  two  integrating  factors,  1  and  the 
expression  on  the  left-hand  side  of  (45).  It  is  also  very  easy  to 
verify  that  the  two  expressions  (44)  and  (45)  are  equivalent  by 
means  of  the  identity 


(x  Vl  -  f  +  7/Vl-*2)2  +  [Vtl-^Xl-T/2)-  xyj  =  1. 

Rationalizing  the  expression  (45),  we  can  write  the  general  integral 
of  the  equation  (43)  in  the  form 

(46)  v?  +  f  +  2C'xy  +  C*  -  1  =  0, 

where  C1  denotes  an  arbitrary  constant,  and  this  equation  represents 
the  conies  tangent  to  the  four  straight  lines  se  =  ±l,y  =  ±l. 

By  a  bold  induction  Euler  was  led  to  a  more  general  formula  of 
the  same  kind,  which  corresponds  to  the  case  where  A'  is  any  poly 
nomial  of  the  third  or  of  the  fourth  degree  (Institutiones  calculi 
integralis,  Vol.  I,  chaps,  v,  vi). 

Let  F(x,  y)  be  a  polynomial  of  the  second  degree  in  each  of  the 
variables  x  and  y  arid  symmetrical  with  respect  to  these  two  variables : 

(47)  F(x,  y)  =  A^f  +A^xy(x  +  y) 

(z  +  y)  +  ^.- 
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This  polynomial  depends  upon  six  arbitrary  coefficients  Av  A^  A^ 
J4,  J5,  A&,  and  the  relation  F(x,  y)=0  can  be  written  in  two 
equivalent  forms  : 


F(x,  y)  =  M^  +  - 
where  M,  N,  P  are  three  polynomials  of  the  second  degree  in  x  : 


and  where  Mv  Xlf  Pl  are  the  polynomials  obtained  by  replacing  x  by  y 
in  M,  N,  P.  From  the  relation  F(x,  y)  =  0  we  derive  F'xdx  +  F'vdy  =  0, 
or,  after  replacing  F'x  and  F'y  by  their  values, 


(49)  (2  MlX  +  XJ  dx  +  (2  My  +  .V)  <fy  =  0. 

"We  derive,  moreover,  from  the  relations  (-48), 


+  JY  =  ±         8  -  4MP,          2  J^ar  +  ^  =  ±  V.Vj  -  4  M^, 
and  the  preceding  equation  (49)  may  be  written  in  the  form 

(50)  ,      dx  ±-T- -^=  =  0. 
ViV2  —  4  MP       VNl  -  4  Mll\ 

This  relation  will  be  identical  with  the  given  equation  (42)  if  we 
have  N*  —  4  MP  =  A',  which  necessarily  carries  with  it  the  other 
equality  JVj  —  4  M^  =  Y.  Now,  since  M,  X,  P  are  of  the  second 
degree,  i\"2  —  4  MP  is  of  the  fourth  degree,  and  the  preceding  condi 
tion  is  an  identity  between  two  polynomials  of  the  fourth  degree, 
which  requires  only  five  conditions.  Since  we  have  six  coefficients 
A;  at  our  disposal,  we  see  that  one  of  these  coefficients  will  remain 
arbitrary.  There  are  therefore  an  infinite  number  of  polynomials 
F(x,  y)  of  the  form  (47),  depending  upon  an  arbitrary  constant  C 
and  such  that  the  relation 

(51)  F(x,y)=0, 

between  the  variables  x  and  y,  leads  to  the  relation  (42).  Hence  the  re 
lation  (51)  represents  the  general  integral  of  the  proposed  equation. 

The  actual  determination  of  the  polynomial  F(x,  y)  requires  a  calculation  by 
equating  coefficients  which  can  be  simplified  by  means  of  a  geometric  repre 
sentation  due  to  Jacobi.  Let  us  consider,  in  order  to  take  the  general  case,  a 
polynomial  of  the  fourth  degree  E(t)  prime  to  its  derivative,  and  let  £1?  £2,  £3,  £4 
be  the  roots  of  E  (t)  =  0.  On  the  other  hand,  let  S  be  any  conic  the  coordinates 
of  any  point  of  which  are  rational  functions  of  the  second  degree  of  the  varia 
ble  parameter  t,  so  that  to  a  point  (x,  y)  corresponds  a  single  value  of  t ;  let  us 
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call  mj,  ra2,  m8,  ra4  the  points  of  2  which  correspond  to  the  values  ^,  £2,  t3,  £4 
of  the  parameter.  Finally,  let  2'  be  a  second  conic  passing  through  the  four 
points  mx,  w2,  w3,  m4.  Every  straight  line  tangent  to  2'  meets  2  in  two  points 
M  and  Jtf  '  ;  if  t  and  £'  are  the  corresponding  values  of  the  parameter,  the  rela 
tion  between  t  and  V  is  the  one  desired.  It  is  evident,  in  fact,  that  that  relation 
is  symmetric  in  t  and  t',  and  that  it  is  of  the  second  degree  in  each  of  the  varia 
bles,  for  through  a  point  W  we  can  draw  two  tangents  to  2',  and  so  to  each 
value  of  t'  correspond  only  two  values  of  t. 
Let 

(52)  F(t,  t')  =  0 

be  that  relation.    We  can  derive  from  it,  as  we  have  just  seen,  a  relation 
between  the  differentials  dt,  dt',  of  the  form 

(53) 


where  P(t)  is  a  polynomial  of  the  fourth  degree.  This  polynomial  P(t)  is  iden 
tical  except  for  a  constant  factor  with  E  (t)  ;  for,  according  to  the  preceding 
method  for  obtaining  the  polynomial  P(t)  from  F(t,  t')  =  0,  the  roots  of  P(t)  =  0 
are  the  values  of  t  for  which  the  two  values  of  t'  coincide.  Now  the  geometric 
significance  of  the  relation  (52)  shows  immediately  that  this  can  only  occur  if 
the  two  tangents  from  M  to  2'  coincide  ;  that  is,  if  the  point  M  is  one  of  the 
points  wij,  m2,  ra3,  ra4.  We  are  thus  led  to  the  following  method,  which  requires 
only  rational  calculations,  for  obtaining  the  general  integral  of  the  equation 

(54)  * 


where  E(t)  =  a0£4  +  a^8  +  a2t2  +  a3t  +  a4.  This  equation  differs  only  in  nota 
tion  from  the  proposed  equation  (42).  We  begin  by  forming  the  general 
equation  of  the  conies  2'  passing  through  the  four  points  mn  ra2,  m3,  m4  of  2  ; 
that  equation  is  of  the  form/(x,  y)  +  C0(x,  y)=  0,  where  C  is  an  arbitrary  con 
stant.  We  then  write  the  condition  that  the  straight  line  joining  the  two  points 
M  and  M'  of  2,  which  correspond  to  the  values  i,  £'  of  the  parameter,  shall  be 
tangent  to  S'.  The  resulting  relation,  which  contains  the  arbitrary  constant  C, 
represents  the  general  integral  of  Euler's  equation. 

To  carry  out  the  calculations,  let  us  take  for  2  the  parabola  y2  =  x,  and  let 
us  put  x  =  t2,  y  =  t.   The  conic  2'  given  by  the  equation 

(55)  Ax2  +  A'y*  +  2  B"xy  +  2  B'x  +  2  By  +  A"  =  0 

cuts  2  in  four  points,  given  by  the  equation  of  the  fourth  degree  in  t  which  is 
obtained  by  replacing  x  by  t'2  and  y  by  t.  In  order  that  that  equation  shall  be 
identical  with  R(t)  =  0,  it  is  sufficient  that 

(56)  A  =  a0,     A'+2B'  =  a»,     <2B"  =  al,     2  B  =  a3,     A"  =  a4. 
The  coefficient  B'  remaining  arbitrary,  we  shall  put  B'  =  C,  which  gives 

A'  =  a2  -  2  C. 
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equation 
(57) 


=  0. 


Let  us  recall  now  that  the  tangential  equation  of  S',  that  is,  the  condition  that 
the  straight  line  ax  +  py  +  7  =  0  shall  be  tangent  to  that  conic,  is  given  by  the 

A  B"  B' 
B"  A'  B 
B'  B  A" 

a       p        7 
The  straight  line  joining  the  two  points 

e(luation  x-(i  + 

We  can  therefore  take 


\  t)  and  (t/2,  f)  of  S  has  for  its 


Substituting  the  values  obtained  for  A,  B,  A',  B',  A",  B",  a-,  /3,  7  in  the  con 
dition  (57),  and  replacing  t  and  tf  by  x  and  y  respectively,  we  arrive  at  the  gen 
eral  integral  of  Euler's  equation  in  the  following  form,  which  is  due  to  Stieltjes: 


(58) 


00 

2 

c 

¥ 

a2-2C 

"2~ 

c 

"2" 

«4 

1 

-  (*  +  y) 

xy 

0 


¥) 


=  0. 


This  equation  represents  a  family  of  curves  of  the  fourth  degree,  having  two 
double  points  at  infinity  on  Ox  and  Oy  respectively.  The  equation  being  of  the 
second  degree  with  respect  to  the  constant  C,  through  each  point  of  the  plane 
there  pass  two  curves  of  the  family,  as  we  might  have  foreseen,  since  the  given 
differential  equation  gives  two  equal  values,  but  with  opposite  signs,  for  the 
derivative  y'  at  each  point.  These  two  values  of  y'  become  equal  only  if  the 
point  (x,  y)  belongs  to  the  curve  XY  =  0,  which  is  composed  of  four  straight 
lines  Dv  D2,  Z>3,  Z>4  parallel  to  the  axis  Oy,  and  of  four  straight  lines  Ax,  A^  A3,  A4 
parallel  to  the  axis  Ox.  Let  us  write  Euler's  equation  in  the  rational  form 
Ydx2  —  Xdy2  =  0,  and  let  us  take  a  point  3/(z,  y)  on  one  of  these  straight  lines, 
A!  for  example,  not  belonging  to  any  one  of  the  D  lines.  For  the  coordinates 
of  the  point  M  we  have  Y  =  0,  X^  0,  and  Euler's  equation  gives  for  y'  a  double 
value,  y'  =  0.  Hence  the  straight  line  Ax  itself  is  an  integral  curve  through  3/. 
But  it  can  be  verified  that  the  curves  represented  by  the  equation  (58)  have  as 
their  envelope  the  set  of  eight  straight  lines  given  by  the  equation  XY  =  0. 
Hence  there  is  a  new  integral  curve  tangent  to  the  first  one  at  3f.  Thus  the 
eight  straight  lines  Z),-,  A,-  are  singular  integral  curves,  for  they  are  not  included 
among  the  curves  represented  by  the  general  integral. 

Note.  We  have  supposed,  in  order  to  arrive  at  the  equation  (58),  that  the 
polynomial  R  (x)  was  one  of  the  fourth  degree  and  prime  to  its  derivative ;  but 
it  is  clear  that  the  result  can  be  verified  directly  without  the  hypothesis  that 
R(x)  is  prime  to  its  derivative.  We  could,  for  example,  form  the  differential 
equation  of  the  curves  represented  by  the  equation  (58)  by  applying  the  general 
method  of  §  1,  and  the  equation  obtained  would  necessarily  be  identical  with 
Euler's  equation,  whatever  may  be  the  values  of  the  coefficients  a0,  a19  a2,  as,  a4, 
since  we  reach  this  result  when  the  coefficients  do  not  satisfy  any  particular 
relation.  The  equation  (58)  therefore  applies  to  all  cases. 
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15.  A  method  deduced  from  Abel's  theorem.  We  can  also  very  easily  deduce  the 
general  integral  of  Euler's  equation  from  Abel's  theorem.  Let  us  now  denote 
by  R  (x)  a  polynomial  of  the  third  or  of  the  fourth  degree,  prime  to  its  deriva 
tive,  and  let  us  consider  the  curve  C  which  has  for  its  equation  y2  =  R(x). 
If  a  variable  algebraic  curve  C'  meets  the  curve  C  in  three  variable  points 
only,  Mv  3f2,  3/3,  we  have  shown  (Part  I,  §  103)  that  the  coordinates  (xv  2^), 
(x2,  ?/2),  (x3,  ys)  of  these  three  variable  points  satisfy  the  relation 

(59)  t+t+t=°- 

If  the  variable  curve  C"  depends  upon  two  variable  parameters  which  we 
can  select  in  such  a  way  that  two  of  the  points  of  intersection,  (xx,  T/J),  (x2,  y2), 
can  be  brought  to  coincide  with  any  two  points  of  the  curve  C  given  in  advance, 
the  coordinates  of  the  third  point  of  intersection,  (x3,  ?/3),  are  functions  of  the 
coordinates  (xx,  y^  x2,  ?/2)  of  the  first  two,  and  satisfy  the  relation  (59).  The  equa 
tion  dxl/yl  +  dx0/y2  =  Q  is  therefore  equivalent  to  the  equation  dx3/y3  =  0,  whose 
general  integral  is  x3  =  constant.  Now,  since  the  points  (xv  ^),  (x2,  y2)  are  on  the 
curve  C,  we  have  y\  =  R(xJ,  y\  =  R(x2),  and  the  equation  dxl/y1  +  dx2/y2  =  0, 
which  may  be  written  in  the  form 

(60) 

is  identical  with  Euler's  except  in  notation.   In  the  expression  which  gives  the 
general  integral 

(61)  X3  =  F(xl,yl;  X2,  y2)  =  const. 


we  should  replace  yl  and  y2  by  V#  (xt)  and  V#  (x2)  respectively,  the  deter 
minations  of  the  two  radicals  being  the  same  in  the  two  expressions  (60) 
and  (61).  We  thus  obtain  for  the  general  integral  an  expression  containing 
radicals,  while  the  result  (58)  is  rational.  But  the  irrational  form  is  in  certain 
cases  the  more  advantageous. 

Let  us  carry  out  the  calculations,  supposing  the  polynomial  R  (x)  reduced  to 
the  normal  form  of  Legendre,  R  (x)  =  (1  —  x2)  (1  —  A;2x2),  where  k2  is  different 
from  zero  and  from  unity.  The  parabola  C', 

(62)  y  =  ax2  +  bx  +  1, 

meets  the  curve  C  represented  by  the  equation  y2  =  R  (x)  in  the  point  (x  =  0, 
y  =  1)  and  in  three  variable  points  whose  abscissas  xt,  x2,  x3  are  roots  of  the 
equation 

(63)  (a2  -  fc2)x3  +  2  a6x2  +  (&2  +  2  a  +  k2  +  l)x  +  2b  =  0, 

which  is  obtained  by  eliminating  y  and  suppressing  the  factor  x. 
We  derive  from  this  equation  the  relations 


—  -,         x,x2  +  x2x3 
26 


whence 
(64) 
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The  condition  that  the  parabola  C"  passes  through  the  two  points  (x1?  3^), 
(x2,  £/„),  enables  us  to  determine  a  and  6.    We  have  in  particular 


Substituting  this  value  of  a  in  the  preceding  expression,  we  obtain  finally  the 
expression  for  x3  in  terms  of  x1?  yt,  x2,  y2  : 


** 
The  general  integral  of  Euler's  equation, 

(65)  /dJl      +     ^      =  0, 
V7F(x^       VE(x2) 

is  therefore  represented  by  the  expression 

x'2  —  x2 

(66)  x3  = 


16.  Darboux's  theorems.   Let  us  consider  a  differential  equation  of  the  form 

(67)  -  Ldy  +  Mdx  +  N(xdy  -  ydx)  =  0, 

where  L,  3f,  JNT  are  three  polynomials  in  x,  y  of  at  most  the  mth  degree,  and 
where  at  least  one  of  them  is  actually  of  the  mth  degree.  In  order  that  the 
relation  u  (x,  y)  =  constant  shall  represent  the  general  integral,  it  is  necessary 
and  sufficient  that  the  equation  (67)  be  identical  with  the  equation 

du  ,        du  . 

—  dx  +  —  dy  =  0, 
£x  cy 

which  requires  that  we  have 

(68)  z^  +  Jf^_ 

dx  cy 

This  condition  assumes  a  more  symmetric  form  if  we  replace  x  by  x/z  and  y 
by  2//z,  where  z  is  a  fictitious  variable  which  we  shall  always  suppose  equal  to 
unity  after  the  indicated  operations  have  been  performed.  Then  u(x,  y) 
changes  into  a  homogeneous  function  of  degree  zero,  and  we  have 

cu         du         du      n 
x —  +  y—  +  z—  =  0. 
dx         dy         cz 

The  condition  (68)  takes  now  the  form 

(69)  Z^  +  .V^+^  =  ^(«)  =  0. 

cx  cy  cz 

Conversely,  if  we  have  obtained  a  homogeneous  function  of  degree  zero, 
u(x,  y,  z),  which  satisfies  the  relation  (69),  w(x,  y,  1)  =  constant  represents  the 
general  integral  of  the  equation  (67). 

Darboux*  has  shown  that  we  could  form  a  function  u  (x,  y,  z)  satisfying 
these  conditions  if  we  knew  a  certain  number  of  algebraic  integrals  of  the 

*  Sur  les  equations  differentielles  algebriques  du  premier  ordre  et  du  premier 
degre  (Bulletin  des  Sciences  mathematiques,  1878). 
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equation  (67).  Suppose  that  the  equation  (67)  has  an  algebraic  integral  defined 
by  the  relation  /(x,  y)  =  0,  where  the  polynomial /(x,  y)  is  irreducible  and  of 
degree  h.  Repeating  the  previous  work,  we  find  that  the  relation 

/7A\  T    QJ  trQj 

(70)  L^-  +  M—- 

dx          dy 

must  be  a  consequence  of  the  equation  /(x,  y)  =  0.  If  we  again  replace  x  by 
x/z,  and  y  by  y/z,  and  then  multiply  by  z*,/(x,  y}  becomes  a  homogeneous 
function  of  x,  y,  z,  of  degree  h,  satisfying  the  relation 


and  the  condition  (70)  becomes 
(71) 


This  condition  is  not  satisfied  identically,  but  by  reason  of  the  relation 
/(x,  y,  z)  -0.  Since  the  last  relation  is  irreducible  by  hypothesis,  it  is  neces 
sary  that  we  have  identically 


where  K  denotes  a  polynomial  in  x,  y,  z  which  is  necessarily  of  degree  m  -  1, 
for  if  /is  of  degree  h,  A(f)  is  of  degree  m  +  h  -  1. 

Let  us  now  suppose  that  we  have  found  p  algebraic  solutions  of  the  equa 
tion  (67),  defined  by  the  p  following  equations  : 

/i(*,y)  =  0,       /a(z,y)  =  0,        ...,        /p(x,  y)  =  o, 

where  fv  /2,  .  .  .,  fp  are  irreducible  polynomials  of  the  degrees  h^  h2,  .  .  .,  Ap. 
This  requires  that  we  have  p  identities  of  the  following  form  : 

(73)       A(fl)  =  K1fl,        A(f2)  =  K2f2,        ...,        A(fp)  =  Kpfp, 
where  the  polynomials  Kv  K2,  .  .  .,  Kp  are  all  of  degree  m  -  1. 

Let  us  observe  that  the  symbolic  operator  A(f)  has  properties  analogous  to 
those  of  a  derivative.  In  particular,  we  can  apply  to  it  the  rule  for  the  deriva 
tive  of  a  function  of  functions  :  if  F(u,  v,  w)  is  any  function  of  u,  v,  to,  we  have 


Consequently,  if  we  put  u  =/«i  /-,  .  .  .  /*  where  ap  a2,  .  .  .,  ap  are  any  con 
stants,  we  have 


or,  by  (73), 

A(u)  =  (a^  +  azKz  +  .  .  .  +  apKp)u. 

The  function  u  (x,  y,  z)  is  a  homogeneous  function  of  degree 


If  we  can  dispose  of  the  constants  at  •  •  •  ap  in  such  a  way  that  we  have 
(74) 
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the  equation  u  (x,  y,  z)  =  constant  will  furnish  the  general  integral  of  the  given 
equation,  by  what  we  have  established  above. 

The  equations  (74)  form  a  system  of  m(/n  +  l)/2  +  l  homogeneous  equa 
tions  in  at,  az,  —  ,  ap,  since  the  polynomials  Ki  of  degree  m  —  1  contain 
m(m  +  l)/2  terms.  We  shall  surely  be  able  to  satisfy  all  these  equations  by 
values  of  a,-  not  all  zero,  and  therefore  to  complete  the  integration,  whenever 
there  are  more  unknowns  than  equations  ;  that  is,  whenever  we  have 


This  is  Darboux's  first  theorem.  If  the  equations  (74)  are  not  independent, 
we  can  find  the  solutions  without  requiring  p  to  reach  the  preceding  limit 
m  (m  +  l)/2  +  2.  A  large  number  of  examples  in  which  this  is  the  case  will 
be  found  in  Darboux's  paper. 

If  we  know  only  p  =  m  (m  +  l)/2  +  1  particular  algebraic  integrals,  we  can, 
in  general,  dispose  of  ihep  constants  ai  in  such  a  way  as  to  satisfy  the  conditions 


(76) 

ap  hp  =  —  m  —  2, 

which  are  equivalent  to  a  system  of  m  (m  +  l)/2  +  1  linear  non-homogeneous 
equations.    The  function  u  thus  obtained  satisfies  the  two  equations, 


whence  we  derive,  by  eliminating  cu/cz  and  replacing  z  by  1, 


But,  since  the  function  N  has  been  made  homogeneous  by  substituting  x/z  for  x 
and  y/z  for  y,  and  then  multiplying  by  zm,  we  also  have,  after  making  z  =  1, 


cN  cN         ?N 

^-  =  mN  —x-  --  y  ^— 
cz  dx          dy 


so  that  the  preceding  relation  may  be  written  also  in  the  form 

(77)          ^  (L  -  NX)  +  ^(Jf  -  Jty) 
ex  dy 


IcL      elf         dN         dN      n__\       A 

+  w(— + x- y- 2^)  =0. 

\ax       cy          dx          dy  / 


It  is  easily  seen  that  this  last  condition  expresses  the  fact  that  u  is  an  integrat 
ing  factor  for  the  equation  (67),  and  we  obtain  thus  Darboux's  second  theorem  : 

If  m  (m  +  l)/2  + 1  particular  algebraic  integrals  of  the  equation  (67)  are  known, 
an  integrating  factor  can  be  determined. 

The  proof  of  this  last  theorem  is  not  complete  in  the  particular  case  where 
the  determinant  of  the  coefficients  of  the  unknowns  a,-  in  the  m(m  +  l)/2  +  1 
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equations  deduced  from  the  relations  (76)  turns  out  to  be  zero.  But  we  can  then 
satisfy  the  m(m  +  l)/2  +  1  homogeneous  equations,  obtained  by  suppressing  the 
right-hand  sides,  by  values  of  the  at-  not  all  zero,  and  therefore  obtain  the 
general  integral  by  the  first  theorem. 

Example.  Let  us  consider  in  particular  Jacobi's  equation  (§  6)  ;  the  num 
ber  m  is  here  equal  to  1.  Let  us  look  first  for  the  linear  integrals  of  the  form 
ux  +  vy  +  wz  =  0.  By  the  general  method  we  must  have  identically 

u  (bz  +  b'x  +  b"y)  +  v  (cz  +  c'z  +  c"y) 

+  w  (az  +  a'x  +  a"y)  =  \(ux  +  vy  +  wz), 

where  X  is  a  constant  factor.   This  leads  to  the  three  conditions 

ub  +  vc  +  w  (a  —  X)  =  0,        u  (b'  —  X)  +  vc'  +  wa'  =  0, 
ub"  +  v  (c"  —  X)  +  wa"  =  0, 

and,  after  eliminating  w,  u,  10,  we  find  again  the  equation  in  X  obtained  by  the 
first  method  (p.  12). 

Let  us  limit  ourselves  to  the  case  in  which  the  equation  in  X  has  three  dis 
tinct  roots  Xj,  X2,  X3.  Each  of  these  roots  furnishes  a  linear  integral,  and  we 
therefore  have  three  linear  functions,  X,  Y,  Z,  giving  the  three  identities 


By  the  general  theory  we  can  deduce  from  them  the  general  integral,  since 
in  this  case  m  =  1.  For  this  purpose  it  is  necessary  to  determine  three  numbers 
a,  /3,  7  satisfying  the  relations 

a  +  /3  +  7  =  0,         «X1  +  /3X2  +  7X3  =  0. 

We  may  take  a  =  X2  -  X3,  /3  =  X3  -  \,  y  =  \  -  X2,  and  the  general  integral  of 
Jacobi's  equation  is  therefore 


XA«  ~  A»rA3  -  *iZAi  -  A2  =  const. 

17.  Applications.  When  we  seek  to  determine  a  plane  curve  by  a 
given  relation  F(xy  y,  m)=  0  between  the  coordinates  (*,  y)  of  a 
point  on  the  curve  and  the  slope  m  of  the  tangent  at  this  point,  the 
curves  desired  are  evidently  obtained  by  the  integration  of  the  differ 
ential  equation  of  the  first  order  F(x,  y,  y')  =  0,  which  we  obtain 
from  the  given  relation  by  replacing  in  it  m  by  y'.  If  this  equation 
is  of  the  yth  degree  in  ?/',  there  pass  in  general  q  such  curves  through 
each  point  of  the  plane,  as  will  be  proved  farther  on.  Let  us  con 
sider,  for  example,  a  family  of  curves  C,  represented  by  the  equation 
&(x,  y,  a)=  0,  depending  upon  an  arbitrary  parameter,  and  let  us 
try  to  find  their  orthogonal  trajectories,  that  is,  the  curves  C1  which 
cut  orthogonally  in  each  of  their  points  a  curve  C  passing  through 
the  same  point.  Let  m,  m'  be  the  slopes  of  the  tangents  to  the  two 
orthogonal  curves  C,  C'  passing  through  the  same  point  (x,  y).  Then 
m  and  m'  must  satisfy  the  relation  1  -f-  m'm  =  0.  On  the  other  hand, 


I,  §  17]  EQUATIONS  OF  THE  FIRST  ORDER  33 

let  F(x,  y,  ?/')  =  0  be  the  differential  equation  of  the  given  curves  C. 
Then  we  have  F(x,  y,  m)=  0,  since  m  is  the  slope  of  the  tangent  to 
a  curve  C  passing  through  the  point  (x,  y).  It  follows  that 


Moreover,  m'  is  also  the  slope  of  the  tangent  to  a  curve  C'  passing 
through  the  point  (#,  y)  ;  hence  the  curve  C'  satisfies  the  equation 


and  we  obtain  the  differential  equation  of  the  orthogonal  trajectories 
of  the  curves  C  by  replacing  y'  by  —  ~L/y'  in  the  differential  equation 
of  the  curves  C. 

In  order  to  obtain  the  differential  equation  of  the  curves  C,  we  must 
eliminate  a  between  the  two  equations  $>  =  0,  (c^/dx)  +  (£$/%)  y'  =  0. 
Therefore,  in  order  to  obtain  the  differential  equation  of  the  orthogonal 
trajectories,  it  will  suffice  to  eliminate  a  between  the  two  relations 
<S>  =  0,  (to/3x)  y1  -  (fo/tiy)  =  0. 

Let  us  take,  for  example,  the  conies  represented  by  the  equation 

f  +  3  x2  -  2  ax  =  0, 

where  a  is  a  variable  parameter.  The  application  of  the  preceding 
method  leads  to  the  homogeneous  differential  equation 


which  becomes,  after  putting  y  =  ux  and  separating  the  variables, 

dx_       3du  _      du  du      _ 

x  u         u  .  +  1       w  —  1 

Solving  this  equation,  we  find 

xu*  =  C  (u2  -  1),       or       if  =  C  (/  -  x*). 

The  orthogonal  trajectories  are  therefore  cubics  with  the  origin  as  a 
double  point. 

Let  us  consider  in  a  more  general  manner  a  surface  S  the  coordi 
nates  x,  y,  z  of  any  point  of  which  are  expressed  as  functions  of 
two  parameters  u,  v  : 

x=f(u,v),         y  =  4>(u,v),         z  =  f(u,v). 
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We  derive  from  these  expressions 

dx^du  +  ^dv,       d,j  =  ^du  +  S-±dv,       d*  =  d/du  +  d/dv. 

du  dv  du  dv  du  dv 

To  every  value  of  the  ratio  dv/du  corresponds  a  tangent  to  the  sur 
face  passing  through  the  point  (u,  v).  If  we  wish  to  determine  the 
curves  of  that  surface  such  that  the  tangent  to  one  of  these  curves  in 
any  point  depends  only  on  the  position  of  that  point  on  the  surface, 
we  are  again  led  to  integrate  a  differential  equation  of  the  first  order  : 

(79) 

Conversely,  every  equation  of  this  form  establishes  a  relation  between 
a  point  of  a  curve  lying  on  the  surface  £  and  the  tangent  at  that  point. 
Let  us,  for  example,  try  to  find  the  trajectories  at  a  constant 
angle  V  to  a  family  of  given  curves  lying  upon  the  surface.  Given 
two  curves,  C,  C',  passing  through  a  point  (u,  v)  and  cutting  at  an 
angle  V,  we  have  the  general  formula  (II,  Part  I,  §  20) 

EduSu  -f  F(duBv  +  dvSu)  +  GdvSv 

(o(J)    COS   V  =  —  .  -  .  -  :> 

•VEdu?  +  2  Fdudv  +  Gdv*  VESu*  +  2  FBuBv  -f  GSv* 

where  E,  F,  G  have  the  usual  meanings,  where  du  and  dv  denote 
the  differentials  relative  to  a  displacement  on  C,  and  where  Bu  and  8v 
denote  the  differentials  relative  to  a  displacement  on  C'.  The  curves 
C'  being  given,  &u/8u  is  a  known  function  of  u  and  v,  8v/Bu  =  TT(U,  v). 
R-eplacing  Sv/Su  by  ir(u9  v)  in  the  preceding  relation  (80),  the  result 
ing  relation  F(u,  v,  dv/du)  =  0  is  the  desired  differential  equation  of 
the  trajectories. 

Let  us  consider  in  particular  the  trajectories  at  a  constant  angle 
to  the  meridians  of  the  surface  of  revolution, 

z  =  pcoso>,         2/  =  psina>,         z=f(p). 
We  have  here 


hence  the  equation  (80)  becomes 


cosF  = 
Solving  for  dw,  we  find 


P 

whence  w  can  be  obtained  by  a  quadrature. 
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III.   EQUATIONS  OF  HIGHER  ORDER 

18.  Integration  of  the  equation  dny/dxn  =  f(x).    Given  a  differen 
tial  equation  of  the  nth  order, 


where  y(0  =  d{y/dx\  this  equation  and  those  which  are  obtained  from 
it  by  repeated  differentiation  enable  us  to  express  all  the  derivatives, 
beginning  with  y(n),  in  terms  of  x,  y,  y\  y",  .  .  .,  y<»-l\  If,  then,  for  a 
particular  value  XQ  of  the  independent  variable  we  are  given  the  cor 
responding  values  y0,  y0',  -  .  .,  ^J"~1)  of  the  unknown  function  y  and  of 
its  Ti  —  1  first  derivatives,  we  can  calculate  the  values  of  all  the 
derivatives  of  y  for  the  value  XQ  of  x,  and  form  a  power  series, 

(82)     y0  +(* 

whose  value  represents  the  integral  in  question,  provided  that  inte 
gral  can  be  developed  by  Taylor's  series.  Up  to  the  time  of  Cauchy's 
work  the  convergence  of  this  series  had  been  assumed  without 
proof.*  We  shall  see  later  that  the  series  does  converge  under  cer 
tain  conditions  which  will  be  stated  precisely.  We  shall  indicate 
here  only  some  simple  types  of  differential  equations  of  the  nth 
order  whose  integration  can  be  reduced  to  quadratures  or  to  the 
integration  of  an  equation  of  lower  order  than  n. 
The  differential  equation 


constitutes  the  simplest  possible  type  of  differential  equation  of  the 
nth  order.  It  can  be  integrated  by  means  of  n  successive  quadra 
tures  ;  for,  indicating  by  a?0  any  arbitrary  constant,  we  have 


&&  =f'd*f'f(x)<ix  +  co(*  -  *o)+  Cv 

*/ Xn  fc/X- 


+ 


(n-1)!  (Ti  —  2)! 


*  See,  for  example,  the  Traite  by  Lacroix. 
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where  Cn_1}  Cn_2,  •  •  •  ,  C0  are  n  arbitrary  constants  which  are  equal 
respectively  to  the  values  of  the  integral  and  of  its  first  (n  —  1) 
derivatives  for  x  =  XQ. 

We  can  replace  the  expression 


which  contains  n  successive  signs  of  integration,  by  an  expression 
containing  only  a  single  quadrature,  to  be  carried  out  on  a  function 
in  which  the  variable  x  appears  only  as  a  parameter.  It  is  easy  to 
verify  this  fact,  which  will  appear  later  as  a  special  case  of  a  general 
theory  (§  39).  For  if  we  put 

(84)  YI  =  ^^  jf  \x  -  *)-*/(*)<**, 

we  obtain  successively,  by  the  application  of  known  rules, 


and,  finally,  dnYjdxn  =f(x).  The  function  Yl  is  therefore  an  inte 
gral  of  the  equation  (83).  Besides,  the  two  functions  Fand  Yl  vanish, 
as  do  also  their  first  (n  —  1)  derivatives,  for  x  =  XQ.  Their  differ 
ence,  which  is  a  polynomial  of  degree  equal  to  n  —  1  at  most,  cannot 
be  divisible  by  (x  —  xQ)n  unless  it  is  identically  zero.  We  have 
therefore  Yl  =  Y. 

19.  Various  cases  of  depression.  The  most  usual  cases  in  which  the 
order  of  the  equation  can  be  depressed  are  the  following  : 

1)  The  equation  does  not  contain  the  unknown  function.  An  equa 
tion  of  the  form 


reduces  immediately  to  one  of  order  n  —  k  by  taking  u  =  dky/dxk  as 
a  new  unknown  function.  If  the  auxiliary  equation  in  u  can  be  inte 
grated,  we  shall  then  obtain  y  by  quadratures,  as  has  just  been 
explained. 

It  sometimes  happens  that  we  can  express  x  and  u  =  dky/dxk  in 
terms  of  an  auxiliary  parameter  t, 
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where  the  functions  f  and  <£  contain  also  the  arbitrary  constants 
introduced  by  the  integration  of  the  equation  in  u.  We  can  then 
express  y  in  terms  of  t  also  by  quadratures.  We  have  first 


whence  we  derive  y(t-1).    Continuing  in  this  way,  we  calculate  suc 
cessively  y(*~2),  •  •  •,  y*  up  to  y, 

2)   The  equation  does  not  contain  the  independent  variable.    Given 
an  equation  of  the  form 


we  can  reduce  it  to  the  preceding  form  by  taking  y  for  the  independ 
ent  variable  and  x  for  the  unknown  function.  Then  the  new  equa 
tion  does  not  contain  x,  and,  taking  dx/dy  for  the  new  unknown,  we 
are  led  to  an  equation  of  order  n  —  1.  But  we  can  carry  out  these 
two  transformations  simultaneously  by  taking  y  for  the  independent 
variable  and  p  =  dy/dx  for  the  dependent  variable.  This  gives 


d?y  _  dp  _  d  p  dy  _      dp 
d 


_ 
dx*       dx       dy  dx          dy 


and  so  on.  In  general,  dry/dxr  can  be  expressed  in  terms  of  p  and 
of  its  first  r  —  1  derivatives  with  respect  to  y.  The  resulting  differ 
ential  equation  is  of  order  n  —  1. 

Let  us  suppose  that  we  have  integrated  this  auxiliary  equation  of 
order  n  —  1,  and  for  the  sake  of  generality  let  us  suppose  that  y  and 
p  are  expressed  in  terms  of  a  variable  parameter  t,  which  may  be  one 
of  the  variables  themselves.  Then  we  shall  have  y  =  f(t),p  =  <j>(t), 
where  the  functions  f  and  <£  depend  also  on  arbitrary  constants. 
From  the  relation  dy  =  p  dx  we  derive  f'(t)  dt  =  <£  (t)  dx,  so  that  x  in 
turn  is  obtained  by  a  quadrature, 


This  method  is  especially  useful  for  the  equation  of  the  second  order, 


which  is  thus  reduced  to  an  equation  of  the  first  order, 

F\ 
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Let  p  =  <J>  (y,  C)  be  the  general  integral  of  this  equation  of  the  first 
order.   From  the  relation  dy/dx,  =  <£  (y,  C)  we  obtain  x  by  a  quadrature, 


If  the  general  integral  of  the  equation  in  p  is  solved  for  y  and 
appears  in  the  form  y  =f(p,  C),  we  have,  in  the  same  way, 

f'(p)dp=pdx 
and  therefore 


The  coordinates  of  a  point  of  an  integral  curve  are  thus  expressed 
in  terms  of  an  auxiliary  variable  p  which  represents  the  slope  of  the 
tangent  to  the  curve. 

3)  The  equation  is  homogeneous  in  y,  y',  y",  •  •  •,  y(n\    If  the  degree 
of  homogeneity  is  m,  the  equation  is  of  the  form 

(8T) 

and  we  see  that,  if  y^  is  a  particular  integral,  Xyx  is  also  an  integral 
for  any  value  of  the  constant  A.  The  order  of  this  equation  is 
lowered  by  unity  by  putting 

Cudx. 

y  =  ej 
This  substitution  gives 

.  Cudx  ,.          /     i     .         o\       fudx 

y'  =  uej      ,          y"  =  (u1  +  nz)ej      ,         .  .  ., 

and,  in  general,  ?/(r)  is  equal  to  the  product  of  e^udx  and  a  polynomial 
in  u,  u',  u",  -  -  •,  u(r~l\  Substituting  these  values  in  the  given  equa 
tion,  we  obtain  an  equation  of  order  n  —  1. 

4)  The  equation  is  homogeneous  in  x,  y,  dx,  dy,  d*y,  •  •  .,  dny.    In 
this  case  the  equation  is  not  changed  by  substituting  Cx  for  x,  and 
Cy  for  y,  where  C  is  any  constant.   Let  us  now  take  a  new  dependent 
variable  u  =  y/x  and  a  new  independent  variable  t  =  Log  x.    The 
new  differential  equation  does  not  change  if  we  replace  t  by  1 4-  Log  C, 
leaving  u  unchanged ;  hence  it  does  not  contain  explicitly  the  vari 
able  t.    This  is  readily  verified,  for  it  is  easy  to  see  that  the  given 
equation  must  be  of  the  form 

y',  xy",a*y'",  -  -  -,  a-y>    =  0. 
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If  we  put  y  =  ux,  we  have,  as  a  general  expression, 


and  the  quantities  y',  xy'\  xzy"',  •  -  -  are  expressible  in  terms  of  u,  xu\ 
x2u"}  •  •  -,  xnu(n),  so  that  the  transformed  equation  takes  the  form 

$(w,  xu',  x2u",  .  •  .,  xnu(n>)  =  0. 

If  we  now  put  x  =  e',  we  have  successively  for  the  products  xu', 
x2  u",  •  •  •  certain  functions  of  du/dt,  d*u/dt2,  -  -  .,  and  we  are  led  tc 
an  equation  which  does  not  contain  the  variable  t.* 

Note.  In  the  various  cases  of  reduction  which  precede,  it  may 
happen  that  we  can  obtain  certain  integrals  of  the  auxiliary  equation 
without  being  able  to  determine  the  general  integral.  The  preced. 
ing  methods  are  still  applicable  and  enable  us  to  obtain  by  quadra 
tures  integrals  of  the  given  equation  containing  less  than  n  arbitrary 
constants. 


20.  Applications.   1)  Equations  of  the  form  y"  =  f(y]  come  under  th 
ing  types.  "We  can  integrate  them  directly  without  any  transformation,  for  if  we 
multiply  the  two  sides  by  2  y',  we  deduce  from  the  result,  by  a  first  in 


under  the  preced 

.  rmation,  for  if  we 

multiply  the  two  sides  by  2  y',  we  deduce  from  the  result,  by  a  first  integration, 

tf*  =  C+  Cy2f(y)dy  =  F(y)  +  C, 

Jy0 
and  we  have  next,  by  a  quadrature, 


Let  us  consider,  for  example,  the  equation 

y"  =  a0ys  +  a^'2  +  a2y  +  a3, 

where  one  at  least  of  the  coefficients  a0,  ax  is  not  zero.    Multiplying  the  two 
sides  by  2  y'  and  integrating,  we  find 

C. 


The  general  integral  of  this  new  equation  is  an  elliptic  function  (§  11),  which 
may  in  special  cases  reduce  to  simply  periodic  functions,  or  even  rational  func 
tions,  if  the  constant  C  has  been  so  chosen  that  the  polynomial  on  the  right  has 
a  factor  in  common  with  its  derivative. 

*  We  may  proceed  in  another  way  by  taking  u  and  v  =  xu'  for  the  variables.  This 
gives  dv/dx  =  u'  +  zw",  and  therefore  x'2u"=  (dv/du)  u'x  -  xu',  or 

&u"  =  v^-v. 
du 

Continuing  in  this  way,  we  are  led  to  a  differential  equation  of  order  (n-1)  in 
u  and  v. 
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2)  It  may  happen  that  we  can  apply  successively  several  of  the  methods  of 
reduction  to  the  same  equation.  Let  us  take,  for  example,  the  equation  of  the 
fourth  order  5  y"'2  —  3  y"yiv  —  0.  If  we  first  put  y"  =  u,  we  derive  from  it  an 
equation  of  the  second  order,  5  u'2  —  3  uu"  =  0,  which  is  homogeneous  in  w,  u',  u". 
Let  us  put 

u  =  efvdx- 

the  equation  becomes  3  u'  =  2  v2,  or  v'/v2  =  2/3,  from  which  we  obtain 

1 


2  x  +  a 
where  a  is  an  arbitrary  constant.    Hence  we  have 

u  =  y"  =  b(x  +  a)~i, 
y'  =-  2b(x  +  a)~i  +  c, 
y  -  —  4  b  (x  +  a)i  +  ex  +  d, 

where  6,  c,  d  are  three  new  constants.  We  find,  therefore,  that  the  general 
integral  represents  a  system  of  parabolas  (§  1). 

3)  Let  it  be  required  to  determine  the  plane  curves  whose  radii  of  curvature 
are  proportional  to  the  portion  of  the  normal  included  between  the  foot  M  and 
the  point  of  intersection  N  of  that  normal  with  a  fixed  straight  line.  Taking 
the  fixed  straight  line  for  the  x-axis,  the  differential  equation  of  the  problem  is 

(88)  1  +  y'2  +  My"  =  0, 

where  the  coefficient  fj.  is  equal  to  the  ratio  of  the  radius  of  curvature  to  the 
length  MN,  preceded  with  the  sign  +  or  —  ,  according  as  the  direction  from  M 
to  the  center  of  curvature  coincides  with  the  direction  MN  or  with  the  opposite 
direction.  In  order  to  integrate  this  differential  equation  (88),  let  us  put 
y^  =p  ;  it  becomes  , 

1  +  P2  +  MW>-^  =  0, 

dy 
which  can  be  written  in  the  form 

dy      p  2pdp  _ 
y       2  1  +  p2 
from  which  we  derive,  by  a  first  integration, 


where  C  is  an  arbitrary  constant.    The  relation  dy  =  pdx  gives  us  next 


2    ldp=pdx, 


or 


Let  us  put  p  =  tan  a  ;  all  the  curves  obtained  by  varying  C  and  x0  result 
from  a  translation  and  an  expansion  about  the  origin  of  the  curve  r  represented 
by  the  equations 


r 

=—fjLl 
Jo 


y  = 


It  is  easy  to  get  an  idea  of  the  form  of  the  curve  from  these  equations,  what 
ever  may  be  the  value  of  /x.   If  /*  is  an  integer,  we  can  carry  out  the  integration. 
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If  fj.  is  a  positive  integer,  the  curve  has  no  infinite  branches,  but  it  may  have 
two  forms  that  are  very  different  in  appearance,  according  to  the  character  of  /*. 
If  n  is  an  odd  integer,  x  is  a  periodic  function  (Part  I,  §  16),  and  the  curve 
F  is  an  algebraic  closed  convex  curve.  If  /*  is  even,  x  increases  by  a  constant 
quantity  different  from  zero  when  a  increases  by  2  IT;  y  is  always  positive. 
We  have  a  periodic  curve  with  an  infinite  number  of  cusps  on  the  x-axis.  The 
appearance  of  the  curve  is  that  of  a  cycloid  ;  it  is  a  cycloid  for  /j.  =  2. 

Note.  In  the  examples  which  we  have  just  studied  we  always  try  to  reduce 
the  integration  of  a  differential  equation  to  the  integration  of  an  equation  of 
lower  order.  However  singular  it  may  appear  at  first  sight,  the  reverse  process 
may  sometimes  succeed.  Given,  for  example,  an  equation  of  the  first  order 
/(x,  y,  y')  =  0,  by  combining  with  it  a  second  equation  obtained  from  it  by 
differentiation,  we  obtain  an  infinite  number  of  equations  of  the  second  order 
which  are  satisfied  by  all  the  integrals  of  the  original  equation.  Suppose  that 
we  can  find  thus  an  equation  of  the  second  order  which  is  integrable,  and  let 
y  =  <f)(x,  C,  C")  be  the  general  integral.  All  the  integrals  of  the  original  equa 
tion  of  the  first  order  are  included  in  this  expression,  but  since  they  depend 
upon  only  a  single  arbitrary  constant,  there  must  be  a  relation  between  the 
constants  C,  C".  In  order  to  obtain  it,  it  suffices  to  write  the  condition  that  the 
function  0  (x,  C,  C")  satisfies  the  original  equation  of  the  first  order  ;  we  are 
thus  led  to  a  certain  number  of  relations  between  the  constants  C,  C",  and  these 
relations  should  reduce  to  a  single  one. 

A  most  interesting  example  of  this  device  is  due  to  Monge,  who  made  use  of 
it  to  find  the  lines  of  curvature  of  an  ellipsoid.  Let  2  a,  2  6,  2  c  be  the  three 
axes  ;  the  projections  of  the  lines  of  curvature  on  the  plane  of  the  major  axis 
and  the  intermediate  axis  are  determined  by  the  differential  equation 


Axyy'2  +  (x2  -  Ay*  -  B)  y'  -  xy  =  0. 
q2(62_c2)  a2( 

&2(a2-c2)'  a2 


2-c2 
Differentiating  the  equation  (89),  and  then  eliminating  the  expression 

X2  _  Ay*  -  B, 
we  obtain  the  differential  equation  of  the  second  order, 


whence  we  derive  first  yy'  =  Cx,  then  y2  —  Cx2  +  C'  '. 

The  general  integral  of  the  equation  (89)  will  be  obtained  by  establishing 
between  C  and  C'  the  relation  AGO7  +  C'  +  BC  =  0,  as  is  seen  by  replacing  y2 
by  Cx2  +  C'  on  the  right-hand  side.* 

*  The  equation  (89)  can  also  be  easily  integrated  by  the  classic  processes.  It  suffices, 
in  fact,  to  put  x2  =  X,  y2  =  Y,  after  having  multiplied  all  the  terms  by  xydx2,  in  order 
to  transform  it  into  the  Clairaut  form. 

Lagrange  and  Darboux  have  employed  similar  devices  to  integrate  Euler's  equation 
(see  J.  BERTRAXD,  Traite  de  Calcul  integral,  pp.  569-572).  We  can  also  regard  a  cer 
tain  theorem  of  Appell's  as  an  illustration  of  the  same  procedure  (Comptes  rendus, 
Nov.  12,  1888). 
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EXERCISES 

1.  Find  the  differential  equation  of  all  conies  by  starting  from  the  general 
unsolved  equation  and  eliminating  the  coefficients  between  it  and  the  rela 
tions  obtained  by  five  successive  differentiations. 

2.  Integrate  the  differential  equations 


xy'  =  0, 

(1  +  y'2)  y'V"  =  (3  y'2  -  1)  y"*,         (x2  +  y2)  y"  -  yy'2  +  xy'*  +  xy'  -  y  =  0, 
x*y'2  +  2xy(z/  -  2  a)?/  -  2  ?/2(?/  -  2  a)  =  0,        xyy"  +  x?/'2  -  yy'  =  0, 


3.  Apply  the  general  methods  of  depression  to  the  integration  of  the  differ 
ential  equation  of  conies. 

4.  Find  the  integrals  of  the  equation  y"  —  2  y2  (y  —  1)  which  are  rational 
functions  or  simply  periodic  functions  of  the  variable. 

[Licence,  Paris,  1899.] 

5.  Given  a  triangle  ABC  and  a  curve  F  in  its  plane,  let  a,  b,  c  be  the  points 
of  intersection  of  the  sides  of  the  triangle  with  the  tangent  at  m  to  the  curve  F. 
Find  the  curves  F  for  which  the  anharmonic  ratio  of  the  four  points  m,  a,  b,  c 
is  constant  when  the  point  m  moves  on  one  of  them. 

The  anharmonic  ratio  of  the  tangent  at  m  and  the  straight  lines  mA,  mB,  mC 
is  also  constant. 

6.  Given  a  point  0  and  a  straight  line  D,  find  a  curve  such  that  the  portion 
of  the  tangent  MN  included  between  the  point  of  contact  M  and  the  point  of 
intersection  N  of  the  tangent  and  the  line  D  subtends  a  constant  angle  at  0. 

[Licence,  Besan9on,  1885.] 

7.  Find  the  projections  on  the  xy-plane  of  the  curves  lying  on  the  paraboloid 
2  az  =  mx2  +  y2,  whose  tangents  make  a  given  constant  angle  7  with  the  axis  Oz. 

[Licence,  Paris,  1879.] 

8.  Find  the  orthogonal  trajectories  of  each  of  the  families  of  curves  repre 
sented  by  one  of  the  following  equations  : 

yz  (2  a  -  x)  =  x*,          y2  +  mx*  -  2  ax  =  0, 

(z2  +  2/2)2  =  a2  xy,        x2  +  y2  =  a2  log  (-}  , 

\x/ 

where  a  is  the  variable  parameter. 

9.  In  order  that  the  equation  9  (x,  y)  =  C  shall  represent  a  family  of  parallel 
curves,  it  is  necessary  and  sufficient  that  we  have 


where  0  (0)  is  any  function  of  B. 

[Write  the  condition  that  the  orthogonal  trajectories  are  straight  lines.] 
10.  Find  the  necessary  and  sufficient  condition  that  the  integral  curves  of 

the  equation  y'  =f(x,  y)  form  a  family  of  parallel  curves,  and  show  that  the 

integration  can  be  carried  out  by  a  quadrature. 

[Licence,  Paris,  1898.] 

11*.  Form  the  general  equation  of  the  conies  which  cut  a  given  conic  C 
orthogonally  at  the  four  common  points.   These  conies  form,  in  general,  several 
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distinct  families.  Find  the  orthogonal  trajectories  of  each  of  these  families. 
Hence  derive  all  the  orthogonal  systems  of  which  the  two  families  are  made  up 
of  conies.  [If  /  =  0,  0  =  0  are  the  equations  of  two  conies  cutting  each  other 
orthogonally  at  each  of  their  four  common  points,  we  have  an  identity  of  the 
form 

£f  c<t>      df  d<t> 

-  —  +  —     — 
dx  ex       cy  cy 

where  X  and  /*  are  two  constant  coefficients.] 

12.  Find  the  condition  that  the  integral  curves  of  the  differential  equation 
y'  =  f(x,  y)  form  a  family  of  isothermal  curves,  and  show  that  an  integrating 
factor  can  be  found. 

[SOPHUS  LIE.] 

13.  Let  ylt  yz  be  two  particular  integrals  of  Riccati's  equation  (26)  (§  7). 
Show  that  the  substitution  (y  —  y:)/(y  —  y2)  =  z  reduces  the  equation  to  the 
linear  equation 


14.  Find  a  plane  curve  C  such  that  the  triangle  formed  by  any  point  M  of 
the  curve,  the  corresponding  center  of  curvature,  and  the  foot  of  the  ordinate 
of  the  point  3f,  has  a  constant  area.    Show  that  one  of  the  coordinates  can  be 
expressed  as  a  function  of  the  other  by  a  quadrature,  and  that  we  can  obtain  a 
knowledge  of  the  form  of  the  curve  without  having  the  definite  equation.   [The 
axes  of  coordinates  are  supposed  to  be  rectangular.] 

[Licence,  Paris,  1877.] 

15.  Given  a  plane  curve  C,  let  3f  be  any  point  of  that  curve,  P  the  center  of 
curvature  of  the  curve  at  the  point,  and  MT  the  tangent.   Through  the  point 
T  where  the  tangent  cuts  the  axis  of  x,  draw  a  straight  line  parallel  to  the  axis 
of  y,  meeting  the  normal  MP  in  a  point  N.   Determine  the  curve  C  so  that  the 
ratio  of  MP  to  MN  is  constant. 

[Licence,  Toulouse,  1884.] 

16.  Determine  the  surfaces  of  revolution  such  that  in  each  of  their  points 
the  radii  of  curvature  of  the  principal  sections  are  directed  in  the  same  sense 
and  have  a  constant  sum  a.    Sketch  a  figure  of  a  meridian  of  the  surface. 

[Licence,  Toulouse,  1878.] 

17*.    Show  that  the  general  integral  of  Euler's  equation  can  be  written  in 
the  form 


where  X  =  a^4  +  dp*  +  a2x2  +  asx  +  a4    and  where    Y  has  an  analogous 

meaning. 

[LAGRANGE.] 

[It  suffices  to  solve  the  equation  (58)  (§  14)  with  respect  to  the  constant* 
After  a  few  transformations  we  obtain  Lagrange's  form.] 

18.  The  asymptotic  lines  of  the  surface  represented  by  the  equations 

x  =  A  (u  —  a)m  (v  —  a)», 
y  =  B(u—  b)m(v—  &)», 
z=  C  (u  —  c)m  (v  —  c)» 


44     ELEMENTARY  METHODS  OF  INTEGRATION   [I,  Exs. 

are  obtained  by  the  integration  of  Euler's  equation  when  we  have  m  =  n  or 
m  +  n  =  1.  Deduce  from  this  result  the  asymptotic  lines  of  the  tetrahedral 
surface 


19.  How  can  we  determine  whether  a  differential  equation 
dy-f(x,  y)dx  =  Q 

has  an  integrating  factor  of  the  form  XY,  where  X  depends  only  upon  x,  and 
Y  depends  only  upon  ?/,  and  find  this  integrating  factor  when  it  exists  ? 

[Licence,  Paris,  October,  1902.] 

20*.  Given  a  plane  curve  C,  the  middle  point  m  is  taken  of  the  cord  MM' 
which  joins  any  two  points  M,  M'  of  that  curve.  The  point  M  remaining  fixed, 
if  the  point  M  '  describes  the  curve  C,  the  point  m  describes  a  similar  curve  c. 
Prove  that  the  curves  c  satisfy  a  differential  equation  of  the  first  order,  which  is 
integrated,  like  Clairaut's  equation,  by  replacing  y'  in  it  by  an  arbitrary  con 
stant.  (Bulletin  de  la  Soctete  matMmatique,  Vol.  XXIII,  p.  88.) 

21.  Integrate  the  differential  equation 


F/y",  V*  -  xy",  y  -  xy' +  ^jA  =  0. 


We  observe  that  y'"  appears  as  a  factor  in  the  derivative  of  the  left-hand 
side.  There  exist  equations  of  an  analogous  form  and  of  any  order  (see  DIXON, 
Philosophical  Transactions,  Vol.  CLXXXVI,  Part  I ;  RAFFY,  Bulletin  de  la 
Society  mathtmatique,  Vol.  XXV,  p.  71  ;  BOUNITZKY,  Bulletin  des  Sciences 
mathtmatiques,  Vol.  XXXI,  2d  series,  p.  250). 


CHAPTER  II 
EXISTENCE  THEOREMS 

The  first  rigorous  investigations  to  establish  the  existence  of  the 
integrals  of  a  system  of  ordinary  differential  equations  or  of  partial 
differential  equations  are  due  to  Cauchy.  That  illustrious  mathe 
matician  gave  for  analytic  equations  a  type  of  demonstration  based 
on  a  method  of  comparison  to  which  he  gave  the  name  of  "  calculus 
of  limits"  (calcul  des  limites).  We  owe  to  him  also  another  method 
which  does  not  assume  the  functions  to  be  analytic,  and  which  we 
shall  discuss  later. 

I.   CALCULUS  OF  LIMITS 

21.  Introduction.  The  fundamental  idea  of  the  calculus  of  limits 
consists  in  the  use  of  dominant  functions.  The  reasoning  is  quite 
analogous  to  that  which  has  already  been  used  to  establish  the 
existence  of  implicit  functions  (I,  §  193,  2d  ed. ;  §  187,  1st  ed.). 
Since  every  analytic  function  has  an  infinite  number  of  dominant 
functions,  we  see  that  the  method  can  be  varied  in  a  great  many 
ways.  The  simplicity  of  the  demonstrations  depends  largely  on  the 
choice  of  the  dominant  functions.  Since  the  work  of  Cauchy,  his 
proofs  have  been  perfected  and  extended  to  more  general  cases  by 
Briot  and  Bouquet,  Weierstrass,  Darboux,  Meray,  Eiquier,  Madame 
Kovalevsky,  and  many  others.  Even  to-day  we  make  use  of  this 
same  method  constantly  to  treat  analogous  questions  relative  to  par 
tial  differential  equations  with  various  initial  conditions. 


22.  Existence  of  the  integrals  of  a  system  of  differential  equations. 
Let  us  consider  first  a  single  equation, 


the  right-hand  side  of  which,  f(x,  y),  is  an  analytic  function  in  the 
neighborhood  of  a  system  of  values  #0,  yQ.  We  propose  to  prove  that 
this  equation  has  an  integral  y(x)  analytic  in  the  neighborhood  of  the 
point  XQ  and  reducing  to  y^for  x  =  XQ. 

45 
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Let  us  suppose  for  the  sake  of  brevity  that  XQ  =  y0  =  0,  which 
amounts  simply  to  writing  x  and  y  in  place  of  x  —  XQ  and  y  —  y0. 
If  the  given  equation  has  an  integral  which  is  analytic  in  the  neigh 
borhood  of  the  point  x  =  0,  and  which  vanishes  with  x,  and  if  we 
can  calculate  the  values  of  all  the  successive  derivatives  of  that 
integral  for  x  =  0,  we  can  write  the  development  of  that  integral  in 
a  power  series. 

The  equation  (1)  gives  us  first  of  all  (dy/dx\=f(Q,  0).  On  the 
other  hand,  the  equations  which  we  derive  from  it  by  repeated  dif 
ferentiations  enable  us  to  calculate  the  value  of  a  derivative  of  any 
order  in  terms  of  x,  y  and  of  derivatives  of  lower  order, 


(2) 


dx2       ex       dy  dx 

^  =  ^+2jy_^  +  E/:  (<w 

dx*       dx2          dxdy  dx       "dif  \dx/        dy  dx2 


Setting  in  these  relations  x  =  y  =  0,  we  calculate  step  by  step  tht 
initial  values  (d?y/dx*)Qj  (d*y/dx*\,  •  -  •  ,  (d*y/dx*\,  ...  of  the  succes 
sive  derivatives  of  the  desired  integral  in  terms  of  the  coefficients 
of  the  development  of  f(x,  y)  in  a  power  series  in  x  and  y.  Until 
Cauchy's  work  appeared,  mathematicians  had  assumed  without  proof 
that  the  power  series  thus  obtained, 

d\  x         d*\   x*  d*\  x» 


was  convergent  for  values  of  x  near  zero. 

To  establish  rigorously  this  essential  point,  let  us  observe  that  the 
operations  by  which  we  calculate  the  coefficients  of  the  series  (3) 
reduce  precisely  to  additions  and  multiplications  alone,  so  that  the 
value  obtained  for  (dny/dxn\  can  be  written  in  the  form 


where  Pn  is  a  polynomial  with  positive  integral  coefficients,  and  where 
aik  is  the  coefficient  of  x*y*  in  the  development  of  f(x,  y).  If,  then,  we 
replace  the  function  f(x,  y)  by  a  dominant  function  <j>  (x,  Y),  and  if 
we  seek  to  determine  an  analytic  integral  of  the  auxiliary  equation 

(5)  f=*(*.r> 

vanishing  with  x,  the  coefficients  of  the  series  obtained  for  the  devel 
opment  of  Y  will  be  positive  numbers  greater  than  the  absolute  value 
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of  the  corresponding  coefficients  of  the  same  rank  in  the  series  (3). 
If  the  series  obtained  for  Y  is  convergent  in  a  certain  neighborhood, 
the  same  must  be  true  a  fortiori  of  the  series  (3).  Now  the  series 
obtained  for  Y  will  certainly  be  convergent  if  the  auxiliary  equation 
has  an  analytic  integral  vanishing  for  x  =  0. 

Let  us  suppose  that  the  function  f(x,  y)  is  analytic  when  the  varia 
bles  x  and  y  remain  in  the  circles  C,  C1  of  radii  a  and  b  described  in 
the  planes  of  the  two  variables  about  the  two  origins  as  centers,  and 
that  it  is  continuous  on  the  circumferences,  and  let  M  be  the  upper 
limit  of  \f(x,  y)\  in  this  neighborhood.  We  can  take  for  the  domi 
nant  function 


and,  multiplying  the  two  sides  by  (1  —  Y/b)t  we  may  write  the 
auxiliary  equation  (5)  in  the  form 


dx  x 

a 


We  can  show  directly  that  this  equation  has  an  analytic  integral 
which  vanishes  for  x  =  0.  In  fact,  separating  the  variables,  we  obtain 
the  integral  of  that  equation  in  the  form 


The  constant  which  must  be  added  to  the  right-hand  side  to 
express  the  general  integral  of  the  equation  (6)  is  here  zero  if  we 
adopt  for  the  determination  of  the  logarithm  the  one  which  is  zero 
for  x  =  0.  Solving  equation  (7)  for  Y,  we  get 


(8)  r=  b  - 

If  we  take  for  the  radical  the  determination  which  reduces  to  1 
for  x  =  0,  the  result  (8)  represents  precisely  an  integral  of  the 
equation  (6)  which  is  zero  -for  x  =  0.  This  function  }'  is  also  ana 
lytic  in  the  neighborhood  of  the  origin,  for  the  function  under 
the  radical  is  analytic  in  the  interior  of  the  circle  C  of  radius  a, 
and  is  zero  for 


(9)  x  =  p  = 

When  the  variable  x  remains  in  the  interior  of  the  circle  Cp  of 
radius  p  described  about  the  origin  as  center,  the  absolute  value 


48  EXISTENCE  THEOREMS 


[II,  §  22 


of  (2aAf/£)Log(l  —  x/a)  remains  less  than  unity,*  and  the  radical 
is  an  analytic  function  of  x  in  this  circle.  The  series  obtained  for 
the  development  of  F  is  therefore  convergent  in  the  circle  of  radius  p, 
and  the  same  is  true  a  fortiori  of  the  series  (3)  first  obtained. 

It  is  easily  seen  from  the  formula  (8)  that  all  the  coefficients  of 
the  development  of  Y  are  real  and  positive,  a  fact  which  is  evident 
also  a  priori.  If  we  give  to  x  any  value  whose  absolute  value  is  less 
than  p,  the  absolute  value  of  Y  will  be  less  than  the  value  obtained 
by  replacing  x  by  p.  We  have,  then,  for  every  point  in  the  circle 
Cp,  \Y\<b,  and  therefore  \y\<l.  If  we  replace  y  inf(x,  y)  by  the 
sum  of  the  series  (3),  the  result  of  the  substitution  is  therefore  an 
analytic  function  <£(#)  in  the  circle  of  radius  p.  From  the  manner 
in  which  we  have  obtained  the  coefficients  of  the  series  (3),  the  two 
functions  &(x)  and  dy/dx  are  equal,  as  well  as  all  their  successive 
derivatives  for  x  —  0.  Hence  they  are  identical,  and  the  analytic 
function  y  satisfies  all  the  given  conditions. 

In  order  to  calculate  the  coefficients  of  the  series  (3),  we  can  substi 
tute  directly  for  y  in  the  equation  (1)  a  power  series  y—  C\x-\-  C2x2-\  ---- 
and  write  the  conditions  that  the  two  sides  are  identical.  The  coeffi 
cient  of  xn~l  in  dy/dx  is  nCn,  while  the  coefficient  of  xn~*  on  the  right 
depends  evidently  only  on  Cv  C2,  .  .  .,  Cn_l  and  the  coefficients  aik. 
It  is  easily  seen  that  the  coefficients  Cn  are  calculated  in  this  way 
by  the  use  of  the  operations  of  addition  and  multiplication  alone. 

The  method  can  be  extended  without  difficulty  to  a  system  of  any 
number  of  differential  equations  of  the  first  order.  Let 


be  a  system  of  differential  equations  in  which  the  functions  ft  are 
analytic  in  the  neighborhood  of  the  values  XQ,  (y^,  .  .  .,  (yn\.  These 
equations  have  a  system  of  integrals  analytic  in  the  neighborhood  of 
the  point  XQ  and  taking  on  the  values  (y^,  (y2)Q,  .  .  .,  (yn)o  respectively 
for  x  =  a;0. 

The  proof  of  this  theorem  can  be  made  to  depend  on  the  fact 
that  the  system  of  auxiliary  equations 


1  =     ,=       =       = 

""^" 


*  In  fact,  all  the  coefficients  of  the  development  of  that  function  in  powers  of  x 
are  real  and  negative.  The  absolute  value  of  the  preceding  expression  for  |  x  \  <  p  is 
therefore  less  than  its  absolute  value  when  x  =  p,  that  is,  less  than  unity. 
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has  a  system  of  integrals  which  are  analytic  in  the  neighborhood 
of  the  origin,  and  which  vanish  for  x  =  0.  Tjhe  functions  ft  are  sup 
posed  to  be  analytic  as  long  as  we  have  \x  —  XQ  ^  a,  \y{  —  (yt\\  =  b, 
and  M  denotes  again  the  maximum  absolute  value  of  the  functions 
fi  in  this  neighborhood.  These  integrals,  having  their  derivatives 
equal  and  all  vanishing  for  x  =  0,  must  be  identical,  and  it  suffices 
to  consider  the  single  equation 

dY  M 


in  which  we  can  again  separate  the  variables.    This  equation  has 
the  integral 


which  is  analytic  in  the  circle  with  the  radius 


and  which  is  zero  for  x  =  0.    Hence  the  system  (10)  has  a  system 
of  integrals  that  are  analytic  in  the  same  circle. 
A  single  equation  of  the  nth  order, 


can  be  replaced  by  an  equivalent  system  formed  of  n  equations  of 
the  first  order, 


<*?/«-*  =  dV*-i  =  p(X)  y,  y  ,  .  .  .,  yn_^ 

by  introducing  as  auxiliary  dependent  functions  the  successive 
derivatives  of  y  up  to  the  (n  —  l)th  order.  We  deduce  from  the 
general  theorem,  then,  the  proposition  that  the  equation  (12)  has  an 
analytic  integral  in  the  neighborhood  of  the  point  XQ  and  such  that 
that  function  and  its  first  n  —  \  derivatives  take  on  for  x  —  XQ  the 
values  i/0,  y'Q,  •  •  •,  y("~l)  given  in  advance,  provided  that  the  function 
F  is  analytic  in  the  neighborhood  of  the  system  of  values  XQ,  yQ,  y'^ 

' '  '•>  y"~  }' 

From  the  demonstration  it  results  that  there  cannot  be  more  than 
one  analytic  integral  of  the  equation  (1)  taking  on  for  x  =  XQ  the 
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value  y0.  But  nothing  enables  us  to  say  up  to  this  point  that  there 
do  not  exist  non-analytic  functions  satisfying  the  same  conditions.* 
This  is  a  point  which  will  be  rigorously  established  farther  on 
(§  26). 

23.  Systems  of  linear  equations.  We  shall  find  farther  on,  by  another 
method,  a  larger  value  for  a  lower  bound  of  the  radius  of  convergence 
of  the  series  which  represents  the  integrals  (§  29).  If  the  functions 
ft  have  special  forms,  we  can  sometimes  employ  more  advantageous 
dominant  functions,  still  making  use  of  the  method  of  the  calculus 
of  limits. 

In  particular,  this  is  what  happens  in  the  very  important  case  of 
linear  equations.  Let 

(14)          ^  =  aiiyi  +  cr,2yg  +  •  •  -  +  ainijn  +  bf  (i  =  1,  2,  .  .  .,  n) 

be  a  system  of  linear  equations  in  which  the  functions  aik  and  b{  are 
functions  of  the  single  variable  x,  analytic  in  the  circle  C  of  radius  R 
about  the  point  XQ  as  center.  These  equations  have  a  system  of  inte 
grals  analytic  in  the  circle  C  and  reducing  respectively  to  (y^,  (y2)0> 
•••i  (l/n\forx  =  xQ. 

We  may  suppose  in  the  proof  that 


for  if  we  change  yf  into  (y£)0  -f  yf,  the  system  (14)  does  not  change 
in  form,  and  the  new  coefficients  are  again  analytic  in  the  circle  C. 
Let  M  be  the  maximum  value  of  the  absolute  values  of  all  the 


*  The  following  is  the  reasoning  used  by  Briot  and  Bouquet  to  treat  this  matter. 
Let  ?/!  be  an  analytic  integral  of  the  equation  (1)  taking  on  the  value  ?/0  for  x  =  x0. 
Putting  {/ =  1/1  +  z,  the  equation  (1)  takes  the  form 

(10  |?=  **<*,*), 

where  $  (x,  z)  is  analytic  for  x  =  XQ,  z  =  0.  Let  us  suppose  that  this  equation  has  an 
integral,  other  than  z  =  0,  approaching  zero  when  the  variable  x  describes  a  curve  C 
ending  in  the  point  x0.  Let  xlt  x2  be  two  points  of  this  curve  to  which  correspond  the 
two  values  z^  and  z.2  of  z.  We  obtain  from  the  equation  (!') 


If  xx  approaches  x0,  zv  approaches  zero,  and  the  absolute  value  of  the  left-hand  side  of 
this  equality  becomes  infinite,  while  the  absolute  value  of  the  right-hand  side  remains 
finite;  there  cannot  be,  then,  an  integral  approaching  zero  different  from  2  =  0.  But 
the  reasoning  supposes  that  the  point  x  approaches  XQ  along  a  curve  C  of  finite  length. 
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functions  aik,  bt  in  a  circle  C'  with  the  center  XQ  and  the  radius  r  <  R. 
The  function 


1  _ 


is  a  dominant  function  for  all  the  functions  ailyl  -f  •  •  •  4-  #,„#„  4-  £,•> 
and  we  are  led  to  consider  the  auxiliary  system 


Since  the  functions   Yv   F2,  -  -  .,   FB  are  required   to  be  zero  for 
x  =  ar,  and  since  their  derivatives  are  equal,  they  are  identical,  and 


the  system  (15)  can  be  replaced  by  the  single  equation 

(16)  ^  -  -  -  -  (1  +  n  F), 

dx  x  —  XQ  ^ 

r 

which  can  be  integrated  by  separating  the  variables.    The  integral 
which  is  zero  for  x  =  XQ  has  the  form 


and  it  is  analytic  in  the  circle  C'.  The  same  thing  is  therefore  true 
of  the  integrals  of  the  system  (14),  and,  since  the  number  r  may 
be  taken  as  near  7?  as  we  wish,  it  follows  that  these  integrals  are 
analytic  in  the  circle  C. 

24.  Total  differential  equations.  Let  x^  z2,  •  -  -,  xn  be  a  system  of  n  independ 
ent  variables,  let  z  be  an  unknown  function  of  these  variables,  and  let/t,  /2, 
...,/„  be  n  given  functions  of  xt,  x2,  •  •  •,  x,,,  z.  A  total  differential  equation  is 
a  relation  of  the  form 


(17)  dz  =  /i^!  +  f2dx2  +  •  •  •  +  fndxn  ', 

it  is  really  equivalent  to  n  distinct  equations : 

Let  us  suppose  that  there  exists  a  function  z  of  xl,  x.2,  •••,  xn  satisfying 
these  n  relations.  We  can  calculate  the  second  derivative  c'2z/cx{c JA-  ( i  ^  k)  in 
two  different  ways.  Writing  the  results  obtained  as  identical,  we  obtain  thus 
n(n—  l)/2  !  relations  of  the  form 

(19)  ^T +  "aT-'*  =  ~77.  ^  ~^ •'''  "     ~~    '    '       '  n' 
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and  the  function  z  can  only  be  taken  from  among  those  functions  which  satisfy 
these  relations.  We  are  going  to  consider  only  the  very  important  case,  in 
which  these  relations  are  satisfied  identically.  The  equation  (17)  or  the  equiva 
lent  system  (18)  is  then  said  to  be  completely  integraJble. 

Given  a  completely  integrable  total  differential  equation  in  which  the  functions  fi 
are  analytic  in  the  neighborhood  of  the  system  of  values  (X^Q,  (x2)0,  •  •  •,  (xn)0,  z0, 
this  equation  has  an  analytic  integral  in  the  neighborhood  of  the  system  of  values 
(x^,  •  •  •,  (XM)O,  which  reduces  to  z0  when  xl  =  (x^,  -  .  .,  xn  =  (xn)0. 

The  equations  (18)  and  those  which  are  derived  from  them  by  successive 
differentiations  enable  us  to  express  all  the  partial  derivatives  of  the  unknown 
function  z  in  terms  of  z,  xx,  x2,  •  •  -,  xn  ;  hence  we  can  obtain  the  values  of  the 
coefficients  of  the  development  of  the  analytic  integral,  if  it  exists.  But,  while 
it  is  evident  that  we  can  calculate  such  derivatives  as  dpz/dx%  in  only  one  way, 
it  requires  a  little  more  care  to  assure  ourselves  that  we  shall  always  obtain  the 
same  expression  for  a  derivative  of  any  order,  such  as  fip  +  vz/dx?  dx^,  which  can 
be  calculated  in  several  different  ways.  This  will  be  the  case  for  the  deriva 
tives  of  the  second  order,  if  the  conditions  (19)  are  identically  satisfied.  In 
order  to  show  that  the  same  property  is  true  in  general,  it  suffices  to  show  that, 
if  it  is  true  up  to  the  partial  derivatives  of  order  _p,  it  will  also  be  true  for  the 
partial  derivatives  of  order  p  +  1.  We  shall  base  the  proof  on  the  following 
fact  :  Let  U(x^  x2,  •  •  .,  xn,  z)  be  any  function  of  xl1  x2,  •  •  •,  xn,  z,  and  let  us  put 

dU      dU      dU  .  d*U         d     d 


From  the  conditions  (19)  it  follows  immediately  that  we  have  for  any  function  V 
the  relation 


dxidxk      dxkdxi 

Let  now  u  and  v  be  two  partial  derivatives  of  the  pth  order  differing  only  in 
the  fact  that  a  differentiation  with  respect  to  xt-  in  one  has  been  replaced  by  a 
differentiation  with  respect  to  xk  in  the  other.  The  proof  depends  on  showing 
that  we  have 

du       du          8v      dv  . 

^  --  1"  T-V*  =  -  —  H  —  /»» 
dXk       dz  dxt      dz 

or  that  du/dxk  =  dv/dxi.  But  u  and  v  have  been  obtained  by  taking  the  partial 
derivatives  of  a  partial  derivative  w  of  order  p  —  1  with  respect  to  the  variables 
Xi  and  Xk  respectively.  We  have  therefore  u  =  dw/dxl^  v  =  dw/dxk,  and  the 
equality  to  be  established  reduces  to  d^w/dxidxk  =  d'2w/dxkdxi,  an  equality  which 
has  already  been  proved. 

To  prove  the  convergence  of  the  series  thus  obtained,  we  can  therefore  replace 
the  f  unctions  fi  by  dominant  functions  </>,-,  provided  that  we  choose  these  func 
tions  fa  so  that  the  resulting  auxiliary  total  differential  equation  shall  itself  be  com 
pletely  integrable.  For  simplicity  let  us  put  (X^Q  =  (x2)0  =  •  •  .  =  (xn)0  =  z0  =  0  ; 
we  can  take  for  the  dominant  function  of  all  the  f  unctions  fi  an  expression  of 
the  form 

M 
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and  the  auxiliary  equation 

(20)  dZ  =  f     ^A  +  ^+^.  +  dZn) 


is  completely  integrable  from  the  symmetry  of  the  right-hand  side  relative  to 
the  n  variables  z,-.  In  order  to  obtain  an  analytic  integral  that  vanishes  with 
these  variables,  we  need  only  seek  an  integral  which  is  a  function  of  the  single 
variable  X=  xl  +  z2  +  ----  h  zn.  This  leads  to  an  ordinary  differential  equation 
of  the  form  (6) 


Since  the  integral  of  this  equation  is  represented  by  a  development  in  a  con 
vergent  series  the  coefficient  of  any  term  x*  l  •  -  -  x*nn  of  which  is  real  and  positive, 
the  development  obtained  for  z  is  a  fortiori  convergent  in  the  same  neighborhood. 
The  theorem  can  be  extended  without  difficulty  to  systems  of  total  differential 
equations  in  n  independent  variables  xv  x2,  •  •  .,  xn  and  m  dependent  variables 


(21)  dZh  =flhdXi  +  •  •  •  +  fihdXi  +  i  jnn— /••  \    •  _  1     < 

\»  —  -1?  £•> 

By  calculating  in  two  different  ways  the  derivatives  of  the  form 
we  are  led  to  the  conditions 

CXjc          CZj  CZm  G%i  CZ-^  £Zm 

The  system  (21)  is  said  to  be  completely  integrable  if  these  conditions  (22)  are 
satisfied  identically,  and  we  have  the  following  theorem  which  is  demonstrated 
like  the  preceding : 

Every  completely  integrable  system  in  which  the  functions  /t-  are  analytic  in  the 
neighborhood  of  a  system  of  values  (z^,  (z2)0,  •  •  •,  (zn)0,  (z^,  •  •  •,  (zm)0  has  a 
system  of  integrals  analytic  in  the  neighborhood  of  the  point  (zt)0,  •  •  •,  (zn)0  and  tak 
ing  on  respectively  the  values  (z^,  (z2)0,  •  •  •,  (zm)0  when  xl  =  (z^,  •  •  •,  zn  =  (zn)0. 

25.  Application  of  the  method  of  the  calculus  of  limits  to  partial  differ 
ential  equations.  The  calculus  of  limits  enables  us  also  to  prove  the 
existence  of  integrals  of  a  system  of  partial  differential  equations. 
Let  us  consider  first  an  equation  of  the  first  order, 

(23) 


in  which  the  right-hand  side  does  not  contain  the  derivative 
This  equation  and  those  obtained  from  it  by  successive  differentia 
tion  enable  us  to  express  all  the  partial  derivatives  of  z  in  terms  of 
xv  x2,  -  •  .,  xn,  z,  and  of  the  partial  derivatives  of  z  taken  with  respect 
to  the  variables  jea,  xs,  -  -  >,  xn  alone.  This  property  is  evident  for  the 
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derivatives  of  the  form  da*+-"  +  an+lz/dxldx%2  •  -  -  dx%n,  as  is  seen  by 
differentiating  the  two  sides  of  the  equation  (23)  a2  times  with 
respect  to  x^  -  •  •  ,  and  then  an  times  with  respect  to  xn.  If  we  differen 
tiate  the  two  sides  of  the  equation  (23)  once  with  respect  to  x^  and 
any  number  of  times  with  respect  to  the  other  variables  x2,  #3,  •  •  .,  xnj 
and  if  we  then  replace  in  the  right-hand  side  of  the  result  the  par 
tial  derivatives  which  involve  just  one  differentiation  with  respect 
to  the  variable  xl  by  the  expressions  already  obtained,  we  shall  obtain 
also  the  derivatives  da*+'"  +  an  +  2z/dxldx%*  -  -  •  3x%n  expressed  in  the 
manner  stated  above,  and  it  is  clear  that  we  can  continue  to  apply 
the  same  process  indefinitely. 

Let  us  now  suppose  that  the  function  /  is  analytic  in  the  neigh 
borhood  of  a  system  of  values  (xJQ,  .  .  .,  (xn\,  z0,  (p2\,  -  -  .,  (Pn\, 
and  let  <fr(x2t  xs,  •  •  •  ,  OJB)  be  a  function  of  the  (n  —  T)  variables 
xv  X3>  '  '  *>  xn  analytic  in  the  neighborhood  of  the  point*  (#2)0, 
(sc8)0,  •  •  »i  (xn)o  anc^  sucn  that  we  have  for  these  particular  values 


If  these  conditions  are  satisfied,  the  equation  (23)  has  an  integral 
which  is  regular  in  the  neighborhood  of  the  point  (x^)Q,  •  •  •,  (#»)0  and 
which  reduces  to  <£(x2,  XB,  •  -  •,  xn)  for  fcx  =(x^)Q. 

By  hypothesis,  the  function  <£(#2,  jcg,  •  -  •,  xn)  can  be  developed  in 
a  series  of  positive  powers  of  the  variables  xt  —  (#t-)0,  and  the  coeffi 
cients  are,  except  for  certain  numerical  factors,  the  values  of  the 
partial  derivatives  of  that  function  at  the  point  (aj2)0,  (#3)0,  •  •  •,  (XH\. 
Since  the  function  2,  the  existence  of  which  we  wish  to  prove,  must 
reduce  to  <f>(x^  x8,  •  •  -,  xn)  for  xl=(xl\,  we  know  from  that  fact 
alone  the  values  at  the  point  (x^)Q,  (#2)0,  -  .  .,  (xn\  of  all  the  partial 
derivatives  of  the  function  z  which  involve  no  differentiation  with 
respect  to  the  variable  a?1.  We  have  just  seen  how  all  the  other  partial 
derivatives  of  z  can  be  expressed  in  terms  of  these.  We  can  there 
fore  calculate,  step  by  step,  all  the  coefficients  of  the  development  of  z 
according  to  powers  of  xi  —  (xj)Q  in  terms  of  the  coefficients  of  the 
two  developments  of  the  function  /  and  of  the  function  <£,  and  the 
calculation  involves  the  operations  of  addition  and  multiplication 
alone.  We  can  therefore  employ  again  dominant  functions  to  prove 
convergence :  if  the  series  obtained  by  replacing,  in  the  preceding 


*  For  the  sake  of  brevity  we  shall  designate  as  a  point  every  system  of  particular 
values,  real  or  imaginary,  assigned  to  the  variables  appearing  in  the  discussion. 
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calculation,  /  by  a  dominant  function  F,  and  <£  by  another  dominant 
function  <J>,  is  convergent,  the  same  thing  must  necessarily  be  true  of 
the  series  obtained  for  z. 

We  can,  first  of  all,  replace  the  given  initial  conditions  by  other 
simpler  conditions  by  means  of  a  succession  of  easy  transformations. 
We  may  suppose  (#;)0  =(x^)Q  =  •  -  •  =(xn)Q  =  0,  for  that  amounts  to 
writing  xt  in  place  of  xt  —  (xt\.  If  we  also  put 


the  new  unknown  function  u  must  reduce  to  zero  for  xl  =  0.  We 
may  suppose  also  that  after  these  transformations  the  right-hand 
side  of  the  equation,  when  developed,  does  not  contain  a  constant 
term,  for  if  the  development  commenced  with  a  constant  term  a 
different  from  zero,  it  would  suffice  to  put  u  =  axl  +  v  in  order  to 
make  it  disappear.  Having  made  these  transformations,  if  we  now 
replace  the  right-hand  side  by  a  suitable  dominant  function,  the 
demonstration  of  the  theorem  reduces  to  showing  that  the  equation 

(2i>  -  * 


(0  Z  C  Z\ 

i-^  '"  N 
P  / 


where  AT,  r,  p  are  determined  positive  numbers,  has  an  integral  which 
is  analytic  in  the  neighborhood  of  the  origin  and  which  reduces  to 
zero  for  x1  =  0.  If  we  replace  x1  on  the  right-hand  side  by  xja, 
where  a  is  a  positive  number  less  than  unity,  we  increase  the  coeffi 
cients,  and  the  theorem  will  be  established  a  fortiori  if  we  prove 
the  proposition  for  the  new  equation 

3Z      M 

•TT-  =  Q  ~ ^rr: «» 

_,          _,   c 

dx0  c 


1-- 111- 


Indeed,  it  is  sufficient  to  show  that  this  equation  has  a  regular 
integral,  represented  by  a  power  series  whose  coefficients  are  all  real 
and  positive ;  for  the  coefficients  of  this  third  development  are  at 
least  equal  to  those  of  the  series  obtained  by  supposing  that  Z  van 
ishes  when  x1  =  0,  since  the  coefficients  are  all  obtained  by  means 
of  additions  and  multiplications  of  the  coefficients  of  the  terms  inde 
pendent  of  xv  In  order  to  establish  this  last  point,  let  us  try  to 
satisfy  the  equation  (25)  by  taking  for  Z  a  function  of  the  single 
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variable  X  —  xja  -f  x2  -\ +  xn.    We  are  thus  led  to  the  differen 
tial  equation  of  the  first  order, 


-M. 


Let  us  suppose  that  a  has  been  chosen  so  small  that  the  coefficient 
of  dZ/dX  on  the  left  is  positive.  For  X  =  Z  =  0  the  equation  (26) 
has  two  distinct  roots,  one  of  which  is  equal  to  zero.  That  equation 
has  therefore  an  analytic  integral  in  the  neighborhood  of  the  origin, 
which,  together  with  its  first  derivative,  is  zero  for  X  =  0.  It  is  easy 
to  show  directly  that  all  the  coefficients  of  the  development  of  this 
integral  are  positive;  for  the  equation  (26)  may  be  written  in  the 
form 


where  A  is  positive  and  where  &(X,  Z)  denotes  a  series  whose  coeffi 
cients  are  all  positive.  After  a  first  differentiation  we  find 

—  =  2/1  —  —      —       —  — 

dx2  "       dx  dx2  +  dx  +  az  ~dx' 

For  X  =  0,  Z  and  dZ/dX  are  zero  ;  hence  d2Z/dX2  is  positive.  The 
verification  for  the  following  derivatives  is  similar. 

The  series  obtained  for  the  development  of  the  desired  integral  z 
is  therefore  convergent  as  long  as  the  absolute  values  of  the  differ 
ences  Xi  —  (ajf)0  remain  less  than  a  positive  number  r.  The  value  of 
that  series  is  an  analytic  function  in  the  neighborhood  of  the  point 
(*i)o>  (*2)o>  "'-I  Wo  and  reduces  to  <f>(x2,  *„.••,  xn)  for  ^  =(ajj)0. 
That  function  satisfies  the  given  equation  ;  for  if  we  replace  in  /  the 
variables  «,  dz/dx2,  •  •  •,  dz/dxn  by  the  preceding  function  and  by  its 
partial  derivatives,  the  result  is  a  function  \f/(x^  x2,  •  •  •,  xn)  which 
is  regular  in  the  neighborhood  of  the  point  (xJQ,  (x^  •  •  -,  (JCB)O> 
and,  from  the  manner  in  which  we  have  obtained  the  coefficients 
of  the  series  2,  the  two  functions  \f/  and  dz/dx^  are  equal,  as  well  as 
all  their  partial  derivatives,  at  the  point  (x^,  (xJQ,  •  -  -,  (xn)0.  They 
are  therefore  identical. 

The  proof  is  the  same  for  a  simultaneous  system  of  equations  of 
the  first  order, 
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whose  right-hand  sides  contain  only  the  variables  xlt  x2,  •  •  •,  xn)  the 
functions  zlt  £2,  •  •  •,  zp,  and  the  partial  derivatives  of  the  first  order 
except  those  with  respect  to  xv  Supposing  the  right-hand  sides  ana 
lytic  in  the  neighborhood  of  a  system  of  particular  values  (ar,)0,  (z,.)0, 
(^>f)0,  assigned  to  all  the  variables  which  appear  in  the  function  f, 
these  equations  have  a  system  of  integrals  which  are  analytic  in  the 
neighborhood  of  the  point  (x1)0,  •  •  •,  (*m\  and  which  reduce  for 
xl  =  (x^Q  to  p  given  functions  ^,  <£2,  •  •  •,  <£p  of  the  (n  —  1)  variables 
xv  xv  '  '  '*  x»>  which  are  Analytic  in  the  neighborhood  of  the  point 
(a*2)0,  (o*3)0,  •  •  -,  (xn)Q  and  are  such  that  the  values  of  <f>k  and  of  cfa/dxi 
at  that  point  are  precisely  (£t)0  and  (p*)Q  (&  =  1,  2,  •  •  •,  p ;  i  =  2, 
3,  •  • .,  TI). 

26.  The  general  integral  of  a  system  of  differential  equations.  The 
preceding  theorem  enables  us  to  complete  the  theory  of  differential 
equations  on  several  important  points.  Thus,  the  existence  of  an 
infinite  number  of  integrating  factors  for  an  expression  of  the  form 
P(x,  y)dx  H-  Q(x,  y)dy  is  an  immediate  consequence  of  it  if  P  and 
Q  are  analytic  functions  of  the  variables  x  and  y  (§  12). 

Let  us  consider  again  the  equation  of  the  first  order  y'  =  f(x,  y), 
and  let  ( a?0,  yQ)  be  a  pair  of  values  for  which  the  function  f(x,  y) 
is  regular.  The  analytic  integral  the  existence  of  which  has  been 
established,  which  takes  on  the  value  yQ  for  x  =  a*0,  may  be  con 
sidered  as  a  function  of  three  independent  variables  a-,  a-0,  y0;  it  is 
from  this  point  of  view  that  we  are  going  to  study  it.  For  definite- 
ness  let  us  suppose  that  the  function  f(x,  y)  is  regular  in  the 
neighborhood  of  a  point  (x  =  a,  y  =  /?).  We  can  evidently  consider 
the  given  equation  as  a  partial  differential  equation, 

(28)  fjr/(*.y). 

which  defines  a  function  y  of  the  three  variables  x,  XQ,  yQ,  and  we 
propose  to  determine  an  integral  of  that  equation  which  is  analytic 
in  the  neighborhood  of  the  point  x  =  a,  XQ  =  a,  yQ  =  ft  and  which 
reduces  to  i/Q  for  x  =  x0.  This  last  condition  is  not  in  the  same 
form  as  that  of  the  preceding  paragraph,  but  it  suffices,  in  order 
to  overcome  the  difficult}',  to  take  instead  of  x  and  of  XQ  two 
new  independent  variables  u  =  x  •}-  XQ  and  v  =  x  —  XQ.  Then  the 
equation  (28)  becomes 
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and  we  are  led  to  seek  an  integral  of  this  new  equation  which  is 
analytic  in  the  neighborhood  of  the  values  u  =  2a,  v  =  0,  y  =  ft 
and  which  reduces  to  yQ  for  v  =  0.  By  the  general  theorem,  there 
exists  an  analytic  integral,  and  only  one,  which  satisfies  these 
conditions;  we  shall  denote  it  by  <£(#,  x0,  y0),  supposing  that  we 
have  replaced  u  and  v  by  their  values  in  terms  of  x  and  y.  Let  D 
be  a  region  defined  by  the  conditions  x  —  a  ^=  ?*,  x  —  a\  =s  r, 
\yQ  —  p\^p,  in  which  the  function  <j>(x,  XQ,  yQ)  is  regular.  The 
function  <f>  has  the  following  properties  in  this  region.  In  the  first 
place,  from  the  very  way  in  which  we  have  obtained  it,  if  XQ  and  yQ 
are  constants,  it  represents  the  integral  of  the  differential  equation 
y'  =f(x,  y),  which  takes  on  the  value  ?/0  for  x  =  XQ.  This  integral 
is  surely  analytic  whenever  \x  —  a\  is  less  than  r,  for  any  point 
(XQ,  yQ)  in  the  region  D. 

The  development  of  <j>(x,  XQ,  ?/0)  is  of  the  form 

y  =  yo  +  (x-^p(x,*vyQ\ 

where  P  also  denotes  a  regular  function.  By  the  general  theory 
of  implicit  functions,  we  can  solve  the  above  relation,  obtaining 
2/0  =  ij/(xj  o;0,  y),  in  which  the  right-hand  side  is  also  a  power  series. 
The  function  $(x,  XQ,  y)  is  identical  with  <f>(xQ,  x,  y).  In  fact,  let  XQ 
and  x1  be  two  values  of  x  in  the  region  D ;  then  the  integral  which 
is  equal  to  yQ  for  x  =  XQ  takes  on  at  the  point  x1  a  certain  value  yv 
and  we  have  y1  =  <f>  (x^  XQ)  yQ).  But  it  is  evident  that  the  relation 
between  the  two  pairs  of  values  (XQ,  y0),  (xv  yj  is  a  reciprocal  one ; 
hence  we  have  also  yQ  =  <f>  (XQ,  xv  y^. 

Let  XQ  be  any  value  of  x  such  that  we  have  \XQ  —  a\<r.  Every 
analytic  integral  of  the  equation  (28),  passing  through  any  point 
(XQ,  y0)  of  the  region  D,  satisfies  a  relation  of  the  form 

(30)  +  «,x,y)  =  C. 

For,  let  us  consider  the  analytic  integral  equal  to  y0  for  x  =  XQ. 
That  integral  takes  on  a  value  ?/J  when  x  has  the  value  srj,  and  we 
have,  from  the  definition  of  the  function  <£,  <f>  (x'Qy  XQ,  y0)  =  y'Q.  Let  x 
be  another  value  of  the  variable  in  the  same  region  and  ?/  the  corre 
sponding  value  of  the  integral.  We  have  also  <£  (arj,  x,  y)  =  y'OJ  and 
therefore  the  analytic  integral  considered  does  satisfy  a  relation  of 
the  form  (30).  By  differentiating  it  with  respect  to  x  and  replac 
ing  y'  by  its  value  f(x  y)  we  find  that  the  function  <j>(x'Q,  x,  y) 
satisfies  the  relation 
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This  relation  reduces  necessarily  to  an  identity,  for  it  must  be  true 
for  x  =  XQ,  y  =  yQ,  and  the  point  (XQ,  yQ)  is  any  point  of  the  region  D. 

This  enables  us  to  answer  a  question  left  undecided  in  §  22. 
In  the  plane  of  the  variable  x  let  any  curve  T  approach  the  point  a-0 
as  a  limit.  We  shall  say  that  a  function  y  of  the  variable  x  which 
can  be  continued  analytically  along  the  whole  length  of  T  approaches 
yQ  as  x  approaches  XQ  on  T  if  for  every  positive  number  c  we  can  find 
a  corresponding  positive  number  rj  such  that  y  —  yQ  remains  less 
than  c  for  all  the  values  of  x  lying  on  T  in  the  interior  of  a  circle 
with  a  radius  77  and  with  the  center  XQ. 

The  reasoning  of  Briot  and  Bouquet  does  not  prove  that  there  do 
not  exist  other  integrals  than  the  analytic  integral,  approaching  yQ 
as  x  approaches  XQ  in  the  manner  which  has  just  been  defined.  This, 
however,  is  the  fact.  For  let  us  consider  a  definite  point  (#0,  yQ) 
of  the  region  Z>,  and  let  us  take  for  the  new  dependent  variable  in 
the  equation  (28)  the  function  Y=  <£(.?0,  x}  y)  defined  above.  Then 

we  have  0  . 

a  I  _  c<$>      c<f>  ay 

dx        ex        Gy  dx 

and,  by  the  relation  (31),  the  given  differential  equation  reduces  to 
dY/dx  =  0.  If,  now,  y  approaches  yQ  when  x  approaches  ar0,  the  same 
thing  is  true  of  Y,  and  the  only  integral  of  the  new  equation  dY/dx  =  0 
which  satisfies  this  condition  is  evidently  Y=  yQ.  The  integral  sought 
must  therefore  satisfy  the  relation 

*(*,»*»  y)=yt» 

or 

(32)  y,  =  y  +  (x-xJP(x,y,xJ, 

and,  by  the  theorem  on  implicit  functions  (I,  §  193,  2d  ed. ;  §  187, 
1st  ed.),  there  is  only  one  root  of  the  equation  (32)  approaching  yG 
as  x  approaches  XQ,  and  that  root  is  an  analytic  function.* 

It  follows  that  every  integral  of  the  equation  (28)  which  passes 
through  a  point  of  the  region  D  satisfies  a  relation  of  the  form  (30). 
On  that  account  we  say  that  that  equation  represents  the  general 
integral  of  the  differential  equation  in  this  region.  The  number  C 
is  the  constant  of  integration  which  remains  arbitrary  at  least  be 
tween  certain  limits.  We  have  seen  that  we  could  also  put  the 
equation  (30)  in  the  equivalent  form  y  =  <f>  (x,  x'0,  yjj),  where  the 
constant  of  integration  is  y'Q. 

*PICARD,  Traite  d' Analyse,  Vol.  II,  pp.  315-317.  PAIXLEVE,  Lemons  de  Stockholm, 
p.  394. 
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All  these  properties  can  be  extended  to  a  system  of  differential 
equations  of  the  form 

(33)  f  -/,(*,  „,„..,*),         f=/2,         ....        **-/.. 

Let  us  suppose  that  the  right-hand  sides  are  analytic  in  the  neigh 
borhood  of  the  system  x  =  a,  y1  =  ft,  .  .  .,  yn  =  fin.  We  may  again 
regard  the  preceding  equations  as  a  system  of  partial  differential 
equations  involving  the  n  dependent  variables  yl9  y2,  •  —,  yn  and 
the  n  +  2  independent  variables  x,  XQ,  (y^  (y^Q,  .  .  .,  (yn)o,  and  we 
may  seek  the  integrals  of  this  system  which  are  regular  in  the 
neighborhood  of  the  values  x  =  a,  XQ  =  a,  (y^  =  £,-.-,  (yn\  =  fa 
and  which  reduce  to  (^\,  (y^  .  .  .,  (yn\  respectively  for  x  =  XQ. 

Let 

(34) 

be  the  n  functions  thus  defined,  which  we  suppose  to  be  analytic 
in  the  region  D  defined  by  the  conditions  \x  —  a  ^r,  \xQ  —  a^r, 
I  (2/»)o  ~  ft  I  —  P-  From  the  equations  (34)  we  derive,  conversely, 

(35)  (2/1)0  =  *i  C*o»  *>  y»  -  -  •>  y»),    •  •  •,   (y«)0  =  ^(»0>  ^>  ^1,  •  •  •>  y»)> 

and  each  of  these  functions  <£t-  satisfies,  for  any  value  of  XQ,  the 
relation 


We  prove  this  just  as  before  by  observing  that  the  analytic 
integrals  which  take  the  values  (y^,  .  .  .,  (yn)Q  for  x  =  XQ  satisfy 
the  relations  (35),  and  therefore  the  relations  (36),  which  we  deduce 
from  them  by  differentiating  with  respect  to  the  independent 
variable  x  and  by  replacing  the  derivative  dyf/dx  by  /..  These 
relations  (36)  must  reduce  to  identities  ;  for  if  XQ  is  supposed  fixed, 
we  can  show  as  above  that  we  can  choose  (y^)0,  •  •  •,  (yn)0  in  such  a 
way  that  the  integral  curve  *  passes  through  any  given  point  of  the 
region  D.  The  left-hand  side  of  the  equation  (36)  must  therefore 
be  zero  for  the  coordinates  of  any  point  whatever  of  this  region. 

If  in  the  equations  (33)  we  take  for  new  dependent  variables 
the  n  functions  Yi=<j>i(xQ)  x,  yv  .  .  .,  yn),  where  XQ  is  constant,  these 

*As  a  generalization  we  shall  say  that  every  system  of  integrals  of  the  equations 
(33)  defines  an  integral  curve. 
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equations  become,  by  the  conditions  (36), 


It  follows  that  all  the  integrals  of  the  system  (33)  satisfy  relations 
of  the  form  (35),  where  (?/1)0,  •  •  •,  (yn\  are  constants  —  at  least  all 
of  those  integrals  which  have  a  point  in  the  interior  of  the  region 
D  where  the  functions  <j>  are  regular.  We  shall  say,  then,  that  the 
equations  (35)  represent  the  general  integral  of  the  system  (33)  in 
this  region. 

From  these  equations  it  follows  also  that  there  are  no  other 
systems  of  integrals  than  the  analytic  integrals  which  approach 
(^1)0'  '  '  '»  (^n)o  wnen  x  approaches  XQ.  We  have,  in  fact, 


and  the  Jacobian  D(^,  <£2,  •  •  •,  <£„)/#  G/15  ya,  .  .  .,  yn)  reduces  to 
unity  for  x  =  XQ.  According  to  the  general  theory  of  implicit  func 
tions,  the  equations  (35)  have  only  a  single  system  of  solutions  for 
y*  Vv  '  '  -i  2/«>  which  approach  (^)0,  .  .  .,  (yn\  when  x  approaches  XQ, 
and  these  solutions  are  analytic. 

To  sum  up,  through  every  point  of  the  region  D  there  passes  an 
integral  curve,  and  only  one,  represented  by  n  equations  yi  =  «/^-(x), 
where  the  functions  ^  are  analytic  so  long  as  \  x  —  a  \  ^  r. 

II.     THE  METHOD  OF  SUCCESSIVE  APPROXIMATIONS.     THE 
CAUCHY-LIPSCHITZ  METHOD 

27.  Successive  approximations.  The  method  of  successive  approximations  has 
been  applied  with  success  by  E.  Picard  to  ordinary  differential  equations  and 
to  a  great  number  of  cases  of  partial  differential  equations.  We  shall  apply  it 
to  the  treatment  of  differential  equations  with  an  important  addition  due  to 
Ernst  Lindelof  . 

Let  y(x)  be  an  integral  of  the  differential  equation  dy/dx  =f(x,  y)  taking 
on  the  value  y0  for  x  =  XQ.  The  function  y(x)  satisfies  the  relation 


and  conversely.  The  equation  (38)  is  an  integral  equation  which  is  equivalent 
to  the  two  conditions  y'  (x)  =f[x,y  (x)],  y  (x0)  =  y0  and  which  lends  itself  readily 
to  the  method  of  successive  approximations.  We  shall  develop  the  method  on 
a  system  of  two  equations  of  the  first  order 

(39)  =/(x,2,,z),  ? 
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supposing  first  that  the  variables  are  real.  We  shall  assume  that  the  two  func 
tions  /  and  0  are  continuous  when  x  varies  from  x0  to  x0  +  a  and  when  y  and  z 
vary  respectively  between  the  limits  (y0  -b,y0  +  b)  and  (z0  -  c,  z0  +  c)  ;  that 
the  absolute  value  of  each  of  these  functions  /  and  </>  remains  less  than  a  posi 
tive  number  M  when  the  variables  x,  y,  z  remain  within  the  preceding  limits  ; 
and,  finally,  that  there  exist  two  positive  numbers  A  and  B  such  that  we  have 


(40)  '  >    ~'    ,-  y  +     Z-Z', 

\  |0(z,  y,  z}  -  0(x,  y',  z')  \  <  A  \y  -  y'\  +  B\z  -  z'\ 

for  any  positions  of  the  points  (x,  y,  z}  and  (x,  y',  z')  in  the  preceding  region. 
Let  us  suppose,  for  ease  in  the  reasoning,  a>0,  and  let  h  be  the  smallest  of 
the  three  positive  numbers  a,  b/M,  c/M.  We  shall  prove  that  the  equations  (39) 
have  a  system  of  integrals  which  are  continuous  in  the  interval  (x0,  x0  +  h)  and 
which  take  on  the  values  y0  and  z0for  x  =  x0.  For  this  purpose  we  shall  write  the 
equations  (39)  in  the  form  of  integral  equations  : 


(41)     y(x)  =  y0+         f[t,y(t),  z(t)-]dt,         z(x)  =  z0+  /[«,  y(t),  z(t)]dt, 


and  we  shall  solve  these  equations  by  successive  approximations  in  the  same  way 
as  for  a  system  of  simultaneous  equations  (I,  §  34,  2d  ed.  ;  §  25  ftn.,  1st  ed.), 
taking  for  the  first  approximation  values  the  initial  values  yQ  and  z0  themselves. 
We  are  thus  led  to  write 


(42) 


M  k  ~  A\  - 

and,  in  general, 

rx 

yn(x)  =  2/0+1   /[«,  y»-i(0,  «»- 


Let  us  prove  first  that  this  process  of  approximation  can  be  continued  indefi 
nitely  if  x  is  contained  in  the  interval  (x0,  x0+h).  We  have,  in  the  first  place, 
if  x  is  within  that  interval, 

I  y\  —  2/o  I  <  Mh  <  °, 

and,  similarly,  \zl  —  z0\<c.  If  we  replace  y  and  z  by  yl  and  zl  in  the  functions 
/  and  0,  the  functions  of  x  thus  obtained  are  therefore  continuous  between  x0 
and  x0  +  h,  and  their  absolute  values  remain  less  than  M  .  For  the  same  reason 
as  before,  y2  and  z2  are  continuous  functions  of  x  in  the  interval  (x0,  x0  +  A), 
and  we  have  in  this  interval  \y2-y0\<b,  \z2-z0\<c.  The  reasoning  can  be 
continued  indefinitely  ;  all  the  functions  yn  and  zn  are  continuous  between  XQ  and 
x0  +  A,,  and  we  always  have  in  this  interval  |  yn  —  yQ  \  <  6,  \zn  —  z0\<c. 


II,  §-27]  SUCCESSIVE  APPROXIMATIONS  63 

In  order  to  prove  that  yn  and  zn  approach  limits  when  n  becomes  infinite,  let 
us  notice  that  we  derive  first,  from  the  first  of  the  relations  (42), 

(44)  I  yt  (x)  -y0\<  M  (x  -  x0),         |  Zj  (x)  -  z0\<  M  (x  -  z0), 

where  x  is  any  value  whatever  except  z0  in  the  interval  (x0,  x0  +  h)  .  We  have  next 

y2(x)-  yi(x)  =  f*  {f\t,  Vl(t),  «,(«)]  -f(t,  yol  z0)}(tt, 

J  ro 

and,  by  taking  account  of  the  first  of  the  inequalities  (40), 

\y,(x)  -  Vl(x)  \  <  CZA\yi(t)-y0\dt  +      XB\Zl(t)-  z0\dt  ; 


and  therefore,  by  the  inequalities  (44), 
|  y2(x)  -  Vl(x)  \<(A 

We  have  an  analogous  result  for  |z2(z)  —  Zi(z)|>  and,  continuing  in  this  way, 
we  see  that  we  have  in    eneral 


(45) 


n! 

The  two  series 

(46)  t'y°  +  (?/1  ~  y^  +  (^2  -  2/i)  +  ' ' '  +  (Vn  ~  2/»-i)  + 


whose  terms  are  all  continuous  functions  of  x  in  the  interval  (z0,  x0  +  A),  are 
therefore  uniformly  convergent  in  that  interval.  The  values  of  these  two  series, 
F(x)  and  Z  (x}.  are  consequently  continuous  functions  of  x  between  z0  and  z0  +  h. 
As  the  number  n  becomes  infinite,  the  relations  (43)  become,  at  the  limit, 


y0+  C*f\t,  Y(t),Z(t)]dt,       Z(x)  =  z0+  fX<p[t,  Y(t),  Z(t)]dt. 

J'o  Jxo 

For  we  have  just  seen  that  the  differences  Y(x)  —  z/n_i(x),  Z(x)  —  zn-i(x) 

approach  zero  uniformly  in  the  interval  (z0,  XQ  +  A),  and  therefore,  by  virtue  of 
the  relations  (40),  the  integrals 

f*{f[t,  F(0, 

J;r 


approach  zero  when  n  becomes  infinite.   The  functions  Y(x)  and  Z(x)  therefore 
satisfy  all  the  given  conditions. 

The  preceding  method  is  evidently  applicable,  whatever  may  be  the  number 
of  the  equations  in  the  system.  The  inequalities  (40),  which  play  an  essential 
part  in  the  demonstration,  are  certainly  satisfied  for  suitable  values  of  A  and  B 
whenever  the  functions/  and  <f>  have  continuous  partial  derivatives  with  respect 
to  y  and  z  within  the  limits  indicated  for  the  variables  ;  this  is  an  easy  conse 
quence  of  the  law  of  the  mean  (I,  §  20,  2d  ed.  ;  §  11,  1st  ed.).  Let  us  also  notice 
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that  if  the  functions  /  and  0  remain  continuous  when  x  varies  between  x0  —  a 
and  x0  +  a,  and  the  variables  y  and  z  between  the  same  limits  as  above,  the  same 
reasoning  proves  the  existence  of  a  system  of  integrals,  Y(x)  and  Z(x),  which 
take  on  the  values  yQ  and  z0  for  x  =  x0  and  are  continuous  in  the  interval  (x0  —  A, 
x0  +  A),  where  h  has  the  same  meaning  as  before. 

There  are  no  other  systems  of  integrals  than  Y(x)  and  Z  (x)  taking  on  the  values 
y0  and  z0  for  x  =  x0.  The  reasoning  being  always  the  same,  let  us  take  for  sim 
plicity  a  single  equation  dy/dx  =f(x,  ?/),  and  let  us  put,  as  before, 


=  v<>  +  f  * 

Jx 


yn  =  2/0  +        p,  yn-i(t)]dt. 


Let  Ft(x)  be  an  integral  of  that  equation  which  takes  on  the  value  y0  for  x  =  x0 
and  which  is  continuous  in  the  interval  (x0,  x0  +  a'),  where  a'  is  less  than  the 
smaller  of  the  numbers  a  and  b/M  and  such  that  we  have  \Yl(x)—y0\<b  in  this 
interval.  Since  Y1  satisfies  the  given  equation,  we  can  write 


and,  consequently, 


Let  us  put  successively  in  that  relation  n  —  1,  2,  3,  •  •  •  ;  we  have  first 

\Yl(x)-yl(x)\<Ab(x-x0), 
then 

|  Y^x)  -  y2(x)  \<A  CXAb(t  -  x0)dt  = 

Jxo 
and,  in  general, 


n  I 

The  right-hand  side  of  that  inequality  approaches  zero  when  n  becomes 
infinite  ;  the  integral  Yl  is  therefore  identical  with  the  limit  of  yn,  that  is, 
with  Y*. 

28.  The  case  of  linear  equations.  The  general  reasoning  proves  that  the  integrals 
are  certainly  continuous  in  the  interval  (z0,  x0  +  h)  defined  above  ;  but  in  quite 
a  number  of  cases  we  can  state  the  existence  of  a  more  extended  interval 
in  which  the  integrals  are  continuous.  If,  in  fact,  we  go  over  the  proof  again, 
we  see  that  the  conditions  h  <  b/M,  h  <  c/M  are  needed  only  to  make  sure  that 
the  intermediate  functions  y^  ZD  ?/2,  z2,  .  .  .  do  not  get  out  of  the  intervals 
(2/o  -  *>,  y0  +  &),  (z0-  c,  z0  +  c),  so  that  the  functions  /(x,  yf,  zt-),  0(z,  yt-,  zt-) 
shall  be  continuous  functions  of  x  between  XQ  and  x0  +  h.  If  the  functions 
/(x,  y,  z),  0  (x,  y,  z)  remain  continuous  when  x  varies  from  x0  to  x0  +  a,  and 
when  y  and  z  vary  from  —  <x>  to  +  oo,  it  is  unnecessary  to  make  these  require 
ments.  All  the  functions  y{  and  z;  are  continuous  in  the  interval  (x0,  x0  +  a). 

*  Regarding  questions  concerning  the  approximate  integration  of  differential 
equations,  the  reader  is  referred  to  the  articles  of  E.  Cotton  (Acta  mathematica, 
Vol.  XXXI  ;  Bulletin  de  la  Societe  mathematique  de  France,  Vols.  XXXVI,  XXXVII, 
and  XXXVIII;  Annales  de  I'Universite  de  Grenoble,  Vol.  XXI). 


II,  §  28]  SUCCESSIVE  APPROXIMATIONS  65 

Again,  in  order  to  prove  the  convergence  of  the  two  series  (46)  it  is  sufficient 
that  th'ere  exist  two  positive  numbers  A  and  B  such  that  the  two  inequalities  (40) 
are  satisfied  for  any  values  of  y,  y',  z,  z'  if  x  remains  in  the  interval  (x0,  x0  +  a). 
We  recognize,  in  fact,  on  going  over  the  calculations  made  above,  that  the  in 
equalities  (45)  still  hold,  provided  that  we  indicate  by  M  an  upper  bound  of 
|/(x,  y0,  z0)|  and  of  |0(x,  y0,  z0)|  in  the  interval  (z0,  x0  +  a). 

These  conditions  are  satisfied,  according  to  the  law  of  the  mean,  if  the 
functions  /(or,  ?/,  z),  0(x,  y,  z)  have  partial  derivatives  with  respect  to  the 
variables  y  and  z  which  remain  finite  for  all  values  of  y  and  z  when  x  varies 
from  x0  to  X0  +  a.  Such,  for  example,  is  the  case  for  the  equation 

dy 

—  =  x 
ax 

the  right-hand  side  is  a  continuous  function,  whatever  x  and  y  may  be,  and 
the  partial  derivative  df/cy  is  at  most  equal  to  unity  in  absolute  value. 
All  the  integrals  of  that  equation  are  therefore  continuous  functions  when  x 
varies  from  —  oo  to  +  co.* 

The  preceding  conclusions  apply  in  particular  to  systems  of  linear  equations 

(47)  -^  =  anyl  +  a{2y2  +  •••  +  ainyn  +  &,-,         (i  =  1,  2,  •  • .,  n) 

where  the  coefficients  o^.,  6;  are  functions  of  x.  If  all  these  functions  are 
continuous  in  an  interval  (x0,  x^,  all  the  integrals  of  this  system  are  likewise 
continuous  in  this  interval ;  if  the  coefficients  are  polynomials,  all  the  integrals 
are  then  continuous  when  x  varies  from  —  GO  to  +00. 

Limiting  ourselves  to  real  variables,  we  see  that  the  integrals  of  linear  equa 
tions  can  have  no  other  singular  points  than  those  of  the  coefficients.  This  very 
important  property  cannot  be  extended  to  many  other  equations,  even  though 
they  are  apparently  just  as  simple  —  for  example,  to  the  equation  y'  =  y2. 

Note.  We  often  have  occasion  to  study  systems  of  linear  equations  whose 
coefficients  are  analytic  functions  of  certain  parameters.  Let  us  suppose,  for 
definiteness,  that  the  coefficients  a,*  and  fy  of  the  equations  (47)  are  continuous 
functions  of  x  in  an  interval  (a,  6),  and  that  they  depend  also  upon  a  parameter  X 
of  which  they  are  analytic  functions  in  a  region  D. 

The  integrals  of  this  system  which  take  on  given  initial  values  for  a  value  x0 
of  x  included  between  a  and  b  are  represented  in  the  whole  interval  (a,  6)  by 
uniformly  convergent  series,  and  from  the  very  manner  in  which  we  obtain 
them  it  is  clear  that  all  the  terms  of  this  series  are  analytic  functions  of  the 

*  We  can  deduce  an  analogous  theorem  from  the  calculus  of  limits.  Let  f(x,  y)  be 
a  function  which  is  real  for  every  system  of  real  values  of  x  and  y  and  analytic  in 
their  neighborhood.  Suppose,  besides,  that  |/(z,  ?/)|  remains  less  than  a  fixed  num 
ber  J/  when  we  have  respectively  1 11  (x/i)  \  =  a  and  |  *R  (y/i)  \  =  b.  If  x0,  y0  are  a  pair 
of  any  real  values  of  x  and  ?/,  the  f  unction  f(x,  y)  is  analytic  in  the  region  defined  by 
the  inequalities  |z-ar0|==a,  l2/-2/ol  =  &>  anc*  ^s  absolute  value  is  less  than  J/. 
Then,  by  the  calculus  of  limits,  the  integral  of  the  equation  y/=f(x,  y),  which  is 
equal  to  y0  for  x  =  x0,  is  surely  analytic  in  a  circle  C  whose  radius  r  is  independent 
of  £0,  2/o-  ^e  can  follow  the  analytic  extension  of  that  integral  along  the  real  axis 
by  means  of  circles  of  radius  r,  and  we  see  that  it  is  analytic  in  the  interior  of  the 
strip  bounded  by  two  parallels  to  the  real  axis  at  a  distance  r  from  it. 
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parameter  X  in  D.  These  integrals  are  therefore  themselves  analytic  functions  of  X 
in  the  region  D  (Part  I,  §  39). 

Most  frequently  the  coefficients  aik  and  6»  are  integral  functions  of  the 
parameter  X  ;  the  integrals  are  therefore  themselves  integral  functions  of  X. 
We  can  obtain  directly  the  developments,  according  to  powers  of  X,  of  the 
integrals  which  take  on  given  initial  values,  by  first  substituting  in  the  two 
sides  of  the  equations  (47)  developments  of  the  form 

2/t  =  uio  +  MfiX  +  •  •  •  +  uip\P  +••••,  (i  =  1,  2,  •  .  .,  n) 

where  the  variables  u^  are  functions  of  x,  and  by  then  equating  coefficients. 
The  functions  uiQ  must  take  on  the  given  initial  values  for  x  =  z0,  while  the 
other  functions  w^-,  where  A;  2=  1,  must  be  zero  for  x  =  z0. 

Proceeding  in  this  way,  we  find,  step  by  step,  systems  of  linear  differential 
equations  for  determining  these  coefficients.  We  shall  return  to  this  subject 
later. 

29.  Extension  to  analytic  functions.  The  method  can  be  extended  to  complex 
variables.  To  do  so  it  suffices  to  observe  that  we  have  for  analytic  functions 
of  one  or  several  variables  inequalities  analogous  to  the  inequalities  (40).  First, 
let  f(x)  be  an  analytic  function  of  a  complex  variable  as,  in  a  region  bounded 
by  a  convex  curve  C  and  also  on  the  boundary,  and  let  A  be  the  maximum 
value  of  \f(x)\  in  this  region.  The  difference  f(x2)  —  /(Xj),  where  xl  and  xz  are 
any  two  points  of  that  region,  is  equal  to  the  definite  integral  ff'(x)  dx  taken 
along  the  straight  line  joining  these  two  points.  We  have,  therefore, 

\f(xJ-f(xl)\<A\xa-xl\. 

Similarly,  let  f(x,  y)  be  an  analytic  function  of  the  two  variables  x  and  y 
when  these  variables  remain  respectively  in  two  regions  ft  and  ft'  bounded  by 
two  closed  convex  curves  C  and  C",  and  let  A  and  B  be  the  maximum  values 
of  \fx  |  and  of  \fy\  in  this  region.  If  xl  and  x2  are  any  two  values  of  x  in  ft,  and 
y,  and  j/2  any  two  values  of  y  in  ft',  we  can  write 

/(»a»  2/2)  -/(*i,  Vi)  =  [/(sa,  2/2)  -/(«!,  2/2)]  +  [/(a?!,  2/2)  -/(«!,  2/i)], 
and,  consequently,  from  what  we  have  just  shown,  we  have 


\x2-xl\ 

The  proof  is  the  same  whatever  the  number  of  the  independent  variables. 

Having  seen  this,  let  us  limit  ourselves,  for  simplicity,  to  the  case  of  a  single 
equation, 

(48)  ^  =f(x,  y), 

the  right-hand  side  of  which  we  shall  suppose  to  be  analytic  in  the  region  defined 
by  the  inequalities  |  x  —  x0  \  =§  a,  \y—y0\^b.  Let  M  be  the  maximum  value 
of  |/(x,  y)\  in  this  region,  and  h  the  smaller  of  the  two  numbers  a  and  b/M. 
In  the  plane  of  the  variable  x  let  us  describe  a  circle  Ch  of  radius  h  about  the 
point  x0  as  center,  and  let  us  put,  as  above, 

***,  2/0)  <«,         2/2  -  2/o  + 
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where  the  upper  limit  x  is  a  point  within  GV   We  prove  first,  step  by  step,  that 
we  have 


All  the  functions  yv  i/2,  •  •  •,  yn,  •  •  •  are  therefore  analytic  functions  of  x  in  the 
circle  CA,  and  the  process  can  be  continued  indefinitely.  Moreover,  we  have 

(49)  y*(x)-y»-i(x) 

where  the  integral  is  taken  along  the  straight  line  joining  the  two  points  z0,  x. 
Let  A  be  the  maximum  value  of  |  cf/cy  \  in  the  region  |  x  —  x0  \  =s  A,  |  ?/  —  y0  1  ^=  b  ; 
then,  according  to  the  observations  made  just  above,  we  have  always 


In  order  to  prove  that  we  have  an  inequality  analogous  to  the  inequalities  (45), 
let  us  suppose  that  we  have 


which  is  evidently  the  case  for  n  =  2.  Let  x  —  x0  +  re^{;  the  change  of  variable 
t  —  x0  —  pe0'  reduces  the  integral  (49)  to  an  integral  taken  along  the  real  axis 
from  0  to  r,  and  we  have  (Part  I,  §  44) 

dp  =  MA»-i  - 


t 
or 


The  proof  can  be  completed  as  before.  The  series  whose  general  term  is 
yn  —  yn-i  is  uniformly  convergent  in  the  circle  CA,  and,  since  all  the  terms 
are  analytic  functions,  the  sum  of  that  series  is  an  analytic  function  in  the 
same  circle  (Part  I,  §39),  which  satisfies  the  equation  (48)  and  which  takes 
on  the  value  y0  for  x  =  x0.  The  development  in  power  series  of  this  integral 
is  necessarily  identical  with  that  furnished  by  the  calculus  of  limits,  but  the 
limit  obtained  for  the  radius  of  convergence  is  greater  than  that  given  by  the 
first  method. 

The  remark  relative  to  linear  equations  applies  also  to  analytic  functions. 
Let  us  suppose  that  the  coefficients  a,*  and  6,-  of  the  equations  (47)  are  analytic 
functions  of  the  complex  variable  x.  Let  us  mark  in  the  plane  the  singular 
points  of  these  functions,  and  let  us  suppose  that  from  each  of  these  singular 
points  a  ray  is  drawn  following  the  prolongation  of  the  segments  from  x0  to  the 
singular  point.  The  set  of  points  of  the  plane  which  are  not  situated  upon  any 
of  the  preceding  lines  is  called  the  star  corresponding  to  the  system  of  singular 
points.  The  straight  line  which  joins  the  point  x0  to  a  point  x  of  the  star  does 
not  pass  through  any  of  the  singular  points,  and  the  method  of  §  28  proves 
that  all  the  integrals  of  the  system  (47)  are  analytic  functions  along  that  straight 
line.  The  point  x  being  any  point  of  the  star,  it  follows  that  all  the  integrals  of 
the  linear  system  (47)  are  analytic  functions  in  the  whole  star  —  a  result  which 
will  be  established  later  in  another  manner  (§  37). 

The  method  of  successive  approximations  enables  us  also  to  obtain  for  the 
integrals  developments  in  series  converging  in  the  whole  star.  Let  A  be  a  region 
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of  the  plane  bounded  by  a  closed  curve  C  lying  entirely  in  the  star  ;  the  series 
furnished  by  the  method  of  successive  approximations  are  uniformly  convergent 
in  A.  The  remaining  details  of  the  proof  are  left  to  the  reader,  since  they  do 
not  differ  essentially  from  the  details  of  the  proof  given  before. 

30.  The  Cauchy-Lipschitz  method.  The  first  proof  given  by  Cauchy  of  the 
existence  of  integrals  of  a  system  of  differential  equations  has  been  preserved 
in  the  lectures  by  Moigno  published  in  1844.  It  was  considerably  simplified  by 
Lipschitz,  who  made  clear  just  what  hypotheses  were  necessary  for  the  validity 
of  the  proof. 

In  order  to  gain  a  clear  grasp  of  the  whole  process,  let  us  take  the  simple 
equation 


We  have  shown  (I,  §  78,  2d  ed.  ;  §  76,  1st  ed.)  that  the  integral  of  this  equa 
tion  which  takes  on  the  value  yQ  for  x  =  XQ  is  the  limit  of  the  sum 

(50)  y0  +  f(x0)  (xt  -  x0)  +  f(xj  (x2  -  xt)  +  •  •  -  +  /(a,  _i)  (x  -  xn  _i), 

where  xv  x2,  •  •  •,  xn_i  are  n—  1  points  of  the  interval  (x0,  x),  as  the  number  n 
becomes  infinite  in  such  a  way  that  all  the  intervals  (xt-  —  xt-_i)  approach  zero. 
It  is  this  process,  suitably  generalized,  which  leads  to  Cauchy's  first  method. 
In  order  to  simplify  the  exposition,  we  shall  take  the  case  of  a  single  equation, 

(51)  ^=f(X>y}' 

We  shall  suppose  that  the  f  unction  /(x,  y)  of  the  real  variables  x,  y  is  continuous 
when  x  varies  from  x0  to  x0  +  a  and  when  y  varies  from  y0  —  b  to  yQ  +  6,  and 
that  there  exists  a  positive  number  K  such  that 


(52)  !/(*,/)-/(*,  2/)|<^|2/'-  2/1, 

where  y  and  y'  are  any  two  numbers  included  between  y0—b  and  y0  +  6,  and 
where  x  lies  between  x0  and  x0  +  a. 

This  condition,  the  importance  of  which  was  brought  out  by  Lipschitz,  will 
be  called,  for  brevity,  the  Lipschitz  condition.  It  has  already  been  used  in  the 
method  of  successive  approximations  (§  27  ;  and  I,  §  34,  2d  ed.  ;  §  25  f  tn.,  1st  ed.). 

Let  M  be  the  upper  limit  of  |/(x,  y)\  in  the  preceding  region,  and  h  the  smaller 
of  the  two  numbers  a  and  b/M  (we  suppose  a  >  0,  b  >  0).  In  order  to  prove  that 
the  equation  (51)  has  an  integral  which  takes  on  the  value  y0  for  x  =  x0  and 
which  is  continuous  in  the  interval  (x0,  x0  +  A),  we  shall  imitate  so  far  as  pos 
sible  the  procedure  followed  in  establishing  the  existence  of  a  primitive  function 
for  /(x).  Let  x  be  a  value  of  the  variable  belonging  to  the  interval.  Let  us  take 
between  x0  and  x  a  certain  number  of  intermediate  values,  x1?  x2,  •  •  •,  xt-_i,  x;, 
•  •  •  ,  xn_i,  proceeding  in  increasing  order  from  x0  to  x.  We  shall  put  successively 

(53)  ^  =  y0  +  /(X0,  y0)  (xx  -  x0),        y2  =  Vl  +  f(xv  yj  (x2  -  xx), 
and,  in  general, 

(54)  2/t-  =  2/f_i  +/(xt-_l5  y<_!)  (Xi  -  xt-_i).     (i  =  1,  2,  •  .  .,  n  -  1) 
The  sum 


<55)        +/*,-„*-,)<«-«,- 
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presents  an  evident  analogy  with  the  sum  (50),  to  which  it  reduces  when  the 
f  unction  /(x,  y)  does  not  depend  upon  y.  AVe  are  thus  led  to  investigate  whether 
or  not  that  sum  approaches  a  limit  when  the  number  n  becomes  infinite.  "We 
shall  generalize  the  question  by  defining  first  two  sums  analogous  to  the  quan 
tities  S  and  s  (I,  §  72,  2d  ed.  ;  §  71,  1st  ed.). 

Let  us  consider  the  triangle  ABC  formed  by  the  straight  lines  defined  by 
the  equations 


h, 


Y= 


(X-  x0),         T=  y0-  J/(X-  x0). 


From  the  way  in  which  we  have  defined  /&,  the  function  /(x,  y)  is  continuous 
when  the  point  (x,  y)  remains  in  the  interior  or  on  the  sides  of  this  triangle, 
and  its  absolute  value  is  at  most  equal  to  M. 

The  parallels  to  the  y-axis,  X=xl,  JT=x2,  •••,  X  —  x,  divide  the  triangle 
ABC  into  a  certain  number  of  isosceles  trapezoids  of  which  the  first  reduces 


FIG.  1 


to  a  triangle.  Let  Jfj  and  ml  denote  respectively  the  maximum  and  mini 
mum  values  of  /(x,  y)  in  the  triangle  Ablcl ;  then  we  have  —  M=  ?nt  <  Ml  =i  JL 
Through  the  point  A  let  us  draw  the  straight  lines  with  slopes  equal  to  M^  and  mv 
meeting  the  straight  line  X  =  xl  in  two  points,  Pl  and  pv  whose  ordinates  are 
respectively  Yl  =  y0  +  Ml(xl  —  x0)  and  yl  =  y0  +  m1(xl  —  x0).  The  letter  yl  no 
longer  denotes  the  same  thing  as  in  the  expressions  (53)  to  (55).  These  points, 
Pl  and  plt  are  evidently  in  the  interior  of  the  triangle  ABC  or  on  its  sides,  and 
we  have  Yl  >  yr  Through  the  point  Pl  let  us  draw  the  straight  line  with  the 
slope  3f  up  to  its  intersection  with  the  straight  line  62c2  in  Q2,  and  through  pl 
let  us  draw,  similarly,  the  straight  line  with  slope  —  Jf  up  to  its  intersection  g2 
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with  the  same  straight  line  b2c2.  Let  M2  and  m2  be  the  maximum  and  minimum 
values  of  /(z,  y)  in  the  trapezoid  Px  Q2q2pl  ;  the  straight  line  with  the  slope  M2 
drawn  through  Pl  meets  the  straight  line  b2c2  in  a  point  P2  whose  ordinate  is 


and  the  straight  line  with  the  slope  m2  drawn  through  pl  meets  b0c2  in  a  point 
p2  with  the  ordinate  y2  =  yl  +  m2(x2  —  xj.  We  have  evidently  Y2  >  y2  and 
Y2  —  y2=Yl  —  y^  the  equality  holding  only  if  the  function  f(x,  y)  is  constant 
in  the  trapezoid  P^2q2pr  This  process  can  be  continued.  Having  obtained  two 
points,  Pf  _i  and  p,-_i,  on  the  straight  line  ct-_i6t-_i,  let  us  draw  through  Pf  _j  a 
parallel  to  AB,  and  through  pi_i  a  parallel  to  AC.  We  thus  form  an  isosceles 
trapezoid  Pf_iQf9fPt-i.  Let  Jiff  be  the  maximum  value  of  /(&,  ?/)  in  this  trape 
zoid,  and  rat-  the  minimum  value  ;  the  straight  line  with  the  slope  M{  drawn 
through  P{  -i  meets  the  straight  line  Cf&f  in  a  point  Pf,  and  the  straight  line 
with  the  slope  mz-  drawn  through  pf  _i  meets  c,-  6»-  in  a  point  p,-.  We  thus  form 
two  broken  lines  starting  from  the  point  A,  namely,  AP^P2  -  -  •  Pj_iPf  •  •  •  Pn, 
or  L,  and  Apl  pz">  Pi-i  Pi--  pn,  or  I,  ending  in  the  two  points  Pn  and  pM  of 
the  straight  line  X  =  x.  From  the  manner  in  which  these  two  lines  were  con 
structed  it  is  evident  that  they  both  lie  in  the  triangle  ABC,  that  the  line  L  is 
never  below  I,  and  that  the  distance  between  these  two  lines,  measured  on  a 
parallel  to  the  axis  Oy,  cannot  diminish  when  the  abscissa  increases  from  XQ  to  x. 
The  ordinates  Yn  and  yn  of  the  two  extreme  points  are  entirely  analogous  to  the 
sums  S  and  s  (I,  §  72,  2d  ed.  ;  §  71,  1st  ed.).  We  shall  put  S  =  Yn,  s  =  yn. 

To  each  method  of  subdivision  of  the  interval  (x0,  x)  corresponds  a  sum  S 
and  a  sum  s.  If  we  subdivide  each  of  the  partial  intervals  (£f_i,  Xi)  into  still 
smaller  intervals  in  an  arbitrary  manner,  the  preceding  geometric  construction 
shows  immediately  that  the  line  L'  corresponding  to  this  new  division  is  never 
above  L,  and  the  line  V  is  never  below  I.  We  have,  therefore,  S'  =:  S,  s'  ^  s, 
where  the  accented  letters  denote  the  sums  relative  to  the  second  division.  We 
conclude  from  this  (as  in  §  72,  2d  ed.  ;  §  71,  1st  ed.)  that  if  S,  s,  Sv  sl  represent 
respectively  the  sums  relative  to  any  two  methods  of  division  whatever  of  the 
interval  (x0,  x),  we  have  s  ^  S^  s±  =s  S.  Indicating  by  I  the  lower  limit  of  the 
sums  S,  and  by  F  the  upper  limit  of  the  sums  s,  we  have,  therefore,  I'  ^=  I. 

In  order  that  the  sums  S  and  s  shall  have  a  common  limit  when  the  maximum 
length  of  the  partial  intervals  approaches  zero,  it  is  necessary  and  sufficient  that 
S  —  s  approach  zero.  In  fact,  we  may  write 

S-S  =  S-  1+  I-T  +  T-s, 

and  the  difference  S  —  s  cannot  be  less  than  a  number  e  unless  each  of  the  num 
bers  S  —  I,  7—  I',  I'  —  s  (no  one  of  which  can  be  negative)  is  itself  less  than  «. 
Since  e  is  an  arbitrary  positive  number,  this  cannot  happen  unless  we  have 
I'  —  I,  and  it  is,  moreover,  necessary  that  S  and  s  shall  have  the  same  limit  I. 
In  order  to  prove  that  S  —  s  has  zero  for  its  limit,  it  is  not  sufficient  to  suppose 
that  the  f  unction  /(x,  y)  is  continuous,  and  it  is  here  that  the  Lipschitz  condition 
plays  a  part. 

Let  Y{  and  yt  be  the  ordinates  of  the  points  Pt-  and  pf,  and  5t-  the  differ 
ence  Y{—y{.  Since  the  function  /(x,  y)  is  continuous  in  the  triangle  ABC, 
corresponding  to  every  positive  number  X  we  can  find  another  positive  number 
y  such  that 
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provided  that  the  distance  between  the  two  points  (x,  y)  and  (x',  y')  of  the  tri 
angle  ABC  is  less  than  er.  We  shall  suppose  that  all  the  differences  Xi—  x,-_i 
are  less  than  a-.  From  the  construction  by  which  the  points  P,-,  p{  are  obtained 
from  the  points  P,-_i,  p;-i,  we  have 

3i  =  S{  -i  +  (3/i  -  nn)  (Xi  -  x{  _i). 
On  the  other  hand,  we  can  write 

M{  -  m{  =/(xJ,  y'i)  -  /(*",  y'-) 

=/(4  ft)  -/«,  ft)  +  [/W,  ft)  -/«.  ft')L 

where  (x^,  yj)  and  (x",  y")  are  the  coordinates  of  two  points  of  the  trapezoid 
Pi-iQiQipi-i.  We  have,  therefore,  by  the  condition  (52), 

J/i  -  ??i,  <  X  +  K  |  ft'  -  y\  \  . 

But  the  difference  \y"  —  y'.\  is  at  most  equal  to  5,-_i  +  2  JjT(xt-—  x,-_i),  and  we 
have 

Mi  -  mi  <  X  +  2MK(Xi-Xi-i)  +  -£"«,•-  1. 

If  we  take  all  the  intervals  so  small  that  each  of  the  products  2  3flT(xt-  —  x,-_i) 
is  less  than  X,  the  difference  Jf,-—  m,-  will  be  less  than  2X+  -BT5,-_i,  and  conse 
quently  we  shall  have  the  inequality 

(56)  »*<  *,--i[l  +  K(xt-Xi-i)-]  +  2X(x,--  xt-_j), 

which  can  be  written  in  the  form 


2  \\ 
—  j  [1 

We  have,  therefore,  a  fortiori, 


2  X 
i  +  —  <         .1  + 


Putting  i  =  1,  2,  •  •  .,  n  successively  in  this  last  inequality  and  multiplying  the 
two  sides  of  the  inequalities  obtained,  we  find 


or 

9  \ 

5  _  S  =  Sn  <  ^  [e^(^-  V  -  1]. 
A 

Since  it  is  possible  to  take  the  positive  number  X  as  small  as  we  wish,  provided 
that  all  the  partial  intervals  are  themselves  less  than  another  suitably  chosen 
positive  number,  we  see  that  the  sums  S  and  s  have  the  same  limit.  That  limit  is 
a  function  of  x,  say  -F(x),  defined  in  the  interval  (x0,  x0  +  A).  We  shall  now  show 
that  this  function  F(x)  is  an  integral  of  the  given  equation  (51),  and  that  it 
reduces  to  y0  for  x  =  XQ.  In  showing  this  we  shall  continue  to  make  use  of  the 
geometric  representation. 

If  all  the  partial  intervals  approach  zero,  not  only  the  extremities  of  the  two 
broken  lines  L  and  I  approach  a  limit  point,  but  the  lines  themselves  approach 
a  limiting  curve.  Any  straight  line  parallel  to  BC  meets  the  line  L  in  a  point  P, 
and  the  line  I  in  a  point  p,  and  the  distance  Pp  is  less  than  S  —  s.  From  the 
properties  of  these  broken  lines,  all  the  points  P  have  their  ordinates  greater 
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than  the  ordinates  of  the  corresponding  points  p  ;  and  since  the  distance  Pp 
approaches  zero,  it  follows  that  the  points  P  and  p  approach  a  single  limit  point  IT 
lying  on  the  line  considered.  The  locus  of  these  points,  TT,  is  evidently  a  curve  C 
lying  between  the  two  broken  lines  L  and  I  and  passing  through  the  point  A. 
The  ordinate  of  a  point  of  that  curve  with  the  abscissa  x  is  equal  to  the  func 
tion  F(x)  just  defined,  for  in  order  to  obtain  the  position  of  the  point  ir  on  the 
line  X  =  x,  we  make  use  of  only  the  portions  of  the  broken  lines  which  are  on 
the  left  of  that  line.  Let  us  suppose  the  two  broken  lines  L  and  I  produced  up 
to  the  side  -BC,  all  the  partial  intervals  being  less  than  the  smaller  of  the  two 
numbers  <r,  X/(2  MK),  and  let  P(x)  and  Q(x)  be  two  continuous  functions  which 
represent  the  ordinates  of  a  point  of  the  line  L  and  of  the  line  I  in  the  interval 
(x0,  X0  +  h).  The  difference  P(x)  —  Q(x)  is  less  than  2\(eKh  —  1)/K,  and  each 
of  the  functions  P  (x),  Q(x)  differs  from  F(x)  by  a  still  smaller  quantity.  Since  X 
can  be  made  as  small  as  we  wish,  we  see  that  we  can  construct  a  uniformly 
convergent  series  of  continuous  functions  in  the  interval  (x0,  x0  +  h)  which  has 
F(x)  for  its  sum  ;  this  function  is  therefore  itself  continuous  (see  Vol.  I,  §31, 
2ded.;  §173,  1st  ed.). 

Every  broken  line  included  between  L  and  I  has  evidently  the  same  curve  C 
for  its  limit.  Such  would  be  the  broken  line  A,  whose  successive  vertices  have 
the  coordinates  obtained  by  the  recurrent  formula 


the  first  vertex  being  the  point  (x0,  y0).  Thus  we  find  again  the  expressions  (54) 
which  served  as  our  starting  point.  Let  us  notice  also  that  if  we  apply  the 
construction  starting  with  a  point  M'(x',  y')  on  the  curve  (7,  we  obtain  two 
broken  lines  L'  and  V  lying  between  L  and  I,  which  also  approach  more  and 
more  the  portion  of  C  included  between  M'  and  the  straight  line  BC.  Let  now 
M'(x',  y')  and  M"  (x",  y"}  be  two  neighboring  points  of  C(x"  >  x'}.  The  slope 
of  the  straight  line  M'W  lies  between  the  maximum  and  minimum  values  of 
/(x,  y)  when  the  point  (x,  y)  moves  over  the  triangle  formed  by  the  straight  lines 

X=x",         Y-y'  =  M(X-x'),         Y-y'  =-M(X-x'); 

if  the  difference  x"  —  x'  is  less  than  a  suitably  chosen  positive  number,  these 
two  values  of  /(x,  y)  will  differ  from  /(x',  y'}  and  from  /(x",  y"}  by  as  little  as 
we  wish.  If  one  of  the  two  points,  M."  for  example,  approaches  the  first  one  as 
a  limit,  the  slope  of  M'M"  will  therefore  have  for  its  limit  /(x',  ?/').  The  func 
tion  F(x)  consequently  satisfies  the  given  differential  equation  (51).  It  is,  more 
over,  evident  that  the  curve  C  passes  through  the  point  A,  that  is,  that  we  have 
F  (x0)  =  y0. 

The  curve  C  is  the  only  solution  of  the  problem.  If  there  existed  a  second 
solution  C",  this  curve  C'  could  not  be  at  the  same  time  below  all  the  lines  L 
and  above  all  the  lines  Z,  since  these  lines  approach  the  curve  C.  We  can  there 
fore  find  a  line  —  for  example,  L  —  which  will  be  cut  by  this  curve  C'.  Since  C' 
is  below  the  line  L  in  the  neighborhood  of  the  point  -4,  let  us  suppose  that  it 
passes  above  L,  crossing  that  line  in  a  point  m  of  the  side  Pt-_iP,,  and  let  m,-_i 
be  the  point  of  C'  with  the  abscissa  x,-_i.  The  slope  of  the  chord  wif-in;  is  equal, 
by  the  law  of  the  mean,  to  the  value  of  the  f  unction  /(x,  y)  at  a  point  of  the  arc 
mt-_i  rifj  hence  this  slope  cannot  be  greater  than  the  slope  of  the  side  P,_iPt-, 
since  the  arc  ml-im  is  in  the  trapezoid  Pi-iQiQtpi-i-  But  the  figure  shows 
that  the  slope  of  the  chord  must  be  the  greater. 
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Cauchy's  first  method  and  that  of  the  successive  approximations  give,  as 
we  see,  the  same  limit  for  the  interval  in  which  the  integral  surely  exists.  But 
from  a  theoretical  point  of  view  Cauchy's  method  is  unquestionably  superior  : 
we  shall  show,  in  fact,  that  this  method  enables  us  to  find  the  integral  in  every 
finite  interval  in  which  the  integral  is  continuous.  More  precisely,  let  us  sup 
pose  that  the  equation  (51)  has  an  integral  y  =  F(x)  continuous  in  the  interval 
(x0,  xQ  +  J),  that  the  f  unction  /(x,  y)  is  itself  continuous  in  the  region  (E)  of  the 
xy-plane  bounded  by  the  two  straight  lines  x  =  x0,  x  =  x0  +  I  and  by  the  two 
curves  Y  =  F(x)  ±  77,  where  t\  is  a  positive  number  taken  at  pleasure,  and  that 
/(x,  y)  satisfies  the  condition  (52)  in  this  region.  Let  us  suppose  that  we  divide 
the  interval  (x0,  X0  +  I)  into  smaller  partial  intervals  and  that  we  construct 
the  broken  line  A  by  the  method  which  has  just  been  explained,  relative  to 
this  manner  of  division  and  starting  from  the  point  (x0,  y0).  //  all  the  partial 
intervals  are  less  than  a  suitable  positive  number  <r,  this  broken  line  will  lie  entirely 
in  the  region  (£"),  and  the  difference  of  the  ordinates  of  two  points  having  the  same 
abscissa,  taken  on  the  integral  curve  C  and  on  the  line  A,  will  be  less  than  any  positive 
number  e  given  in  advance. 

Let  x0,  Xj,  x2,  •  •  -,  x,-_i,  x,-  •  •  -,  xn_i,  XQ  +  /  be  the  abscissas  of  the  points  of 
division,  let  ?/0,  yv  •  •  •,  Y  be  the  corresponding  ordinates  of  the  curve  C,  and  let 
2/0,  Zj,  z2,  •  •  •,  z,-,  •  •  •,  z»  be  the  ordinates  of  the  vertices  of  the  line  A.  Let  us 
first  suppose  that  all  the  vertices  to  the  left  of  the  vertex  (x,-,  zt)  are  in  the 
region  (E),  and  let  us  consider  the  problem  of  calculating  an  upper  bound 
for  the  difference  d,-  =  |z,-  —  yt-|. 

We  have,  on  the  one  hand,  from  the  very  definition  of  A, 


i-l,  Zi-l  ~  Zf-l. 

On  the  other  hand,  from  the  law  of  the  mean,  we  have  also 

,  2/f)  fa  -  x,-_i), 


where  (x^,  y'^  are  the  coordinates  of  a  point  of  C,  and  where  x\  lies  between 
xi-i  and  x,-.   We  derive  from  these  equations 

(57)     Zi  -  yi  =  z,-_i  -  Vi-i  +  fa  -  Si-i)  [ffa-i,  z»-i)  -/(**,  2/i)]  J 
and  the  coefficient  of  (x,  —  x,-_i)  can  be  written  in  the  form 


The  absolute  value  of  the  first  difference  is,  by  the  condition  (52),  less  than 
Kdi-i.  On  the  other  hand,  since  the  function  /(x,  y)  is  continuous  in  the  region 
(£"),  it  is  a  continuous  function  of  x  along  C,  and  we  can  find  a  positive  number  <r 
so  small  that  |/(x,  y)  —  f(x',  y")\  is  less  than  a  given  positive  number  2  X  for  any 
two  points  of  the  curve  C,  provided  that  |x  —  x"  \  is  less  than  <r.  Having  chosen 
the  number  y  in  this  way,  we  have 

(58)  di  <  dt-_i  +  (xt-  -  xt-_i)  (2  X  +  ^.--i), 

a  relation  which  is  very  similar  to  the  relation  (56),  and  from  which  we  obtain, 
as  before,  the  inequality 
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Let  us  suppose  that  the  number  X  is  so  small  that  we  have  2  X  (eKl  —  1)  <  K-rj. 
We  may  then  establish,  step  by  step,  that  each  of  the  differences  dv  dz ,  •  •  •,  dn  is 
less  than  77.  All  the  vertices  of  the  broken  line  A  are  therefore  in  the  region  (E). 
Let  P(x)  be  the  ordinate  of  a  point  of  the  line  A;  similarly,  let  Q(x)  be  the 
ordinate  of  a  point  of  the  auxiliary  broken  line  A'  obtained  by  joining  the 
points  of  C  having  the  abscissas  x0,  xv  x2,  •  •  •,  xn_i,  x0  +  I.  Then  we  have 

P(x)  -  F(x)  =  P(x)-  Q(x)  +Q(x)-  F(x). 

If  the  oscillation  of  the  function  F(x)  in  each  of  the  partial  intervals  is  less 
than  e/2,  we  have  always  |  Q(x)  —  F(x)\  <e/2  (see  Vol.  I,  §  206,  2d  ed. ;  §  199, 
1st  ed.).  If  also  the  number  77  is  less  than  e/2,  we  have  |  P(x)  —  Q(x)  \  <e/2,  and 
therefore  |  P(x)  —  F(x)  \  <  c.  Then  the  continuous  function  P(x)  represents  the 
function  F(x)  with  an  error  less  than  e  in  the  whole  interval  (x0,  x0  -f  I). 

The  Cauchy-Lipschitz  method  can  be  extended  to  systems  of  differential 
equations  without  any  other  difficulty  than  some  complications  in  the  formulae. 
It  applies  also  to  complex  variables.  The  investigations  of  E.  Picard  and  of 
Painleve'  have  shown  that  the  method  leads  to  developments  of  the  integrals  in 
convergent  series  in  the  whole  region  of  their  existence  if  the  right-hand  sides 
of  the  given  equations  remain  analytic  in  this  region. 


III.   FIRST  INTEGRALS.   MULTIPLIERS 

31.  First  integrals.  Given  a  system  of  n  —  1  analytic  differential 
equations  of  the  first  order,  we  shall  write  these  equations  in  the 
symmetric  form 

dxl      dx2  dxn 

—  -  —  -----  —  > 

A|  -*••  ^n 

where  the  denominators  A^,  A^  •  •  •,  Xn  are  functions  of  the  n  variables 
ojj,  je2,  •  •  •,  xn.  This  form  of  the  equations  does  not  involve  a  choice 
of  the  independent  variable,  which  may  be  any  one  of  the  variables 
or  may  be  chosen  arbitrarily.  We  have  seen  above  that,  under 
certain  conditions  which  have  been  defined,  all  the  integrals  of  this 
system  which  pass  through  any  point  of  a  region  D  are  represented 
by  a  system  of  equations  of  the  form 

>  X2>  '  '  ')  Xn)  ==  ^i>  J2\XV  X-2>  '  '  '»  Xn)  ==   ^fl  *  *  *> 

Jn-l^V  Xz>  '  '  ')  Xn)  ==  ^n-U 

where  /1?  /2,  •••,/„_!  are  (n  —  1)  functions  analytic  in  D,  and  where 
Cj,  C2,  •  •  •,  Cn_1  are  constants  which  may  be  arbitrarily  chosen,  at  least 
within  certain  limits  (§  26).  The  formulae  (60)  represent  the  general 
integral  of  the  system  (59)  in  the  region  D  ;  but  there  may  be  other 
values  of  the  variables  also,  for  which  (60)  represents  the  solution. 
It  may  happen  that  we  obtain  several  different  systems  of  formulae 
representing  the  general  integral  in  different  regions.  It  is  also  clear 


I 
V- 
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that,  in  the  same  region  D,  the  system  of  equations  (60)  is  not  the 
only  possible  representation.  We  can  replace  the  (n  —  1)  functions 
fi  by  (n  —  1)  functions  Ft  which  depend  only  upon  the  functions  /, 
provided  that  these  (n  —  1)  functions  Fi  are  independent  functions 
of  the  variables  /. 

However  the  functions  /•  have  been  taken,  if  the  formulae  (60) 
represent  the  general  integral  of  the  system  (59),  the  functions  /• 
satisfy  the  same  partial  differential  equation  of  the  first  order.  For, 
let  us  suppose  'the  coordinates  of  a  point  xv  o*2,  •  •  -,  xn  of  an  integral 
curve  expressed  as  functions  of  a  variable  parameter.  If  we  replace 
the  coordinates  xlt  a?2,  •  •  •  ,  xn  in  /•  by  their  expressions  as  functions 
of  this  parameter,  the  result  reduces  to  a  constant.  We  have,  there 
fore,  dff  =  0,  and,  replacing  the  differentials  dxv  dx2,  •  •  •  in  df{  by 
the  proportional  quantities  X19  X2,  •  •  •  ,  we  find  that  /•  satisfies  the 
relation 

(61)  .Y(/)  =  A-1^  +  ^^+...+.Y0g  =  0. 

This  relation  must  reduce  to  an  identity,  when  /is  replaced  by/-, 
since  we  can  choose  the  constants  Ct  in  such  a  way  that  the  integral 
curve  passes  through  any  point  of  D.  The  (n  —  1)  functions  fv  /2, 
•  •  -ifn-i  are  therefore  (n  —  1)  integrals  of  the  equation  X(f)  =  0. 
Every  function  II  (fl9  /2,  •  •  -,/n_i)  is  also  an  integral  of  the  same 
equation,  whatever  may  be  the  function  n,  by  the  relation 


which  is  easily  verified. 

Conversely,  we  obtain  in  this  way  all  the  integrals  of  the  equation 
X(f)=  0.    For,  eliminating  the  coefficients  X{  from  the  n  relations 


we  obtain 


-,  a;,) 


which  shows  that  /is  a  function  II  (/i,/2,  •  •  •  ,/n_i)  of  the  (n  —  1)  par 
ticular  integrals  flt  /„••-,  fn^  (I,  §  55,  2d  ed.  ;  §  28,  1st  ed.).  We 
can  also  verify  this  by  a  change  of  variables.  Let  us  suppose,  in  fact, 
that  we  take  a  new  system  of  independent  variables  ylt  y^  •  •  •,  yn, 
where  the  n  —  1  variables  yjt  y2,  •  •  •,  yn_l  are  precisely  the  functions 
/i>  /2>  '  '  •>  /n-i  themselves,  and  where  the  variable  yn  is  chosen  in 
such  a  way  as  to  form  with  yv  y^  •  •  •,  yn-1  a  system  of  n  independent 
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functions  of  the  original  variables  xv  x2)  •  •  •  ,  xn.    Then  the  equation 
X  (/)  =  0  is  replaced  by  an  equation  of  the  same  form 


(62) 

which  must  have  the  (n  —  1)  particular  integrals 

f=y*      •••>      /=y.-i- 

We  have,  therefore, 

Y  _  y  _         _  y       —0 
x\  —  *%  —  ~In-i  —  {J) 

and  the  equation  (62)  reduces  to  df/dyn  =  0.  The  general  integral  is 
therefore  an  arbitrary  function  of  yv  ?/2,  •  •  •,  yn_-i* 

The  integration  of  the  partial  differential  equation  X(f)  =  0  is 
therefore  reduced  to  the  integration  of  the  proposed  system  of  dif 
ferential  equations  (59).  Conversely,  let  us  suppose  that  we  have 
obtained  an  integral  /  of  the  equation  X  (/)  =  0  in  any  manner 
whatever.  If  we  replace  xv  x2,  >  >  •,  xn  in  that  function  by  the  coor 
dinates  of  a  point  of  an  integral  curve,  supposed  to  be  expressed  as 
functions  of  a  variable  parameter  which  may  be  one  of  the  coordi 
nates  themselves,  the  result  obtained  reduces  to  a  constant.  In  fact,  if 
we  suppose  that  xlt  x2,  •  •  -,  xn  are  functions  of  a  variable  parameter 
satisfying  the  relations  (59),  the  total  differential  df  of  the  preced 
ing  function  reduces  to  KX(f),  where  K  denotes  the  common  value 
of  the  ratios  dXf/X^  The  equation  /=  C  is  therefore  a  consequence 
of  the  given  system  of  differential  equations.  For  this  reason  we  say 
that  the  function  /  is  a  first  integral  of  that  system.t 

If  we  know  n  —  1  independent  first  integrals,  we  can  write  im 
mediately  the  general  integral  of  the  system  (59)  ;  if  we  know  only 
p  independent  first  integrals  (p  <  n  —  1),  we  can  reduce  the  integra 
tion  of  the  given  system  to  the  integration  of  a  system  of  n  —  p  —  1 
differential  equations.  For,  let  fv  /2,  .  .  .  ,  fp  be  these  p  first  integrals. 
From  the  p  relations 

/i  =  cv        /a  =  ^a>         '  '  *>        fp  =  CP 

*  The  two  modes  of  reasoning  do  not  require  that  the  function/  should  be  analytic. 
The  only  necessary  conditions  are  those  which  are  required  in  order  that  we  may 
apply  the  formulae  for  change  of  variables,  that  is,  the  existence  and  the  continuity  of 
the  partial  derivatives  of  the  desired  function/. 

t  The  reasoning  would  no  longer  apply  if  the  factor  K  were  infinite  for  all  the 
points  of  the  integral  curve,  which  would  be  the  case  if  the  coordinates  of  all  the 
points  of  that  curve  were  to  make  the  n  functions  Xi  vanish.  It  is  also  necessary 
to  make  an  exception  of  the  integrals  which  are  such  that  at  least  one  of  the  functions 
Xi,  X2,  •  •  -,  Xn  is  not  analytic  in  the  neighborhood  of  any  point  of  that  curve.  This 
case  arises  when  there  are  singular  integrals. 
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we  can  obtain  p  of  the  variables  xlt  #2,  •  •  •,  xn,  for  example,  xlt  x^ 
•  •  •  ,  xp,  as  functions  of  the  remaining  n  —  p  variables  xp  +  l,  •  •  •  , 
xn  and  the  p  arbitrary  constants  C1?  C2,  •  •  •,  Cp.  It  will  suffice,  then, 
to  determine  xp+l,  xp  +  2J>  •  •,  #n  as  functions  of  a  single  independent 
variable.  If  we  denote  by  A'p+1,  A'p  +  2,  ••.-,  An  the  new  functions 
resulting  from  Xp+l,  A'p  +  8J  •  •  •  ,  A'n  after  we  have  replaced  o^,  #2,  •  •  •, 
xp  in  them  by  their  expressions,  it  will  suffice,  therefore,  to  integrate 
the  new  system, 

(63)  dxp+i  =  dxp+*  =         =r/a^ 

~ 


in  which  the  new  denominators  depend  upon  p  arbitrary  constants. 
We  can  also  reason  in  another  way.  If  we  take  a  new  system  of 
independent  variables,  y^  y2,  •  •  •,  yn,  where  the  p  variables  ylt  y^  •  -  -, 
yp  are  identical  with  the  p  known  first  integrals  fv  f#  •  •  •  ,  fp,  the 
equation  A'(/)  =  0  is  replaced  by  an  equation  of  the  same  form, 
¥(/)=  0,  which  must  have  for  integrals  /=  yv  •-.,/=  yp.  That 
equation  is  therefore  of  the  form 


and  its  integration  reduces  to  that  of  a  system  of  n  —  p  —  1  differ 
ential  equations  of  the  first  order, 


We  see  from  this  the  importance  of  looking  for  first  integrals. 
In  each  particular  case  the  discovery  of  a  new  first  integral  con 
stitutes  a  step  farther  toward  the  complete  solution.  It  would  not 
be  possible  to  give  a  very  definite  rule  of  procedure  for  this  purpose. 
Let  us  merely  notice  that  the  problem  amounts  to  forming  an  inte- 
grable  combination  of  the  equations  (59),  that  is,  to  determining  n 
factors,  /ttj,  /z2,  •  •  •,  /*n,  so  that 

At,  A\  +  /vY2  +  •  •  •  +  Mn  An  =  0, 
and  that 

f*lclx1  +  /x/7.r2  H  -----  h  p*dxn 

is  an  exact  differential  d<j>.    For  it  is  clear  that  we  can  deduce  from 
the  equations  (59)  a  new  ratio  equal  to  the  first 

dx{      frdxl-\  -----  h  /J,ndxn 


1 

hence  the  relation 

d+  =  ftdx  +  -  •  •  +  p,dx,  =  0 
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is  a  consequence  of  the  equations  (59)  if 

It  follows  that  we  can  find  a  first  integral  by  quadratures  if  we 
know  the  factors  fa.  This  is  the  case  in  particular  whenever  we 
can  find  n  factors,  /JLI}  /^2,  •  •  •,  /in,  such  that  the  factor  fa  depends 
only  upon  the  variable  xi}  and  such  that 

Let  us  also  observe  that,  if  we  have  obtained  p  first  integrals  of 
the  system  (59),  it  may  happen  that  the  new  system  (63)  can  be 
integrated  completely  for  particular  numerical  values  of  the  con 
stants  Clt  C*2,  •  •  •,  Cp,  while  the  actual  integration  is  impossible  for 
arbitrary  values  of  these  constants. 

Example  1.   Let  it  be  required  to  integrate  the  system 
(64)  —  -  vw         —  -  wu         —  — 

We  easily  see  two  integrable  combinations  udu  =  vdv  =  wdw.  We  have,  there 
fore,  two  first  integrals,  u2  —  v2  =  <7X,  u2  —  w2  =  C2 .  Hence,  putting  the  values 
of  v  and  of  w  obtained  from  these  relations  in  the  first  of  the  equations  (64), 
we  have  for  the  determination  of  u  the  differential  equation 

(66)  £j|  =  V<««-CI)<««-CI), 

the  general  integral  of  which  is  an  elliptic  function  (§11),  reducing  in  special 
cases  to  a  simply  periodic  function  or  even  to  a  rational  function.  Since  the 
given  system  is  symmetric  in  w,  v,  w,  we  conclude  that  v  and  w  are  also  elliptic 
functions. 

Example  2.   Let  us  consider  the  system 

(QQ\  —  —      —  dv  _       ^  dw  _ 

where  p,  g,  r  are  given  functions  of  x.  We  have  again  an  integrable  combination, 
udu  +  vdv  +  wdw  =  0,  from  which  we  derive  the  first  integral,  u2  +  v2  +  w2  =  C. 
Discarding  the  case  where  C  is  zero,  we  may  suppose  C  =  1,  for  the  system  (66) 
is  not  changed  by  multiplying  w,  v,  w  by  the  same  constant  factor.  Instead  of 
solving  the  relation  w2  +  u2  +  w"  =  1  for  one  of  the  unknowns,  we  can  proceed 
in  a  more  symmetric  manner  by  considering  M,  r,  w  as  the  coordinates  of  a 
point  of  a  sphere  of  radius  unity  and  expressing  them  as  functions  of  two  varia 
ble  parameters  —  for  example,  in  terms  of  the  parameters  which  determine  the 
rectilinear  generators  of  the  sphere.  Let  us  put  for  that  purpose 

u  +  iv      1  +  w  u  +  w 

— =  x,         = 

1  —  w      w  —  iv  1  +  w      u  —  iv 

which  gives 

_  1  —  X/i  _  .  1  +  X/A  _  X  + 

~  X-u  '        V~l  X-u  *  ~X^" 
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Substituting  these  values  of  u,  c,  w  in  the  system  (66),  we  find  after  some 
easy  calculations  that  X  and  /*  must  satisfy  the  same  Riccati  equation, 


(67) 


Hence  the  integration  of  the  given  system  is  reduced  to  the  integration  of  a 
Riccati  equation.* 

Example  3.    Let  us  consider  the  equation  integrated  by  Liouville, 


Putting  y'  =  z,  we  may  replace  the  given  equation  by  the  system 
dx_dy  _          —dz 


from  which  we  derive  the  integrable  combination  dz/z  +  <f>(x)dx  +  f(y)dy  =  0. 
The  given  equation  of  the  second  order  has  therefore  the  first  integral, 

f     fX<t>(x)dx    J"   f(y}dy  ~ 

which  we  could  also  have  obtained  directly  by  dividing  all  the  terjns  of  the 
equation  of  the  second  order  by  y'.  The  preceding  equation  of  the  first  order 
is  of  the  form  y*=  CXY\  hence,  by  separating  the  variables,  the  integration 
may  be  completed  by  two  quadratures. 

Note  1.  We  sometimes  replace  the  system  (59)  by  the  system 
dx^ dx% dxn ,. 

where  t  is  an  auxiliary  variable  which  is  introduced  in  many  cases  only  for  the 
sake  of  greater  symmetry  in  the  reasoning.  If  the  original  system  (59)  has 
been  integrated,  we  can  obtain  t  by  a  quadrature,  for  if  we  replace  z2,  z3,  •  •  •, 
zn,  for  example,  by  their  expressions  in  terms  of  xx  and  of  the  constants  Cv 
C2,  •  •  •,  Cn-i  in  Xv  we  are  led  to  a  relation, 

*  =  P(a^,CltC!t,.-.,C.-i)A5l, 

from  which  we  can  find  t  by  a  quadrature.  It  follows  from  this  that  the  gen 
eral  integral  of  the  new  system  (68)  will  be  represented  by  the  n  equations  of 
the  form 

=  C,,  /2  =  C>i  •  •  •,  fn  -1  =  C'n-lj 


where  /x,  /2,  •••,  fn-i  are  (n  -  1)  independent,  integrals  of  X(f)  =  0,  and 
where  t0  is  a  new  arbitrary  constant. 

Conversely,  in  order  to  obtain  the  integral  curve  of  the  system  (59)  that 
passes  through  the  given  point  x?,  zjj,  •  •  •,  z£,  we  can  look  for  the  integrals  of 


*  See  DARBOUX,  Theorie  des  surfaces,  Vol.  I,  chap.  ii. 
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the  system  (68),  where  t  is  considered  as  the  independent  variable,  which  for 
t  =  0  take  on  the  values  x$,  xj,  •  •  •,  x£  respectively.   Let 


be  these  integrals  ;  it  is  clear  that  the  preceding  expressions  represent  the  inte 
gral  curve  sought.  We  should  have  to  make  an  exception  only  if  all  the  func 
tions  Xi  were  zero  for  the  initial  values  x?  and  analytic  in  the  neighborhood. 
In  this  case  the  expressions  (70)  should  reduce  to  Xi  =  X®.  But,  since  the  ratios 
dx2/dx^  •  •  .,  dxn/dxl  appear  in  an  indeterminate  form,  nothing  justifies  us  so 
far  in  saying  that  there  is  no  integral  curve  passing  through  the  given  point. 
This  is  a  case  which  will  be  examined  later  (§  75). 

Note  2.  The  relation  which  exists  between  the  system  of  differential  equa 
tions  (59)  and  the  linear  equation  (61)  proves  that  X(f)  is  a  covariant  of  the 
system  (59)  .  The  meaning  of  this  statement  is  as  follows  :  Let  us  suppose  that 
we  take  a  new  system  of  independent  variables,  y-L,yz,'—,yn,  connected  with 
the  variables  xx,  x2,  •  •  •,  xn  by  the  relations 

(71)  xi  =  tf>i(yl,y2t'",yn).  (i  =  1,  2,  -  .  .,  n) 

By  the  formulae  for  change  of  variables,  df/dxi  is  a  linear  homogeneous  func 
tion  of  the  derivatives  8f/dyi,  and  X(f)  changes  into  an  expression  of  the 
same  form, 

(72)  r(/)  =  rig+r2g+...  +  rn^  =  0> 

where  Ft,  F2,  •  •  •,  Yn  are  functions  of  y^,  y2,  •  •  .,  yn.  This  being  true,  we  may 
now  assert  that  the  same  change  of  variables  applied  to  the  system  (59)  leads 
to  the  new  system  of  differential  equations, 

dy_dy2  dyn 


"We  could  establish  this  by  a  direct  calculation,  but  it  results  also  from  the 
preceding  properties.  In  fact,  let 

(74)  ^i  =  ^=.  ..=**» 

Zj^        Z2  Zn 

be  the  system  to  which  we  are  led  by  applying  to  the  original  system  (59)  the 
change  of  variables  (71)  ;  it  suffices  to  show  that  Zx,  Z2,  •  •  .,  ZH  are  proportional 
to  Flt  F2,  •  •  -,  Yn.  Now  let  /(xt,  x2,  •  •  -,  xn)  be  a  first  integral  of  the  system 
(59)  and 

F(y»  y2,--,  yn) 

the  function  derived  from/(x1,  x2,  •  •  •,  xn)  by  the  change  of  variables.  Since 
we  have  X(f)  =  0,  we  have  also  Y(F)  _  0.  Besides,  F(yl,  ?/2,  •  •  •,  yn)  is  evi 
dently  a  first  integral  of  the  new  system  (74),  that  is,  an  integral  of  the  linear 
equation 


Since  the  linear  equations  Y(F)  =  0,  Z(F)  =  0  have  the  same  integrals,  their 
coefficients  are  proportional,  which  proves  the  theorem. 
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This  last  point  in  the  proof  results  from  the  fact  that  a  linear  equation 
X(f)  =  0  is  completely  determined,  except  for  a  factor,  when  we  know  (n  —  1) 
independent  integrals,  /1?  /2,  •••,  /n_i,  of  it.  In  fact,  the  (n  —  1)  equations, 
X(fi)  =  0,  linear  and  homogeneous  in  X^,  X^  -  •  •,  Xn,  determine  the  ratios  of 
these  coefficients  as  unknowns,  for  the  determinants  of  order  (n  —  1)  formed 
from  the  partial  derivatives  of  the  functions  /{  cannot  all  be  zero  at  the  same 
time  (I,  §  55,  2d  ed.  ;  §  28,  1st  ed.).  It  may  be  noticed  that  the  most  general 
linear  equation  having  the  (n  —  1)  integrals  /t-  can  be  written  in  the  form 


where  II  (x1?  x2,  •  •  -,  xn)  is  an  arbitrary  function. 

32.  Multipliers.  The  theory  of  integrating  factors  has  been  extended  by 
Jacobi  to  simultaneous  differential  equations.  Let/1?  /2,  •  •  •,  fn-i  be  independ 
ent  first  integrals  of  the  system  (59).  The  equation  X(f)  =  0  is,  as  we  have 
already  remarked,  identical  with  the  equation 


-D(X1?  X2,  •••,  X,) 

Writing  the  condition  that  the  coefficients  of  the  derivatives  cf/dxi  in  the  two 
equations  are  proportional,  we  are  led  to  n  relations  which  may  be  written  in 
the  form 

(75)  A,-  =  JfZi,  (t=l,2,...,n) 

where  A;  denotes  the  coefficient  of  df/dxf  in  the  determinant  A.  This  factor  M 
is  called  a  multiplier. 

Whatever  the  first  integrals/!,  /2,  •••,/„-!  may  be,  this  function  M  satisfies 
the  linear  partial  differential  equation 

?<*£)££«,)       .  +  cpfz=1  =  a 

cxl  8x2  cxn 

Substituting  for  each  of  the  products  MXf  =  A»  its  equivalent  expression  as 
a  determinant  of  order  n—  1,  and  carrying  out  the  indicated  differentiations, 
each  term  of  the  left-hand  side  is,  in  fact,  the  product  of  a  derivative  of  the 
second  order,  such  as  d2fh/dXidxk(i  *  A;),  and  (n  -  2)  partial  derivatives  of  the 
first  order.  To  prove  that  the  result  is  zero,  it  suffices  to  show  that  it  does  not 
contain  any  derivatives  of  the  second  order.  Let  us  take,  for  example,  the 
derivative  c^/dx^x^  This  derivative  appears  in  two  terms  ;  in  one  it  is  mul 
tiplied  by  D(/2,  /3,  •  .  -,  /n_i)/D(z8,  x4,  .  .  .,  *„),  and  in  the  other  by  the  same 
coefficient  but  with  the  opposite  sign.  The  sum  of  these  two  terms  is  therefore 
zero,  and  similarly  for  all  the  others. 

If  Ml  is  a  particular  integral  of  the  equation  (76),  the  substitution  3f=  A^M 
reduces  that  equation  to  the  form  X(fi  =  0.  If  we  know  a  multiplier  M  of  the 
system  (59),  the  general  integral  of  the  equation  (76)  is  accordingly  MU(fltf^t 
•••,/n-i),  where  II  is  an  arbitrary  function.  Eveiy  function  of  this  form  is 
also  a  multiplier  ;  in  other  words,  there  exist  (n  —  1)  first  integrals  Flt  •  •  •,  Fn  _i, 
such  that  3fn(/!,  /2,  -  -  -,  /B_i)  can  be  deduced  from  Fv  F2,  .  •  .,  Fn_!  in  the 
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same  way  that  M  was  deduced  from  fv  /2,  .  .  .,  fn_lm    For  this  purpose  it  is 
sufficient  that  we  have,  supposing  JC1  ^  0, 


„,__„„ 
2,3,,     ,  ,a,       ,«-  2,  ••.,*„) 


This  condition  can  be  satisfied  in  an  infinite  number  of  ways.    Indeed,  n  —  2 
of  the  first  integrals  JFV  may  be  assigned  arbitrarily  in  advance. 
Let  us  consider  the  system 


with  the  auxiliary  variable  i.    This  system  can  be  reduced  to  the  simple  form 
(78)  dyi  =  dy2  =  ...  =  dyB_i  =  0,        dyn  =  d« 

by  taking  for  the  variables  the  n  —  1  first  integrals  /1?  /2,  •  •  -,  /n_i  and  the 
function  /„,  which  appears  in  the  preceding  formulae  (69).  It  is  easy  to  obtain 
the  general  expression  for  the  multipliers  in  terms  of  the  variables  yt-,  for 
every  multiplier  is  of  the  form 


On  the  other  hand,  we  have 


From  the  relations  yl=fl,  •••,yn=fn,  which  define  the  change  of  the  variables, 
we  derive,  by  differentiating  with  respect  to  yn  and  solving, 


!,  x2,  ••.,«„) 
and  the  general  expression  for  the  multiplier  can  be  written  in  the  form 

(79)       g=^:::::::::::!^"^-'^ 

where  4>  is  an  arbitrary  function  of  yt,  y2,  •  .  .,  yn-\. 

Let  us  suppose,  now,  that  after  carrying  out  any  change  of  variables  affecting 
only  the  jtfs  without  changing  the  variable  I,  we  have  reduced  the  system  (77) 
to  the  form 

(80)  *g.*g.....*(..4 

Al          A2  ^w 

where  the  .Xj's  are  functions  of  the  new  variables  ict'  independent  of  t.   If  Jf  '  is 
a  multiplier  of  this  new  system,  we  have 
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Taking  the  same  function  <t>  in  the  two  expressions,  we  derive  from  them,  by 
dividing  their  corresponding  sides,  the  relation 


(82)  M'=. 

Hence,  if  we  know  a  multiplier  If  for  the  system  (77),  we  can  derive  from  it  a 
multiplier  M'  for  the  transformed  system. 

This  property  explains  the  practical  importance  of  multipliers.  Let  us  sup 
pose  that  we  know  n  —  2  first  integrals  of  the  system  (59),  and  also  a  multiplier. 
We  can  then  reduce  this  system  to  the  form 


o  -  o    -  x'n_,  ~  x'n 

by  a  change  of  variables,  and  we  can  then  find  a  multiplier  M'  for  this  new 
system,  that  is,  a  solution  of  the  equation 


It  follows  that  If'  is  an  integrating  factor  for  X^dx^^  — Xfn_^dx'n,  and  the 
integration  can  be  finished  by  quadratures. 

A  particular  case  which  presents  itself  frequently  in  mechanics  is  the  one 
for  which  we  have  ZcAVcx,-  =  0.  The  equation  (76)  reduces  then  to  X(M )  =  0, 
and  we  know  at  once  a  multiplier  3f  =  1. 

This  remark  applies  also  to  the  equation  of  the  second  order,  y"  =/(z,  t/),  the 
integration  of  which  leads  to  that  of  the  system 

dx  __  dy  _     dy' 

If  we  know  a  first  integral  of  it,  ^  (x,  y,  y'}  =  C,  we  can,  from  what  precedes, 
finish  the  integration  by  quadratures.  This  is  easily  verified  as  follows  :  Let  us 
suppose  that  the  equation  ^  (x,  y,  y')  =  C  has  been  solved  for  ?/' : 

y'  =  <f>(x,  y,  C). 

Since  all  the  integrals  of  this  equation  of  the  first  order  must  satisfy  the  equation 
y"  =/(x,  y),  whatever  may  be  the  constant  C,  we  must  have  c<j>/cx  +  (c<f>/dy)<t>  =f. 
Hence,  since /does  not  contain  C, 

ecex  +  ac?z/0  +  ty  Fc  =  0' 

which  states  that  c$/cC  is  an  integrating  factor  for  dy  —  <pdx. 

33.  Invariant  integrals.  The  invariant  property  of  the  multipliers  relative  to 
every  change  of  variables  can  be  brought  into  relation  with  the  general  theory 
of  invariant  integrals,  due  to  Poincare",*  and  about  which  we  shall  say  a  few 

*Les  methodes  nouvelles  de  la  Mecanique  celeste,  Vol.  Ill,  chap,  xxii,  and  the 
following  chapters.  See  also  GOURSAT,  Sur  les  invariants  integraux,  in  Journal 
de  ^fathematiques,  6th  series,  Vol.  IV. 
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words.    Let  us  consider  in  particular  a  system  of  three  differential  equations, 

(83)  |  =  |  =  |  =  -. 

where  X,  F,  Z  are  functions  of  x,  T/,  z.  In  order  to  simplify  the  statements,  we 
shall  regard  these  equations  as  defining  the  movement  of  a  particle  in  space, 
where  the  variable  t  represents  the  time.  The  particle  which,  at  the  time  t  =  0, 
is  at  a  point  J\f0(x0,  ?/0,  z0)  has  arrived  at  the  time  t  at  a  point  Mt  whose  coordi 
nates  are  (x,  y,  z).  If  the  point  M0  describes  a  certain  region  D0  of  space,  the 
point  Mt  describes  a  corresponding  region  Dt.  Now  let  M (x,  y,  z)  be  a  function 
of  the  variables  x,  y,  z  ;  we  shall  say  that  the  triple  integral 

1  =  fffM(x,  y,  z)dxdydz 
is  an  invariant  integral  of  the  system  (83)  if  the  value  of  that  triple  integral, 


extended  over  the  region  D<,  is  independent  of  t  and  equal  to  the  same  inte 
gral  extended  over  the  region  D0.  For  example,  if  the  equations  (83)  define 
the  movement  of  an  incompressible  fluid,  the  volume  of  the  region  Dt  is  constant 
and  the  integral  fff  dxdydz  is  an  invariant  integral. 

Invariant  line  and  surface  integrals  are  defined  in  a  similar  way.  If  the 
point  M0  describes  a  curve  L0  or  a  surface  20,  the  point  Mt  describes  a  curve 
Lt  or  a  surface  ^.  A  line  integral 

adx  +  pdy  +  ydz 

is  an  invariant  integral  if  the  value  of  that  integral  along  the  curve  Lt  is  inde 
pendent  of  t  and  equal  to  the  same  line  integral  taken  along  LQ.  Similarly,  a 
surface  integral 

*  "Pdydz  +  Qdzdx  +  Rdxdy 


ff 


is  an  invariant  integral  if  the  value  of  that  integral  extended  over  the  surface  2< 
is  independent  of  t. 

These  notions  can  be  extended  without  difficulty  to  the  most  general  systems 
of  differential  equations  of  the  form  (68).  For  such  a  system  there  are  n  classes 
of  invariant  integrals,  of  the  1st  order,  of  the  2d  order,  •  •  •,  of  the  nth  order, 
according  to  the  order  of  multiplicity  of  the  integral  considered.  The  conditions 
that  a  multiple  integral  of  order  p  shall  be  an  invariant  integral  are  easily  ob 
tained  by  means  of  the  formulae  for  the  change  of  variables  in  multiple  integrals. 
We  shall  develop  the  calculations  for  a  multiple  integral  of  order  n.  Let 


be  a  multiple  integral  of  order  n  extended  over  the  region  Dt  which  corresponds 
to  a  definite  region  D0  in  the  manner  just  explained.  This  integral  will  be  an 
invariant  integral  if  it  is  independent  of  t  ;  that  is,  if  we  have  I'  (t)  =  0.  In  order 
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to  calculate  that  derivative,  we  shall  give  to  t  an  increment  h,  and  we  shall  cal 
culate  the  coefficient  of  h  in  the  development  of  I(t  +  h).  Let  x\  be  the  value  to 
which  x»  changes  when  we  change  t  to  t  +  h  ;  we  have 


where  the  new  integral  is  extended  over  the  region  D't,  which  corresponds  point 
for  point  to  Dt.   Then  we  may  write 


On  the  other  hand,  omitting  the  terms  in  h  of  degree  higher  than  the  first, 

we  have 

x'f  =  Xi  +  hXi  +  •••, 


cx 


and 


The  derivative  dl/dt  has  therefore  the  value 


In  order  that  I  be  an  invariant  integral,  it  is  necessary  and  sufficient  that  dl/dt 
be  identically  zero,  whatever  may  be  the  region  D,  and  therefore  that  we  have 


(84) 


ex, 


=  0. 


This  condition  is  identical  with  the  equation  (76),  and  we  obtain  Poincard's 
theorem :  In  order  that  the  multiple  integral 


shall  be  an  invariant  integral,  it  is  necessary  and  sufficient  that  M  be  a  multiplier. 
It  follows  that  if  we  make  any  change  of  variables, 
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in  the  equations  (77),  we  obtain  a  new  system, 

,77')  &  =  **=...  =  *p  =  a, 

J  1  J  2  J  « 

and  if  M  is  a  multiplier  of  the  system  (77),  the  n-f  old  integral 


is  an  invariant  integral  of  that  system,  and  the  n-f  old  integral  which  is  obtained 
from  it  by  the  same  transformation, 


is  evidently  also  an  invariant  integral  of  the  transformed  system  (IT}.  Therefore 
the  expression 


V*,  '"I  Vn) 

is  a  multiplier  of  the  new  equations  (77'),  as  we  have  demonstrated  directly. 

Example.  In  order  that  the  volume  shall  be  an  invariant  integral  of  the 
equations  (83),  M=l  must  be  a  multiplier,  which  requires  that  we  have 

(85)  1 1 =  0. 

This  is  the  condition  for  the  incompressibility  of  a  fluid  for  which  the  equa 
tions  (83)  define  a  stationary  flow. 

IV.   INFINITESIMAL  TRANSFORMATIONS 

34.  One-parameter  groups.  *  Every  set  of  an  infinite  number  of  transformations, 
of  any  nature  whatever,  affecting  the  n  variables  x15  x2,  •  •  •,  xn,  form  a  group  if 
the  transformation  obtained  by  carrying  out  any  two  transformations  of  this  set 
in  succession  belongs  to  the  set.  For  definiteness  let  us  consider  two  variables 
x,  y,  and  let  T  be  the  transformation  defined  by  the  equations 

(86)  xf  =  /(x,  y-  a),        y'  =  <t>(x,y;  a), 

where  a  denotes  an  arbitrary  parameter.  If  we  regard  x  and  y  as  the  coordi 
nates  of  a  point  M  in  a  plane,  and  x'  and  y'  as  the  coordinates  of  another  point  JT, 
the  preceding  equations  define  a  point  transformation.  To  each  value  of  the 
parameter  a  corresponds  thus  a  definite  transformation.  Varying  this  param 
eter,  we  obtain  an  infinite  number  of  different  transformations.  Let  us  suppose 
that  we  carry  out  in  succession  two  different  transformations  of  this  set,  corre 
sponding  to  any  two  values  a  and  b  of  the  parameter.  The  first  transformation 
will  carry  the  pair  of  values  (x,  y)  over  into  the  pair  of  values  (x',  y')  given 

*  The  theory  of  continuous  groups  of  transformations  was  developed  by  Sophus  Lie 
in  a  great  number  of  papers  and  in  his  treatise,  Theorie  der  Transformationgruppen. 
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by  the  equations  (86).  The  second  transformation  will  then  carry  the  pair  of 
values  (x',  y')  over  into  a  third  pair  (x",  y")  such  that  we  have 

(87)  x"  =/(x',  V  ;  6),       y"  =  0  (*',  y'  ;  6). 

Let  us  replace  x'  and  y'  in  these  last  two  equations  by  their  values  (86).  The 
resulting  equations, 

(88)  x"  =  F(x,  y  ;  a,  6),         y"  =  *  (z,  y  ;  a,  6), 

again  define  a  point  transformation  depending  upon  the  two  parameters  a  and  6. 
We  shall  say  that  the  set  of  transformations  (86)  form  a  continuous  one-parameter 
group  if  the  new  transformation  (88)  belongs  to  this  set.  It  is  necessary  and 
sufficient  for  this  that  the  equations  (88)  be  of  the  form 

(89)  x"  =  /(z,  y,  c),        y"  =  0(z,  y;  c), 

where  c  is  a  value  of  the  parameter  depending  only  upon  a  and  upon  6  ;  that  is, 
c  =  \f/(a,  6).   The  preceding  definition  evidently  applies  whatever  may  be  the 
number  of  variables,  in  particular  if  there  is  only  a  single  variable. 
The  relation  x'  =  x  +  a,  or,  any  one  of  the  pairs  of  relations 

x'  =  x  +  a,  y'  =  y  +  2  a  ; 

x'  =  x  cos  a  —  y  sin  a,        y'  =  x  sin  a  +  y  cos  a  ; 

x'  =  ax,  y'  =  a2  y 

represents  a  one-parameter  group.  On  the  contrary,  the  transformations  x'=x+  a, 
y'  —  y  +  a2  do  not  form  a  group,  for  the  transformation  resulting  from  two  suc 
cessive  transformations,  x"  —  x  +  a  +  6,  y"  =  y  +  a2  +  62,  do  not  belong  to  the  set. 
If  in  the  equations  (86),  which  define  a  group  of  transformations,  we  put 
a  =  n(or),  where  a  is  a  new  parameter,  it  is  clear  that  the  relations  obtained 
again  define  a  group.  The  same  thing  is  true  also  if  we  make  a  change  of  vari 
ables,  as  we  easily  convince  ourselves  a  priori.  In  fact,  if  a  set  of  point  trans 
formations  in  a  plane  is  such  that  the  transformation  resulting  from  two 
successive  transformations  belongs  to  the  set,  it  is  clear  that  this  property  is 
independent  of  the  choice  of  the  coordinates  by  means  of  which  we  fix  the 
position  of  a  point  in  the  plane.  It  is  easy  to  verify  this  directly.  Let  us 
suppose  that  we  put  x  =  n(it,  v).  y  =  Il^it,  v),  and  let  the  inverse  relations 
be  u  =  II"1^,  y),  v  —  Ilf  1(jc,  y),  so  that  we  have  identically 

x  =  n[n-J(x,  y),  nfV,  y)L      y  =  njn-1^,  y),  n^(x,  y)]. 

By  hypothesis,  the  transformations  considered  form  a  group,  and  the  equa 
tions  (89),  where  c  =  ^(a,  6),  are  a  consequence  of  the  equations  (86)  and  (87). 
Let  (u,  u),  (u',  v'),  (M",  v")  be  the  pairs  of  values  of  the  new  variables  which 
correspond  respectively  to  the  pairs  (x,  ?/),  (x',  y'),  (x",  y"}.  We  have 


r),  n.^t);  a]} 
,n1(u,r);  a],  *  [n  (u,  D),  n,  (u,r);  a]} 


=#(«,  «;  a); 


and  everything  depends  on  showing  that  the  equations  (90)  also  define  a  group 
of  transformations.    Now  we  have,  for  example,  u"  =  F(u',  r';  6),  or 

u"  =  U-l{f[Il(u',  t'),  IMu',  V);  6],  0[n(u',  tO,  H^u',  «);  6]}. 
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Since  the  equations  (86)  define  a  group,  this  value  of  u"  is  equal  to 


that  is,  to 

B),  H^M,  t>);  c], 


Similarly,  we  should  find  that  v"  =  <i>  (w,  v  ;  c)  .  Two  groups  of  transformations 
which  are  carried  over  one  into  the  other  by  a  change  of  variables  are  said  to 
be  similar.  For  example,  the  two  groups  x'  =  ax,  u'  =  u  +  b  are  similar,  for  we 
pass  from  one  to  the  other  by  putting  u  =  logx,  b  =  log  a. 

We  shall  now  determine  all  possible  one-parameter  groups,  supposing  that 
the  functions/  and  0  are  analytic,  and  supposing  also  that  the  group  contains  the 
identical  transformation,  that  is,  that  for  a  particular  value  a0  of  the  parameter 
we  have/(x,  y  •  a0)  =  x,  <f>(x,y;  a0)  =  y,  whatever  x  and  y  may  be. 

In  the  equations  of  condition 

(91)  /(x',  y'  ;  6)  =  /(x,  y  ;  c),         0  (x',  y'  ;  6)  =  0  (x,  y  ;  c) 

we  can  consider  x,  ?/,  a,  c  as  independent  variables,  and  &  as  a  function  of  a 
and  c  defined  by  the  relation  c  =  ^  (a,  6)  ;  x'  and  ?/'  are  functions  of  x,  y, 
and  a  defined  by  the  equations  (86).  Taking  derivatives  with  respect  to  a,  we 
derive  from  the  relations  (91) 

(92)  J^?^  +  .^-^  +  ^£^  =  o         ^^  +  ^?^  +  ?*^  =  o 
dx'  da      dy'  da       db  da  dx'  da      dy'  da       db  da 

But  db/da  is  given  by  the  relation  d\///da  +  (d\j//db)  (db/da)  =  0,  and  therefore 
depends  only  upon  a  and  b.  Solving  the  preceding  equations  (92)  for  dx'/da, 
dy'/da,  we  obtain,  therefore,  relations  of  the  form 

|£  =  X  (a,  6)  *  (x',  y',  &),        ^  =  X  (a,  6)  *  (x',  y',  b). 

Now  x'  and  ?/'  do  not  depend  upon  b  ;  the  same  thing  is  therefore  true  of  X,  £,  17 
if  they  have  been  properly  chosen.  Therefore  x'  and  y'  are  integrals  of  the 
system  of  differential  equations, 

(93)  dx'      =      dy'      =X(a)da, 
{(z'.lO      i^x'.zO 

which  for  a  =  a0  take  on  respectively  the  values  x  and  y.  Conversely,  whatever 
the  functions  £  (x,  ?/),  77  (x,  ?/)  may  be,  the  equations  x'  =  /(x,  2/,  a),  ?/'  =  0  (x,  i/,  a), 
which  represent  the  integrals  of  the  preceding  system  which  reduce  respectively 
to  x  and  to  y  for  a  particular  value  a0  of  the  parameter,  define  a  continuous  group 
of  transformations.  In  the  first  place,  it  will  be  simpler  to  introduce  a  new 
parameter, 

t=  C\(a)da, 

Jao 

which  enables  us  to  write  the  differential  equations  (93)   in  the  abridged  form 

(94)  ^      =      dv'      =dt. 

''  '' 
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The  general  integral  of  this  system  can  be  written,  as  we  have  seen  above  (§  31), 

in  the  form 

O^x',  y'}  =  C»        Q2(x',y')  =  t+C2, 

where  ^  and  fl2  are  definite  functions  of  x',  y',  and  where  Cr  C2  are  two  arbi 
trary  constants.  The  solutions  which  take  on  the  values  x  and  y  f  or  t  =  0  are 
given  by  the  system  of  equations 

(95)  fljfx',  y'}  =  fii(x,  y),         02  (x',  y')  =  O,  (x,  y)  +  «. 

The  preceding  expressions,  indeed,  define  a  continuous  group,  for  if  we  carry 
out  in  succession  the  two  transformations  which  correspond  to  the  values  £t 
and  t2  of  the  parameter,  the  resulting  transformation  corresponds  to  the  value 
tl  -f  t0  of  the  parameter.  The  two  transformations  which  correspond  to  the 
values  t  and  —  t  are  the  inverses  of  each  other.  If  we  have 

x'=/(x,  y;  t),        y'  =  <t>(x,y,  t), 
we  may  write  also 

x  =/(x',  y'  ;  -  t),        y  =  (f>  (x',  y/  ;  -  t). 

If  we  take  for  the  new  variables 


the  equations  (95)  become 

(96)  u'  =  u,        vf  =  v  +  t  ; 

and  we  say  that  the  group  is  transformed  to  the  reduced  form.  Every  con 
tinuous  one-parameter  group  is  therefore  similar  to  a  group  of  translations. 

Let  us  take,  for  example,  the  group  x'  =  ax,  y'  =  a2y.  Applying  the  general 
method,  we  have 

£  =  *  =  *:,       ^  =  2«,,  =  2?L 
da  a          da 

The  differential  equations  (93)  are  in  this  case 

dx'  _  dy'  _  da  _ 

x'       2y'       a 
where  t  =  log  a.   The  finite  equations  of  the  group  can  be  written  in  the  form 

l-r=-^,  log  X'  =  log  X  +  t, 

X  2         X2 

and  they  will  be  brought  to  the  reduced  form  by  taking  for  the  new  variables 
logx  and  y/x2. 

35.  Application  to  differential  equations.    Let  us  consider  a  given  differential 
equation 

and  a  known  one-parameter  group  of  transformations  of  the  form  (86).  Let  us 
suppose  that  the  equation  (97)  is  identical  with  the  equation  obtained  by  carry 
ing  out  on  it  the  change  of  its  variables  x  and  y  defined  by  the  relations  (86), 
whatever  may  be  the  numerical  value  of  the  parameter  a.  If  this  is  the  case, 
we  shall  say  that  the  differential  equation  (97)  admits  the  group  of  transforma 
tions  (86).  We  can  make  use  of  this  property  to  simplify  the  integration.  In 
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fact,  let  us  suppose  that  we  carry  out  a  change  of  variables  such  that  the  equa 
tions  which  define  the  group  in  question  are  brought  to  the  simple  form  u'  =  w, 
t>'  =  v  +  a.  The  same  change  of  variables,  applied  to  the  proposed  differential 
equation,  leads  to  a  new  differential  equation  of  the  nth  order, 

,  /         dv    d2v  dnv\ 

(98)  $  w,  v,  —,_-,.. .,  __)  =  0, 

\         du    du2  dun/ 

which  does  not  change  if  we  replace  in  it  v  by  v  +  a,  whatever  may  be  the 
numerical  value  of  the  constant  a.  This  can  happen  only  if  the  left-hand  side 
4>  does  not  contain  the  variable  v.  If  the  equation  is  of  the  first  order,  we  obtain 
the  general  integral  by  a  quadrature.  If  n  >  1,  we  can  lower  the  order  of  the 
equation  by  unity  by  taking  dv/du  for  the  new  unknown  dependent  variable. 
Let  us  consider,  for  example,  the  homogeneous  equation  of  the  first  order, 


dx 

This  equation  does  not  change  if  we  replace  x  and  y  by  ax  and  ay  respectively, 
whatever  may  be  the  constant  a.  Now  the  formulae  x'  —  ax,  y'  —  ay  define  a 
group  of  transformations,  which  can  also  be  written  in  the  form 

•p  =  !»        logy'  =  logy  +  t. 

Hence  if  we  put  y/x  =  M,  log  y  =  v,  we  are  led  to  an  equation  that  is  integrable 
by  a  quadrature  (see  §  3). 

Let  us  now  consider  linear  equations  of  the  first  order,  and  first  of  all  the 
homogeneous  equation  dy/dx  +  Py  =  0.  Since  this  equation  does  not  change 
when  we  replace  in  it  y  by  ay,  whatever  may  be  the  constant  a,  we  say  that 
it  admits  the  group  of  transformations  x'  =  x,y'  —  ay.  Hence  it  will  be  inte 
grable  by  a  quadrature  if  we  take  log  y  for  the  dependent  variable. 

Next,  let 

(99)  ^  +  Py  +  Q  =  0 

be  the  general  linear  equation  of  the  first  order,  and  let  yl  be  a  particular 
integral,  not  zero,  of  the  equation  dy/dx  +  Py  =  0.  It  is  easily  verified  that 
the  equation  (99)  does  not  change  if  we  replace  y  by  y  +  ayr  Hence  it  admits 
the  group  of  transformations  defined  by  the  equations 


Taking  for  the  new  dependent  variable  y/ylt  the  equation  must  reduce  to  an 
equation  integrable  by  a  quadrature.  We  are  led  to  precisely  the  calculations 
of  §  4,  and  it  is  easy  to  see  in  a  similar  manner  that  the  different  cases  of  reduction 
of  the  order  of  the  equation  which  have  been  indicated  in  §  19,  for  equations  of 
higher  order,  are  essentially  only  particular  cases  of  the  preceding  method. 

These  different  methods,  which  appear  at  first  sight  as  so  many  different 
devices  for  solution,  having  no  relation  one  to  another,  can  thus  be  considered 
from  a  common  point  of  view  by  means  of  the  theory  of  groups  of  transforma 
tions.  To  every  continuous  one-parameter  group  of  transformations  on  the 
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two  variables  x  and  y  we  can  make  correspond  in  this  way  an  infinite  number 
of  equations  of  the  first  order  which  can  be  integrated  by  a  quadrature,  and 
equations  of  higher  order  whose  order  can  be  depressed  by  unity. 

This  fact  may  be  of  practical  importance  in  the  setting  up  of  the  equations 
in  certain  problems.  Suppose  that  it  is  a  question  of  finding  the  plane  curves 
which  possess  a  certain  property,  and  that  we  know  a  priori  a  one-parameter 
group  (G)  of  transformations  such  that,  if  we  apply  any  transformation  of  (G) 
to  a  curve  having  the  given  property,  the  new  curve  also  has  the  same  prop 
erty.  It  is  clear  that  the  differential  equation  of  these  curves  will  admit  the 
given  group  of  transformations.  If,  then,  we  choose  a  system  of  coordinates 
(u,  v)  such  that  the  equations  of  the  group  (G)  shall  become  u'  =  u,  «'  =  v  +  a, 
the  differential  equation  of  the  curves  sought  in  this  system  of  coordinates  will 
contain  only  w,  dv/du,  d2 v/du2,  •••.  For  example,  suppose  that  we  wish  to  obtain 
the  projections  on  the  z?/-plane  of  the  asymptotic  lines  or  the  lines  of  curvature 
of  a  helicoid,  the  axis  Oz  being  the  axis  of  helicoidal  movement  in  the  sliding 
of  the  surface  upon  itself.  It  is  clear  that  if  a  curve  C  of  the  xy-plane  is  a 
solution  of  the  problem,  then  all  the  curves  which  we  obtain  by  making  C  turn 
through  any  angle  about  the  origin  are  also  solutions.  The  differential  equation 
of  these  curves  admits,  then,  the  group  formed  by  the  rotations  about  the  origin  ; 
the  equations  of  this  group  in  polar  coordinates  are  p'  —  p,  a/  =  w  +  a.  With 
the  system  of  variables  />,  w,  the  differential  equation  will  contain,  therefore, 
only  p  and  du/dp  (see  I,  §  243,  2d  ed. ;  §  242,  1st  ed.). 

So  far  we  have  supposed  the  group  G  known.  We  are  now  led  to  examine 
the  following  problem :  A  differential  equation  being  given,  to  recognize  whether 
or  not  it  admits  one  or  more  one-parameter  continuous  groups  of  transformations, 
and  to  determine  these  groups.  This  is  a  very  important  question,  which  cannot 
be  developed  here  in  detail.  We  shall  limit  ourselves  to  a  few  particulars. 

36.  Infinitesimal  transformations.  Given  a  system  of  transformations  on  n  vari 
ables,  defined  by  the  equations 

(100)  x'i  =/,-(x1,  x2,  •  • .,  xn  ;  a),  (i  =  1,  2,  •  • .,  n), 

where  the  f unctions /t-  depend  upon  an  arbitrary  parameter  a,  we  say  again  that 
these  transformations  form  a  group  if  the  transformation  resulting  from  any 
two  transformations  of  the  system  carried  out  in  succession  itself  belongs  to 
the  system.  As  above,  a  group  is  said  to  contain  the  identical  transformation 
if,  for  some  value  a0  of  the  parameter,  we  have 

fi(xv  x2,  . .  -,  xn  ;  a0)  =  a,-,  (i  =  1,  2,  •  • .,  n), 

for  all  values  of  xv  £„,  •  •  •,  xn.  It  may  be  shown,  as  above,  that  such  a  group  is 
obtained  by  integrating  a  system  of  differential  equations 

dx,  fix,  dx' 

(101)      1 = ? =  . . .  = ;_-= =  dt. 

&fe»  X2>  '  *  •»  <)         M*l»  *V  '  '  •»  Xn)  M*11  '  '  •»  X») 

Let 

(102)  x'i  =  0i(z1,  «2,  •••,*,;  <),  (i  =  1,  2,  •  •  •,  n), 

be  the  integrals  of  this  system  which  reduce  to  x1?  «2,  •••,  xn  respectively 
for  t  =  0.  The  relations  (102)  define  a  continuous  one-parameter  group,  the 
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variable  t  playing  the  part  of  the  parameter.    Indeed,  we  have  seen  (§31) 
that  the  general  integral  of  this  system  can  be  written  in  the  form 


where  fi15  02,  .  .  .,  ftw  are  n  functions  of  the  variables  xC,  which  we  have  defined 
exactly.  The  integrals  which  for  t  =  0  take  on  the  values  x15  x2,  •  •  •,  xn  are 
furnished,  therefore,  by  the  equations 


(103)  l'       »    M 

\nw(x;,  •  •  -,  x'n)  .-=  On(x1?  .  .  .,  xn) 


which  are  equivalent  to  the  relations  (102).  In  this  new  form  we  see  immediately 
that  these  transformations  form  a  group. 

Let  F(xv  x2,  •  -  -,  xn)  be  a  function  of  the  n  variables  xt-  ;  if  we  replace  the 
variables  xt  in  it  by  the  functions  x\  given  by  the  relations  (102),  the  result 
F(x(i  x2,  •  •  -,  xn)  is  a  function  of  x15  X2,  •  -  .,  xn,  t,  which  f  or  t  -  0  reduces  to 
F(x^,  «2,  •••,  xn).  Let  us  consider  the  problem  of  developing  this  function 
according  to  increasing  powers  of  t.  We  shall  denote  by  F'  the  result  of 
replacing  x>  by  x(  in  F(x^  x2,  •••,  xn),  and  we  shall  put 


where  /  is  any  function  of  x15  ar2,  .  .  .,  xn.   Similarly,  replacing  the  variables  Xi 
by  x't,  we  shall  put 


With  these  preliminary  definitions,  we  have,  by  the  differential  equations  (101), 

^  =  Wu  -  •  -  ,  <)  ^  +  •  •  •  +  *»  (x[,  •  .  •  ,  <)  ^  =  X'  (  J"). 
Likewise  we  have 


and  in  general 


where  ^'^(F')  denotes  the  result  of  the  operation  X'  carried  out  p  times  in 
succession.  Since,  for  t  =  0,  x{,  x2,  .  .  .,  xn  reduce  to  x15  x2,  .  .  .,  xn,  it  follows 
that  (dPF'/dtP)t=0  is  equal  to  .XO>>(.F),  and  the  development  of  F'  is  given  by 


the  formula 

(104) 


If  we  assume  that  the  function  F  is  regular  in  the  neighborhood  of  the  values 
BJ,  x2,  '  •  -,  xn,  the  series  on  the  right  is  convergent  as  long  as  |£|  is  sufficiently 
small.  We  have,  in  particular, 

(105)  x'{  =  xi  +  t-  ft  +  ^  2T(^  +  ~  XV>  (ft)  +  .  .  .. 
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Let  us  give  to  t  an  infinitesimal  value  St.  Putting  5x,  =  x'.  —  zf,  and  neglect 
ing  infinitesimals  of  higher  order  than  the  first  with  respect  to  S£,  the  preceding 
formulae  can  be  written  in  the  form 

(106)  5x1  =  f18«,         5z2  =  £25£,        •  ••,        dxn  =  {„«. 

We  say  that  these  relations  define  an  infinitesimal  transformation  and  that  X(/), 
or  2lt(c//c£i),  is  the  symbol  of  this  infinitesimal  transformation.  To  every  one- 
parameter  group  corresponds  an  infinitesimal  transformation,  and  conversely. 
If  we  choose  at  pleasure  n,  functions,  £p  £2,  •  •  .,  £„,  of  xv  x2,  •  ••,«„,  the  result 
ing  expression  X(f)  is  the  symbol  of  an  infinitesimal  transformation  that 
defines  a  continuous  group  whose  finite  equations  would  be  obtained  by  inte 
grating  the  system  of  differential  equations  (101). 

The  introduction  of  infinitesimal  transformations  has  made  it  possible  to 
apply  the  methods  of  the  differential  calculus  to  the  theory  of  groups.  Besides, 
in  many  questions  concerning  groups  it  is  the  infinitesimal  transformation 
which  is  concerned,  as  we  shall  see  from  a  few  examples. 

Let  us  consider  xv  x2,  •••,  xn  as  the  coordinates  of  a  point  in  space  of 
n  dimensions,  and  t  as  an  independent  variable  which  denotes  the  time.  If  t 
varies,  the  point  with  the  coordinates  x{,  x'2,  •••,  x'n  describes  in  a  space  of 
n  dimensions  a  curve,  or  trajectory,  starting  from  the  point  (xx,  x2,  •  •  •,  xn).  The 
space  of  n  dimensions,  or  at  least  a  region  of  that  space,  is  thus  decomposed 
into  an  infinite  number  of  one-dimensional  manifolds,  and  each  point  of  the 
given  region  belongs  to  a  single  one-dimensional  manifold.  We  say  that  a 
function  F(xv  •••,  xn)  is  an  invariant  of  the  group  considered  if  we  have 


whatever  may  be  the  value  of  t.  It  is  easy  to  obtain  all  the  invariants  of  a 
group.  In  fact,  dividing  the  two  sides  of  the  equation  (104)  by  t,  and  supposing 
F'  =  F,  we  obtain  the  relation 


X(F)  +     X&>(F)  +  .  •  •  +          jr<i»>(J)  +  .  .  .  =  0. 

Since  this  equality  must  hold  whatever  t  may  be,  it  is  necessary  in  particular 
that  we  have  X(F)  =  0.  We  say,  in  this  case,  that  the  function  F  admits  the 
infinitesimal  transformation  of  the  group.  This  condition  is,  moreover,  suffi 
cient  ;  for  if  we  have  X(F)  =  0,  we  also  have  X[X(F)]  =  0,  •  •  •,  and  therefore 
X<-P>  (F)  =  0,  whatever  p  may  be.  The  only  invariants  of  the  one-parameter  group 
are  therefore  the  integrals  of  the  equation  X(f)  =  0. 

Let  us  notice  that  if  two  groups  have  for  infinitesimal  transformations  X(f) 
and  UX(f)  respectively,  where  n(x1?  z2,  •••,  xn)  is  any  function  whatever, 
these  two  groups  have  the  same  invariants,  even  though  they  are  not  identical. 
If  we  apply  to  the  same  point  the  transformations  of  the  two  groups,  this  point 
will  indeed  describe  the  same  path,  but  with  different  velocities.  Conversely, 
if  two  groups  have  the  same  invariants,  the  two  infinitesimal  transformations 
JT(/)  and  T(f)  can  differ  only  by  a  factor  II(x1,  x2,  •  •  •,  xn)  which  depends 
only  upon  x1?  z2,  .  .  -,  xn,  for  the  two  equations  X(f)  =  0,  T(f)  =  0  must  have 
the  same  integrals. 

We  shall  now  introduce  another  important  concept.   Let 

(107)  xl  =  f(x,  y  ;  a),        yl  =  0  (x,  y  ;  a) 
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be  a  continuous  group  in  two  variables.  If  we  apply  a  transformation  of  this 
group  to  all  the  points  of  a  plane  curve  C,  we  obtain  another  plane  curve  Cr 
Let  y',  y",  •  •  • ,  yW  be  the  successive  derivatives  of  y  with  respect  to  x  and 
y'n  y\i  "  '•>  y? tne  successive  derivatives  of  yl  with  respect  to  x{ ;  we  have  seen 
(I,  §  61,  2d  ed. ;  §  35,  1st  ed.)  how  to  calculate  these  last  successive  derivatives 
in  terms  of  x,  ?/,  ?/',  •  • .,  y(«).  These  calculations  lead  to  formulse  of  the  form 


(108) 


• » 
;a). 


The  relations  (107)  and  (108)  define  also  a  group  of  transformations  in  n  +  2 
variables,  x,  y,  y',  •  •  -,  y(»),  which  is  called  the  extended  group  of  the  first.  We 
shall  assume  this  fact,  the  proof  of  which  presents  no  other  difficulties  than  the 
writing  of  rather  long  expressions.  We  shall  merely  show  how  the  infinitesimal 
transformation  of  the  extended  group  can  be  obtained.  Let 


be  the  infinitesimal  transformation  of  the  given  group.    We  can  write  the 
equations  of  this  group  in  the  form 


(109) 

.      ^       /  x  *      /v^7?  d»A 

=  y  +  r^to  2/H —  U — HI?— -)  +  •••• 

1  2\y  dx        dy/ 

and  from  them  we  derive 


The  coefficient  of  t  on  the  right,  after  expansion  in  a  single  power  series,  is  the 
only  thing  we  need  to  know.    It  is  obtained  by  a  division  and  is  equal  to 


^  _L  1*1  -  dJ\  **  -  (dJ\  /^ 
dx      \dy      dx/  dx      \dy}  \dx) 


The  symbol  of  the  infinitesimal  transformation  of  the  extended  group  is,  there 
fore,  for  n  =  1, 


dx  dy      \_dx      \dy      dx/          dy      J  dy' 

The  method  is  a  general  one.  If  the  coefficient  of  t  in  the  development  of  y[n~l] 
is  TT(X,  y,  y',  •  •  .,  y^-1)),  we  have  for  y(f 
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and  the  coefficient  of  t  on  the  right-hand  side  is 

!t+**' 

e 

Hence  we  can  calculate  step  by  step,  to  any  desired  value  of  n,  the  infinitesimal 
transformations  of  the  extended  groups  which  are  obtained  from  the  given  group. 
We  say  that  a  system  of  differential  equations 

(110)  «^  =  ^=        =dx. 

<£]         .A2  JLn 

admits  the  one-parameter  group  of  transformations  G  defined  by  the  equations 
(100)  if  it  changes  into  a  system  of  the  same  form, 

(111)  ^  =  ?f!  =  .  ..=*£, 

J"          Y'  T' 

«*!          ^2  ^n 

when  we  take  for  new  variables  xj,  x2,  •  -  •,  x'n  instead  of  xx,  x2,  •  •  •,  xn,  and  if 
this  is  true  whatever  the  value  of  the  parameter  a  may  be.  Here  and  below, 
the  symbol  X'{  denotes  the  same  function  of  the  variables  x\  that  X{  is  of  the 
variables  zt-.  In  order  that  this  be  true,  it  follows  from  the  relation  which  has 
been  established  between  the  system  (110)  and  the  partial  differential  equation 

(112)  x(/)=:r1|£+xf|£+...  +  jrm^=o 

CXj  CX2  v%n 

that  it  is  necessary  and  sufficient  that  every  transformation  of  the  group  G  shall 
carry  the  equation 

X'tn=2^<»i,«J,---,a^ 

f±i  Cl 

over  into  a  linear  equation  equivalent  to  X(f)  =  0  for  every  value  of  the 
parameter  a.  If  /(x:,  x2,  •  •  •,  xn)  is  an  integral  of  X(f)  =  0,  /'(Xj,  x2,  —  ,  x^) 
is  also  an  integral  of  X'(f')  =  0  ;  henceT  if  we  replace  x^,  •  •  •,  x'n  by  their  values 
given  by  the  expressions  (100),  /'(xj,  •  •  •,  x'n)  must  also  be  an  integral  of  X(f)  =  0. 
It  follows  that  the  necessary  and  sufficient  condition  that  the  system  of  differ 
ential  equations  (110)  admit  the  group  of  transformations  G  is  that  every  trans 
formation  of  that  group  shall  change  an  integral  of  the  equation  X(f)  =  0  into 
an  integral  of  the  same  equation. 
Let 


. 

3xl          dx2  dxn 

be  the  infinitesimal  transformation  of  the  group  G.    Replacing  the  parameter  a 
by  the  parameter  t  defined  above,  we  may  write 

/(xj,  xj,  •  •  -,  x,;)  =f(xlt  x2,  •  .  .,  x»)  +  *-  T(f)  +  ~  T[T(f)]  +  .  •  -. 

If  /(x1?  •  •  •,  xn)  is  any  integral  of  the  equation  (112),  the  same  thing  must  be 
true  of  /(Xj,  •••,  x^),  and  consequently  of 

/(*!,•••»  <)-/(*!»  •••»*•)! 

or  of 
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whatever  the  value  of  t  may  be.  In  particular,  T(f)  must  be  an  integral  of  the 
equation  (112).  This  condition  is  sufficient.  For,  let/1?  /2,  •  •  •,  fn-\  be  a  system 
of  n  -  1  independent  integrals.  If  T(fl),  T(/2),  •  •  •,  T  (/„_!>  are  also  integrals, 
the  same  thing  must  be  true  of  T(/),  where  /is  any  other  integral.  For  we 
have/=  Ilf/n/jj,  •  •  .,/n_i),  and  therefore 

T(f)  =  ~  T(f1)  +  .  .  .  +  ^-  T(fn_1). 

3/1  Cjn  -  1 

Since  T(f)  is  an  integral,  the  same  thing  is  true  of  r[T(/)],  and  so  on;  the 
same  is  therefore  true  of  f(x[,  x'^,  •  •  •,  x'n). 

Hence,  in  order  that  the  system  (110)  admit  the  group  G  of  transformations, 
it  is  necessary  and  sufficient  that,  iff  is  an  integral  of  X(f)  =  0,  T(f)  shall  also 
be  an  integral.  We  say  for  brevity  that  the  equation  X(f)  =  0  admits  the 
infinitesimal  transformation  T"(/). 

Let  us  now  take  a  differential  equation  of  the  first  order, 


In  order  that  the  equation  X(f)  =  Adf/dx  +  B  £f/dy  =  0  admit  the  infini 
tesimal  transformation  £  cf/cx  +  t\  df/dy,  it  is  necessary  that  we  have 


dx  cy  ex          cy 

where  w(x,  y)  denotes  an  integral  (other  than  a  constant)  of  X(f)  =  0,  and 
where  II  (w)  denotes  an  undetermined  function  of  u.  We  derive  from  these 
relations 


dx  Arj—Bt  )y      Ay—  B£ 

whence, 

da    _  Bdx  —  Ady 
n(o>)  ~     B£  —  Ari 

It  follows  that  1/(J5|  —  Arj)  is  an  integrating  factor  for  Bdx  —  A  dy.  Conversely, 
let  0  (x,  y)  be  a  function  such  that  its  total  differential  is 

Bdx  -Ady 

BS-Ar, 
Then  we  have,  simultaneously, 

A     d(f>     .      -ndfi  A 

=  A  —  +  B—  =  0, 


hence  T(0)  is  also  an  integral  of  the  equation  X(p)=  0.  We  can  state  this 
result  as  follows  : 

In  order  that  the  differential  equation  (114)  admit  the  group  of  transforma 
tions  derived  from  the  infinitesimal  transformation  %  df/dx  +  77  df/8y,  it  is  necessary 
and  sufficient  that  !/(#£  —  Arf)  shall  be  an  integrating  factor  for  Bdx  —  Ady. 

This  new  method  requires  only  the  knowledge  of  the  infinitesimal  transfor 
mation  of  the  group.  As  there  exist  an  infinite  number  of  integrating  fac^ 
tors,  we  see  that  every  equation  of  the  first  orcjer  admits  an  infinite  nunjbep 
pf  infinitesimal  transformations, 


II,  §36]  INFINITESIMAL  TRANSFORMATIONS  97 

Let  us  return  to  the  general  case  of  the  system  (110).  Let  X(f)  =  0  be 
the  corresponding  linear  equation  and  T(f)  the  symbol  of  an  infinitesimal 
transformation.  Let  us  consider  the  equation 

(115)  Z(/)  =  X[T(f)]  -  T[X (/)]  =  0, 

where  X[T(f)]  represents  the  result  of  the  operation  X(  )  applied  to  T(/), 
and  where  T[X(f)]  has  an  analogous  meaning;  Z(/)  is  still  a  linear  homo 
geneous  function  in  the  derivatives  of  the  first  order  c//cXi,  and  it  does  not 
contain  any  derivatives  of  the  second  order.  To  show  this,  it  suffices  to  prove 
that  the  coefficients  of  a  derivative  of  the  second  order  are  the  same  in 
X[T(f)]  and  T[X(f}}.  Now  the  coefficient  of  &f/cx}  is  Xffc,  and  that  of 
c*f/cxidxk  is  JTifc.  +  Xkh  in  T[X(f)],  and  it  is  obvious  that  these  coeffi 
cients  are  the  same  in  X[T(f)].  The  equation  Z(/)  =  0  is  therefore  an 
equation  of  the  same  type  as  the  equation  X(f)  =  0,  which  can  be  written 
in  a  form  exhibiting  the  coefficients  explicitly : 

(116)  Z  (/)  =  [KM  -  T(XJ\  |£+-"  +  [^&)  ~  T(X-)-\  g  +  • . .  =  0. 

If  now  T(f)  is  an  integral  of  the  equation  X(f)  =  0,  whenever /is  an  inte 
gral  of  the  same  equation,  every  integral  of  X(f)  =  0  evidently  satisfies  the 
linear  equation  Z(/)  =  0  ;  we  must  have,  therefore  (§  31), 

(117)  X[T(f)]  -  T[X(f)]  =  p  (xx,  x2,  •  • .,  xn)X(f), 

where  p  is  an  undetermined  function  of  xx,  £2,  •  •  •,  xn.  Conversely,  if  we  have 
an  identity  of  this  form,  every  integral  of  the  equation  X(f)  =  0  satisfies  also 
the  equation  X[T(f)]  =  0,  and  therefore  T(f)  is  also  an  integral  of  the  equa 
tion  X(f)  =  0.  The  necessary  and  sufficient  condition  that  the  linear  equation 
X(f)  =  0  admit  the  infinitesimal  transformation  T(f)  is  expressed  by  the  relation 
(117),  where  p  is  any  function  of  xv  x2,  •  •  -,  xn.  That  relation  is  equivalent  to 
the  (n  —  1)  distinct  relations 

-  T(X2)  JT(gn)-  T(Xn) 


X,  X2 

Given  a  differential  equation  of  the  nth  order, 

'  dx    dx2  dxn 

in  order  to  determine  whether  it  admits  the  group  of  transformations  deduced 
from  the  infinitesimal  transformation  £  (x,  y)  cf/dx  +  17  (x,  y)  cf/dy,  we  need  only 
replace  the  equation  (118)  by  a  system  of  n  differential  equations  of  the  first 
order,  taking  for  the  auxiliary  dependent  variables  the  first  (n  —  1)  deriva 
tives  y',  y",->-,  y(n~V,  and  then  determine  whether  this  system  admits  the 
infinitesimal  transformation  of  the  extended  group  of  G. 

Let  us  consider,  for  example,  the  equation  of  the  second  order  y"  —  <f>  (x,  y,  y7), 
which  may  be  replaced  by  the  system 

dx_dy_        dy/ 

T  ~  7  ~  0(*,!MO 
or  by  the  linear  equation 
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It  will  be  necessary  to  determine  whether  this  equation  admits  the  infinitesimal 
transformation 


On  carrying  through  the  calculations,  we  find  a  condition  which  contains  x,  ?/, 
and  y',  and  which  must  be  verified  for  all  values  of  these  variables.  The  equa 
tion  of  the  second  order  being  given,  if  we  wish  to  find  the  infinitesimal  trans 
formations  which  it  admits,  we  have  at  our  disposal  the  unknown  functions 
£(x,  y),  •>;  (x,  ?/),  which  do  not  contain  y'.  Writing  the  condition  that  the  preced 
ing  relation  is  independent  of  ?/',  we  may  have,  according  to  the  given  function 
</>(x,  i/,  y'),  a  limited  or  unlimited  number  of  equations  which  must  be  satisfied 
by  the  functions  £(x,  y)  and  77  (x,  y).  In  general  these  equations  will  be  incom 
patible,  and  we  see  that  an  equation  of  the  second  order,  taken  arbitrarily, 
does  not  admit  any  infinitesimal  transformation.  The  same  thing  is  true  of 
equations  of  higher  order,  and  it  is  seen  from  this  how  Sophus  Lie  was  able  to 
classify  differential  equations  according  to  the  number  of  independent  infini 
tesimal  transformations  which  they  admit. 


EXERCISES 

1*.  Let  M0  be  the  greatest  absolute  value  of/(x,  y0)  when  x  varies  from  x0 
to  x0  +  CL  If  the  letters  a,  &,  K,  x0,  y0  have  the  same  meaning  as  in  §  30,  the 
integral  of  the  equation  y'  =f(x,  y)  which  takes  on  the  value  y0  for  x  =  x0  is 
continuous  in  the  interval  (x0,  x0  +  p),  where  p  is  the  smaller  of  the  two  numbers 
a  and  log(l  +  Kb/M0)/K. 

[E.  LINDELOF,  Journal  de  MatMmatiques,  1894.] 

[The  inequalities 


are  established  step  by  step,  as  in  §  27,  and  yn  will  remain  between  y0  —  b  and 
yQ  _f_  ^  provided  that  we  have  e^te-V  <  1  +  bK/M0.] 

2.  Find   two   first  integrals   of    the   simultaneous   systems    of    differential 
equations 

(a)  +  4>'(x)y  -  V/(x)z  =  0,  +  f(x)y  +  0'(x)z  =  0, 


dy       _  dz  -dx 


y  (x  +  y)      (x  —  y)(2x+2y  +  z)      x(x  +  y) 

3.  The  expression  l/[y  —  xf(y/x)']  is  an  integrating  factor  for  dy  —f(y/x)dx. 

4.  The  general  form  of  the  differential  equations  of  the  first  order  which 
admit  the  infinitesimal  transformation  y  df/dx  —  x  df/dy  is 


x  +  yy' 
Deduce  from  this  an  integrating  factor. 
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5.  Find  the  general  form  of  the  differential  equations  of  the  first  order  which 
admit  the  infinitesimal  transformation  df/cx  +  z  (cf/cy) ;  the  infinitesimal  trans 
formation  x(cf/cx)  +  ay  (cf/cy). 

6.  Find  a  group  of  transformations  for  the  differential  equation 


where  a  is  constant,  and  deduce  from  it  an  integrating  factor. 
7  *.  The  differential  equations  of  the  elastic  space  curve, 

y'z"  -  z'y"  -  dz'  -  I  py, 

z'x"  —  x'z"  =  By*  —  \  /3x, 

z'y"  —  y'x"  =  8z'  —  a, 

where  a,  |8,  5  are  constants,  possess  the  two  first  integrals  z'2  +  2/'2  +  z'2  =  C, 
/3  (x2  +  y2)  —  4  z'  =  C'.  We  then  obtain  x  and  y  by  the  integration  of  a  differ 
ential  equation  of  the  second  order. 

[HERMITE,  Sur  quelques  applications  des  functions  elliptiques  (p.  93).] 


CHAPTER  III 

LINEAR  DIFFERENTIAL  EQUATIONS 
I.    GENERAL  PROPERTIES.     FUNDAMENTAL  SYSTEMS 

Linear  differential  equations  have  been  studied  more  thoroughly 
than  any  other  class.  They  possess  a  group  of  characteristic  proper 
ties  which  distinguish  them  sharply  and  at  the  same  time  simplify 
their  study.  Moreover,  they  appear  in  a  great  number  of  important 
applications  of  Analysis,  and  a  preliminary  study  of  them  is  very 
useful  before  undertaking  the  study  of  differential  equations  of  the 
most  general  form.  Except  when  otherwise  expressly  stated,  we 
shall  study  here  only  those  equations  whose  coefficients  are  analytic 
functions  of  the  independent  variable. 

37.  Singular  points  of  a  linear  differential  equation.  A  linear  differ 
ential  equation  of  the  nth  order  is  of  the  form 


av  «2,  •  •  •,  an+l  being  functions  of  the  single  variable  x.    Its  inte 
gration  is  equivalent  to  that  of  the  system 

dljn-1   '  '        .  +a  4-a.i  +a        =  0 


dx 

obtained  by  taking  for  auxiliary  dependent  variables  the  first  n  —  1 
derivatives  of  y.  Let  us  suppose  that  the  coefficients  a{  are  analytic 
in  a  circle  C0  with  the  radius  R  and  with  its  center  at  the  point  XQ, 
and  let  ?/0,  y'ot  y'J,  •  •  •,  yf-v  be  a  system  of  n  arbitrary  constants. 
Applying  to  the  equations  (2)  a  general  result  established  above 
(§  23),  we  see  that  the  equation  (1)  has  an  integral  analytic  in  the 
circle  CQ,  taking  on  the  value  yQ  for  x  =  XQ,  while  its  first  n  —  1 
derivatives  take  on  respectively  the  values  y'Q,  y'^  •  •  •,  y(^~l)  for  x  =  XQ. 
We  know  also,  from  the  general  theory,  that  it  is  the  only  integral 
of  the  equation  (1)  satisfying  these  initial  conditions ;  we  shall  say 
for  brevity  that  it  is  defined  by  the  initial  conditions  (a?0,  y ,  yj,  y'^ 

JOQ 
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•  •  "i  2/on~1})'  -^e^  us  now  suPPose  at  first,  for  definateuese,  that  uhe« 
coefficients  at  are  single-valued  functions  of  x,  having  in  the  whole 
plane  only  isolated  singular  points.  Let  L  be  a  path  joining  two 
non-singular  points  XQ  and  X,  and  not^passing  through  any  singular 
point  ;  the  integral  which  is  defined  by  the  initial  conditions  (XQ,  y^ 
y'o>  '  '  •>  2/on~i:>)  is  represented  by  a  power  series  P(x  —  XQ)  convergent 
in  the  circle  C0  with  the  center  XQ  and  passing  through  the  nearest 
singular  point  to  XQ.  We  can  follow,  by  means  of  this  series,  the 
variation  of  the  integral  along  the  path  L  as  long  as  the  path  does 
not  go  out  of  the  circle  CQ.  If  the  path  L  leaves  the  circle  CQ  at  a 
point  a,  let  us  take  a  point  xl  on  the  path  within  the  circle  C0  and  near 
enough  to  a  so  that  the  circle  Cl  with  the  center  xl  passing  through 
the  nearest  singular  point  does  not  lie  entirely  within  the  circle  CQ. 
From  the  series  P  (x  —  XQ)  and  from  those  which  we  obtain  by  suc 
cessive  differentiations,  we  can  derive  the  values  of  the  integral  and 
of  its  first  ?i  —  l  derivatives  at  the  point  xr  Let  y^  y{,  •  •  •,  y("~l)  be 
these  values  ;  the  integral  of  the  equation  (1),  which  is  defined  by 
the  initial  conditions  (xv  y^  y{,  •  •  •  ,  yin~ly),  is  represented  by  a  power 
series  P^(x  —  x^)  convergent  in  the  circle  Cr  The  values  of  the  two 
series  P  (x  —  XQ)  and  P^(x  —  xj  are  equal  in  the  part  common  to  the 
two  circles  CQ  and  C19  since  they  each  represent  an  integral  of  the 
equation  (1)  satisfying  the  same  initial  conditions.  It  follows  that 
the  series  PI(OJ  —  xj  represents  the  analytic  extension  in  the  circle 
Cl  of  the  analytic  function  defined  in  the  circle  CQ  by  the  series 
p(x  —  XQ).  If  all  of  the  portion  of  L  included  between  xl  and  A' 
does  not  lie  in  the  circle  C1?  we  shall  take  a  new  point  x2  on  the  path 
within  C1?  and  so  on  as  before. 

At  the  end  of  &  finite  number  of  operations  we  shall  certainly  arrive 
at  a  circle  containing  the  point  A'.  In  fact,  let  S  be  the  length  of 
the  path  L  and  8  the  lower  limit  of  the  distance  of  any  point  of  L 
to  the  singular  points.  The  radii  of  the  successive  circles  used  are 
at  least  equal  to  8,  and  we  can  choose  the  centers  of  these  circles  in 
such  a  way  that  the  distance  between  two  successive  centers  is  greater 
than  8/2.  After  p  operations  the  length  of  the  broken  line  obtained 
by  joining  these  successive  centers  will  be  equal  to  at  least  p§/2. 
If  we  have  pB/2  >  S,  the  length  of  the  broken  line  will  be  greater 
than  the  length  of  L.  Hence,  after  at  most  (p  —  1)  operations,  we 
shall  have  arrived  at  a  circle  containing  all  of  the  portion  of  L  included 
between  the  center  of  that  circle  and  the  point  X. 

Recapitulating,  we  see  that  we  can  continue  the  analytic  exten 
sion  of  the  integral  as  long  as  the  path  described  by  the  variable 


102  "    *    '*  •  '  LINEAR  DIFFERENTIAL  EQUATIONS  [Hi,  §  37 


•does  not-  pass  through  any  of  the  singular  points  of  the  coefficients  at. 
We  know,  therefore,  a  priori,  what  are  the  only  points  which  can  be 
singular  points  for  the  integrals  of  a  linear  equation.  It  may,  how 
ever,  happen  that  a  point  a  is  a  singular  point  for  some  of  the  coeffi 
cients  #t-  without  being  a  singular  point  for  all  the  integrals.  In  the 
particular  case  where  the  coefficients  are  all  polynomials  or  integral 
functions,  all  the  integrals  are  analytic  functions  in  the  whole  plane  ; 
that  is,  they  are  integral  functions  and  they  may  reduce  to  polynomials. 

The  reasoning  may  be  extended  also  to  the  case  where  the  coefficients  at-  have 
any  singularities  whatever,  it  being  possible  for  these  functions  to  be  multiple- 
valued.  If  we  start  from  a  point  x0,  where  these  coefficients  are  analytic,  and  if 
we  cause  the  variable  x  to  describe  a  path  L,  along  the  wjmle  length  of  which 
we  can  continue  the  analytic  extension  of  the  coefficients  c^,  we  can  like 
wise  continue  the  analytic  extension  of  the  integrals  along  this  path.  The  power 
series  which  represent  the  integrals  are  convergent  in  the  same  circles  as  the 
series  which  represent  the  coefficients. 

These  results  are  entirely  in  accord  with  those  which  we  have  deduced  from 
the  method  of  successive  approximations  (§  28). 

38.  Fundamental  systems.  Let  us  consider  a  linear  equation  which 
is  also  homogeneous,  that  is,  not  containing  a  term  independent  of  y, 

(3)  ^)  =  g  +  s|S+-+^g  +  ^  =  0, 

where  F(y)  denotes  no  longer  a  function  of  the  variable  y  but  the 
i  result  of  an  operation  carried  out  on  a  function  y  of  the  variable  x. 
From  the  definition  of  this  symbol  of  operation  it  is  clear  that,  if 
2/i>  2/2>  '  '  '»  2/p  are  any  P  functions  of  x,  and  C1?  <72,  •  •  .,  Cp  any  con 
stants,  we  have  the  relation 

^(^1+^2+  •'•  •  +  ^&)=  C^W  +  CtF(yJ  +  •  -  •  +CpF(yp). 

If  7/j,  yz,  '-,yp  are  integrals  of  the  equation  (3),  then  C^  +  C2y2  + 
.  .  •  -f-  Cpyp  is  also  an  integral,  whatever  the  numerical  values  of  the 
constants  C{  may  be.  If  we  know  n  particular  integrals  y^  t/2,  •  •  •  ,  yn 
of  the  equation,  we  can  therefore  deduce  from  them  an  integral 

(4)  y  =  C^  +  C27/2  +  •  •  •  +  Cnyn, 

in  the  expression  of  which  appear  n  arbitrary  constants  Cr  C2,  •  •  •,  Cn. 
We  cannot  conclude  from  this  that  the  expression  (4)  really  rep 
resents  the  general  integral  of  the  equation  (3) ;  we  must  first  assure 
ourselves  that  we  can  dispose  of  the  constants  Ca,  C2,  •  •  -,  Cn  in  such 
a  way  that,  for  a  particular  value  XQ  of  x,  different  from  a  singular 
point,  y  and  its  first  n  —  1  derivatives  take  on  any  values  given  in 
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advance.  For  the  sake  of  brevity,  let  us  indicate  by  (y?)0  the  value 
which  the  pth  derivative  of  the  particular  integral  y{  takes  on  at  the 
point  XQ.  Setting  the  values  of  the  integral  y,  and  of  its  first  n  —  1 
derivatives  at  the  point  XQ,  equal  to  these  arbitrary  quantities,  we 
obtain  a  system  of  n  linear  equations  to  determine  the  constants  Cv 
C2,  •  •  .,  CM.  The  determinant  of  the  coefficients  of  these  unknowns 


must  be  different  from  zero.  We  shall  denote  by  A(y1?  ?/2,  •  •  •,  yn) 
the  determinant  whose  elements  are  the  functions  ylt  y2,  •  •  •,  yn, 
and  their  derivatives  up  to  those  of  the  (n  —  l)th  order  : 


(5) 


2/i  £ 

y(n-l)        y(n 


If  this  determinant,  which  is  an  analytic  function  of  x  in  the  whole 
region  in  which  the  coefficients  al  are  analytic,  is  not  identically 
zero,  let  us  choose  for  XQ  a  point  where  this  determinant  is  not  zero. 
We  can  then  determine  the  constants  Ct-  so  that  y  and  its  first  n  —  1 
derivatives  take  on  any  initial  values  whatever  for  XQ.  Every  inte 
gral  of  the  equation  (3)  is  therefore  included  in  the  formula  (4). 
WTe  say,  for  brevity,  that  this  formula  represents  the  general  inte 
gral  of  the  equation  (3).  The  integrals  ylt  y2,  •  -  -,  yn,  such  that 
the  determinant  A^,  ?/2,  •  •  -,  yn)  is  different  from  zero,  form  a 
fundamental  system. 

If  this  determinant  is  identically  zero,  some  of  the  integrals  yl9  y^ 
•  •  •  ,  yn  can  be  deduced  from  the  others.  We  shall  say,  in  general, 
that  n  functions  yv  y^  •  •  -,  yn  of  the  variable  x  are  not  linearly 
independent  if  there  exists  between  these  n  functions  an  identity  of 
the  form 

(6)  ClVl  +  C2y2  +  •  •  •  +  Cnyn  =  0, 

where  Cv  C2,  •  •  •,  Cn  are  constants  not  all  of  which  are  zero.  In  order 
that  n  functions  y^  ?/2,  •  •  •,  yn  shall  not  be  linearly  independent,  it 
is  necessary  and  sufficient  that  the  determinant  &(yl}  y.2,  •  •  •,  yn)  be 
identically  zero. 

The  condition  is  first  necessary.  For  from  the  relation  (6)  we 
obtain  the  n  —  1  relations  of  the  same  form, 

(7)  Cl3#>  +  C23#>  +  -  -  -  +  CBy?>  =  0,          (p  =  1,  2,  .  .  .,  n  -  1) 

between  the  derivatives  of  the  first  order,  of  the  second  order,  etc., 
of  the  functions  y{.  Since  the  coefficients  C,  are  not  all  zero  by 
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hypothesis,  the  equations  (6)  and  (7)  cannot  be  consistent  unless 
the  determinant  A(?/1?  ?/2,  .  •  .,  yn)  is  identically  zero. 

Conversely,  suppose  that  A  =  0,  and  suppose  first  that  all  the 
first  minors  of  A  relative  to  the  elements  of  the  last  row  are  not 
identically  zero,  for  example,  that  the  cofactor  of  y£~l>, 


8  = 


Vl  2/2  ••'        2/«-l 

y'i        yi        "-    y'n-i 


is  different  from  zero.  Let  A  be  a  region  of  the  plane  of  the  variable  x 
where  the  functions  yi  are  analytic  and  where  this  determinant  8 
does  not  vanish.  Let  us  put 


(8) 

2) 


H 


These  n  —  1  equations  determine  K19  K^  .  .  .,  Kn_l  as  analytic  func 
tions  of  x  in  the  region  A,  since  Kt  is  the  quotient  of  an  analytic 
function  divided  by  the  minor  8  which  is  not  zero  in  A.  These  func 
tions  K19  -  -  -,  Kn_i  satisfy  also  the  relation 

(9)          yi-«  =  Kiy?-»  +  Kttf-»  +  •  •  •  +  Kn_iy^-f, 

since  A(yx,  y2,  •  •  •,  yB)  is  zero  at  every  point  of  A.  Differentiating 
once  each  of  the  equations  (8),  and  taking  account  of  these  same 
relations  and  of  the  relation  (9),  we  find 

A~i'yi  H  ----  +  A7,-i2/«-i  =  0, 


and  consequently  K(  =  K'2  =  -  -  •  =  K'n_^  =  0.  The  functions  K19  •  •  -, 
TT,^!  are  therefore  constants,  and  we  have  indeed  a  relation  of  the 
form  (6)  between  the  n  functions  ylt  ya,  •  •  •,  yn,  where  all  the  coeffi 
cients  are  constants  and  the  coefficient  Cn  is  different  from  zero. 
Since  this  relation  has  been  established  in  the  region  A,  it  follows, 
by  analytic  extension,  that  it  holds  in  any  region  in  which  the  func 
tions  ylf  y2,  -  -  -,  yn  exist  and  are  analytic. 

It  will  be  noticed  that  the  minor  8  is  precisely  equal  to 


If  this  minor  8  is  identically  zero  without  A(?/1,  ?/2,  •  •  •,  yn_2)  being 
also  zero,  a  similar  argument  would  show  that  the  functions  yl9  yz1 
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•  *  •  )  Vn~\  satisfy  a  relation  of  the  form  (6),  where  Cn  =  0,  Cn_l  =£  0. 
Continuing  in  this  way,  we  shall  therefore  surely  arrive  at  a  relation 
of  the  form  (6),  in  which  some  of  the  coefficients  may  be  zero.  If, 
therefore,  we  know  n  integrals  of  the  equation  (3)  such  that  A  (yv  y2, 
...  ,  7/n)  =  0,  one  at  least  of  these  integrals  is  a  linear  combination 
with  constant  coefficients  of  the  other  integrals.  It  may  also  happen 
that  these  n  integrals  reduce  in  reality  to  p  independent  integrals 
\_p  <n  —  Y\.  In  order  that  this  may  be  the  case,  it  is  necessary  and 
sufficient  that  all  the  determinants  analogous  to  A  which  can  be 
formed  with  p  -f-  1  of  these  integrals  shall  be  zero,  one  at  least  of 
the  determinants  formed  with  p  integrals  being  different  from  zero. 
The  same  lemma  enables  us  also  to  prove  that  the  general  integral 
of  the  equation  (3)  is  represented  by  an  expression  of  the  form  (4). 
For,  let  (ylt  y2,  •  •  •,  yn)  be  a  fundamental  system  of  integrals,  and  y 
any  other  integral.  From  the  (n  -+-  1)  equations 


we  derive,  by  elimination  of  the  coefficients  av  #2,  •  •  •,  an,  an  equation 
of  condition  which  is  no  other  than 

(10)  A^,^,  7/2,  ...,^)  =  0. 

We  have,  therefore,  between  these  n  -f  1  integrals,  a  relation  of  the 

form  <*  +  c1M-...  +  c1>y.  =  o( 

where  C,  Cx,  C2,  •  •  •,  Cn  are  constants  not  all  of  which  are  zero. 
Finally,  C,  the  coefficient  of  y,  is  certainly  different  from  zero,  since 
the  integrals  y^  y2,  -  •  -,  yn  are  linearly  independent. 

Every  linear  equation  of  the  nth  order  has  an  infinite  number  of  funda 
mental  systems  of  integrals.  In  order  to  obtain  such  a  system,  we  need  only 
take  n  integrals  such  that  the  determinant  formed  from  the  initial  values  of 
these  n  integrals  and  their  first  n  —  1  derivatives  for  a  non-singular  point 
x0  is  not  zero.  If  (y^  y2,  •••,?/«)  is  a  first  fundamental  system,  the  n  integrals 
ri?  F2,  •  •  .,  Tn,  given  by  the  equations 

Yi  =  Ci\y\  +  Ci22/2  +  •  •  •  +  CinVn,  (i  =  1,  2,  •  •  •,  n) 

where  the  coefficients  c,x-  are  constants,  form  a  fundamental  system,  provided 
that  the  determinant  D  formed  by  the  n2  coefficients  cik  is  different  from  zero. 
We  have,  in  fact,  by  the  rule  for  the  multiplication  of  determinants, 


It  follows  from  this  relation  that  the  quotient  [dA(yv  •  •  •,  yn)/dx~\/A  is  the 
same  whatever  may  be  the  fundamental  system.  We  shall  verify  this  by  cal 
culating  this  quotient.  For  this  purpose  let  us  observe  that  the  derivative  of  a 
function  F(x)  is  equal  to  the  coefficient  of  h  in  the  development  of  F(x  +  h)  in 
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powers  of  h.  If  we  give  to  x  an  increment  h,  and  if  we  replace  each  element, 
of  the  determinant  A  by  its  development,  retaining  only  the  terms  of  the  first 
degree  in  ft,  we  obtain  the  determinant 


hy" 


2/2  + 

2/2  + 


The  coefficient  of  h  is  the  sum  of  n  determinants  which  are  obtained  by  tak 
ing  the  coefficients  of  h  in  any  row  and  the  terms  independent  of  h  in  the  other 
rows ;  n  —  1  of  these  determinants,  having  two  rows  identical,  are  zero,  and 
there  remains 

2/i 

\ 


dx 


y(n-2> 


This  result  is  true,  whatever  the  functions  y1?  •  •  •,  2/n  may  be ;  if  these  func 
tions  are  integrals  of  the  equation  (3),  we  can  replace  y^  in  the  last  row  by 
—  aly(f~l)  —  ...  —  anyv  and  similarly  for  the  others.  There  remains,  after 
developing  with  respect  to  the  elements  of  the  last  row  and  taking  account 
of  the  determinants  which  have  two  rows  identical, 


(H) 


dx 


The  quotient  which  we  wish  to  calculate  is  therefore  equal  to  —  04,  and  we 
derive  also  from  the  preceding  result  the  value  of  the  determinant 


dx 


where  A0  denotes  the  Talue  of  A  f  or  x  =  x0.  This  expression  for  A  shows  that 
this  determinant  is  different  from  zero  at  every  non-singular  point,  if  it  is  not 
identically  zero  —  a  result  which  we  could  also  have  obtained  from  the  preceding 
properties. 

It  should  be  noticed  that  every  linear  equation  of  which  a  fundamental 
system  of  integrals  is  (y^  yz,  ••-,  yn)  can  be  written  in  the  form  (10) 


the  coefficients  containing  only  the  integrals  yi  and  their  derivatives.  This 
shows  that  any  n  linearly  independent  functions  y^  ?/2,  .  •  .,  yn  can  always  be 
regarded  as  forming  a  fundamental  system  of  integrals  of  a  linear  equation. 

39.  The  general  linear  equation.  A  non-homogeneous  linear  equation 
can  be  written  in  the  form 


where  the  term  independent  of  y  has  been  isolated  on  the  right-hand 
side.   We  shall  also  consider  the  equation  formed  by  replacing  f(x) 
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by  zero ;  the  resulting  equation,  F(y)  =  0,  is  called  the  corresponding 
homogeneous  equation.  If  we  know  a  particular  integral  Y  of  the 
equation  (12),  the  substitution  y  =  Y  +  z  reduces  the  integration 
of  that  equation  to  that  of  the  homogeneous  equation  F(z)=  0  by 
the  identity  F(Y+z)  =  F(Y)  +  F(z).  The  general  integral  of  the 
non-homogeneous  equation  is  therefore  represented  by  the  expression 

(13)  y  =  Y  +  Cl2/1  +  C27/2  +  •  -  •  +  CnynJ 

where  yv  ya,  •  •  •,  yn  are  a  fundamental  system  of  n  particular  inte 
grals  of  the  homogeneous  equation,  and  where  C19  C2,  •  •  •,  Cn  are 
n  arbitrary  constants.  It  often  happens  in  practice  that  we  can 
easily  obtain  a  particular  integral  of  a  linear  non-homogeneous  equa 
tion,  and  in  this  case  we  are  led  to  the  integration  of  the  homogeneous 
equation.  The  search  for  a  particular  integral  is  facilitated  by  the 
following  remark,  which  we  need  only  state :  If  f(x)  is  the  sum  of 
p  functions  /^x),/^),  •  •  •,  fp(x),  such  that  we  know  how  to  find  a 
particular  integral  of  each  of  the  equations 

*(y)  =/,(*)>      *(?)=/,(*).       ••-,      *W  =/,(*), 

the  sum  Yl  -\-  Yz  -f  •  •  •  -f-  Yp  of  these  p  particular  integrals  is  an 
integral  of  the  equation  F(y)  =  f(x). 

In  general,  if  ice  know  the  general  integral  of  the  homogeneous 
equation,  we  can  always  obtain  by  quadratures  the  general  integral 
of  the  non-homogeneous  equation  (supposing,  of  course,  that  the 
left-hand  side  is  the  same  for  the  two  equations). 

The  following  process,  due  to  Lagrange,  is  called  the  method 
of  the  variation  of  constants.  Let  (y^  y^  •  •  •,  yw)  be  a  fundamental 
system  of  integrals  of  the  equation  F(y)=0.  Imitating  as  much 
as  possible  the  process  employed  for  a  linear  equation  of  the  first 
order,  we  shall  seek  to  satisfy  the  equation  (12)  by  taking  for  y  an 
expression  of  the  form 

(14)  y  =  Cl2/1  +  C27/2  +  •  •  .  +  Cnyn, 

where  Cv  C2,  •  •  •,  Cn  denote  n  functions  of  x.  We  can  evidently 
establish  between  these  n  functions  n  —  \  relations  chosen  at  pleas 
ure,  provided  that  they  are  not  inconsistent  with  the  equation  (12). 
If  we  put 

Iyfi  +  yfi  +  .  •  •  4-  ynC'n  =  0, 
y(c{  +  y*c'z  +  . . .  +  yici  =  0, 
2/in-2)Ci  +  2#-2>c;  +  -  -  •  +  yln-2)cn'  =  0, 
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the  successive  derivatives  of  y  up  to  the  (n  —  l)th  derivative  have 
the  values 

(16)  y"  = 


The  first  of  the  relations  (15)  has  been  chosen  in  such  a  way  that 
the  first  derivative  y1  has  the  same  expression  as  if  Cv  C2,  •  •  •,  Cn 
were  constants,  and  similarly  for  those  that  follow.  The  derivative 
of  the  nth  order  has  a  less  simple  form : 

Substituting  the  preceding  values  of  ?/,  y\  y",  .  •  •,  T/(">  in  the  left-hand 
side  of  the  equation  (12),  the  coefficients  of  Cv  f'2,  •  •  -,  Cn  are  re 
spectively  F(y^),  F(y^),  •  -  ',  F(yn),  and  we  are  led  to  the  new  relation 

which,  together  with  the  relations  (15),  enables  us  to  determine 
ci>  '  '  '>  cn-  We  can  therefore  find  C1?  Ca,  •  •  •,  Cn  by  quadratures. 

We  can  also  make  use  of  the  following  method,  due  to  Cauchy. 

Let  (yv  2/2,  •••,  yn)  be  a  fundamental  system  of  integrals  of  the  equation 
F(y)  =  0.  Let  us  determine  the  constants  Cv  C2,  •  •  •,  CH  so  that  the  integral 
Ojj/j  +  •  •  •  +  CHyn  and  its  first  n  —  2  derivatives  all  vanish,  while  the  (n  —  l)th 
derivative  reduces  to  unity  for  a  value  aofx.  The  integral  <£  (x,  a)  thus  obtained 
depends,  of  course,  upon  the  variable  x  and  also  upon  the  initial  value  or,  and 
satisfies  the  n  conditions 

where  0^)(or,  a)  denotes  the  jpth  derivative  of  0(x,  a)  with  respect  to  x  for  the 
value  x  =  a.  If  we  replace  a  by  x  in  the  preceding  relations,  which  amounts 
to  a  simple  change  of  notation,  they  can  also  be  written  in  the  form 

where  0(p)(x,  x)  denotes  now  thepth  derivative  of  0(x,  a)  with  respect  to  x,  in 
which  we  have  replaced  a  by  x  after  the  differentiation.  With  this  under 
standing  let  us  consider  the  function  represented  by  the  definite  integral 

(18)  Y  = 

with  an  arbitrarily  fixed  lower  limit  x0.  Applying  the  general  formula  for 
differentiation,  and  taking  account  of  the  conditions  (17'),  we  find  successively 

p,  a)  f(a)  da, 


dx      Jx,  dz»-i 
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Substituting  these  values  of  F,  F',  .  .  -,  F<«>  in  F(Y),  we  find 
F(Y)  =f(x)  +   f  *[0<w>(z,  a)  +  ai0(»-D(x,  <*)+...  +  o«0(z,  a)]/(a)da. 

JxQ 

The  function  under  the  integral  sign  on  the  right  is  identically  zero,  since  0  (x,  a) 
is  an  integral  of  corresponding  homogeneous  equation,  whatever  may  be  the 
value  of  the  parameter  a.  From  this  it  follows  that  the  function  Y  represented 
by  the  definite  integral  (18)  is  a  particular  integral  of  the  non-homogeneous 
linear  equation.  It  will  be  noticed  that  this  integral,  as  well  as  its  first  (n  —  1) 
derivatives,  is  zero  for  the  lower  limit  £0,  which  is  supposed  different  from  a 
singular  point.* 

The  application  of  this  method  to  the  equation  dny/dxn=f(x)  leads  to 
precisely  the  result  obtained  above  (§  18). 

40.  Depression  of  the  order  of  a  linear  equation.  If  we  know  a  certain 
number  of  particular  integrals  of  a  linear  equation,  we  can  make  use 
of  them  to  diminish  the  order  of  the  equation.  Let  us  consider  first  a 
homogeneous  equation  of  the  nth  order,  and  let  y^  y2,  •  •  •,  yp,  (p  <  n) 
be  linearly  independent  integrals  of  that  equation.  The  substitution 
y=zy^z,  where  z  indicates  the  new  dependent  variable,  reduces  the 
proposed  equation  F(y)  =  0  to  a  new  equation  of  the  same  type  in 
z,  for  the  expression  for  any  one  of  the  derivatives  dpy/dxp  is  itself 
linear  with  respect  to  z  and  to  its  derivatives.  If  yl  is  an  integral 
of  the  equation  F(y)  =  0,  the  new  equation  in  z  must  have  z  =  1 
for  a  solution,  which  requires  that  the  coefficient  of  z  shall  be  zero  ; 
this  fact  is  verified  at  once  by  calculation,  for  the  coefficient  of  z  is 
precisely  F(y^).  The  equation  in  z  is  therefore  of  the  form 


*It  is  easy  to  verify  that  the  method  of  the  variation  of  constants  and  Cauchy's 
method  lead  to  the  same  calculations.    In  fact,  the  function  0  (x,  a)  of  Cauchy  is  of 

the  form 

0  (x,  a)  =  0t  (a)  T/J  (x)  +  02  (a)  y2  (z)  +  .  .  .  +  0n  (a)  yn  (z), 

where  the  functions  0i(#)  are  determined  by  the  conditions 

(or)          =0, 


and  the  particular  integral  (18)  has  the  value 


But  if  we  compare  the  conditions  (A)  with  the  relations  (15)  and  (15')  which  deter 
mine  the  Cf  in  the  method  of  the  variation  of  constants,  we  see  at  once  that  we  have 
Cj  (x)*>^f(z)/(x),  and  therefore  the  first  method  gives  us  a  particular  integral  by 
the  same  quadratures. 
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where  bv  #2,  •  •  •,  bn_l  are  functions  of  x.    This  equation  reduces  to 
a  linear  equation  of  order  n  —  1, 

(20)  ^+..  -+^=o, 


by  putting  u  =  dz/dx.  If  yv  ?/2,  •  •  •  ,  yp  are/>  integrals  of  the  equa 
tion  from  which  we  started,  the  equation  (19)  has  the  p  —  1  integrals 
'  '  '•>  yp/Vv  an(^  therefore  the  equation  (20)  has  the  integrals 


These  p  —  1  integrals  are  linearly  independent ;  otherwise  there 
would  exist  a  relation  of  the  form 

j   /„.  \ 

=  0, 

where  C2,  C3,  •  •  •,  Cp  are  constants  not  all  of  which  are  zero,  and  we 
could  conclude  from  it,  by  integration,  the  existence  of  a  relation  of 
the  same  form,  C2y2  +  •  •  •  +  Cpyp  -\-  Clyl  =  0,  where  C1  is  a  new  con 
stant.  If  p  >  1,  the  application  of  the  same  process  leads  from  the 
equation  (20)  to  a  new  linear  equation  of  order  n  —  2,  and  so  on. 
The  integration  of  a  linear  homogeneous  equation  of  which  p  inde 
pendent  particular  integrals  are  known  reduces,  therefore,  to  the  inte 
gration  of  a  linear  homogeneous  equation  of  order  n—  p,  followed  ly 
quadratures.  When  p  =  n  —  1,  the  last  equation  will  also  be  inte- 
grable  by  a  quadrature. 

Similarly,  if  we  know  p  integrals,  yv  ?/2,  •  •  • ,  yp,  of  a  non-homoge 
neous  equation,  such  that  the  p  —  1  functions 


are  linearly  independent,  the  substitution  y  =  y^  -f  z  leads  to  a  homo 
geneous  equation  having  the  p  —  1  integrals  ?/.,  —  ?/1?  •  •  -,  yp  —  yr 
It  is  therefore  possible  to  reduce  this  equation  to  a  linear  homogene 
ous  equation  of  order  n  —  p  -f-  1. 

Consider,  for  example,  the  linear  equation  of  the  second  order, 

(21) 

and  let  y^  be  a  particular  integral  of  this  equation.  If  we  put  y  =  y^ 
we  find 


-,^  _,/__,, 

dx  ~  Jl  dx  ~*~     dx  '         dx2  ~~  Jl  dx2  "*"     dx  dx  ~*~      dx* 
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and,  substituting  in  the  equation  (21),  we  find,  since  the  coefficient 
of  z  is  zero, 


Putting  dz/dx  =  u,  this  equation  can  be  written  in  the  form 

*?  +  (2<&+py\*2  =  0. 

u        \     dx          91J  y^ 

whence,  by  integration, 

Logw+    I    ^  cfo  +  Log  i/f  =  Log  C, 

Jx0 

or 

C    -f*PdX 

u  =  —  ej*o        . 

yl 

A  second  quadrature  will  give  z  and  consequently  y.    We  see  that 
the  equation  (21)  has  the  integral  y.2  given  by  the  expression 


(23)         *=yirf 

*/x.      "1 


which  is  independent  of  ?/r  T/ie  general  integral  of  a  linear  homo 
geneous  equation  of  the  second  order  is  therefore  obtained  by  two  quad 
ratures  ivhen  we  know  a  particular  integral* 

This  property  is  a  mark  of  similarity  between  the  linear  equation 
of  the  second  order  and  Riccati's  equation  (§  7).  There  exists,  in 
fact,  a  very  close  relation  between  these  two  kinds  of  differential 
equations.  If  we  depress  the  order  of  the  homogeneous  equation  (21) 
by  the  process  of  §  19,  by  substituting 

Czdx 

y  =  ej      , 
we  are  led  to  a  Kiccati  equation, 

(24)  z1  +  z°  +  pz  +  q  =  0. 


*  We  can  derive  from  these  results  a  very  simple  proof  of  an  important  theorem 
of  Sturm.  Let  us  suppose  that  the  coefficients  p  and  q  are  continuous  real  functions 
of  the  real  variable  x  in  the  interval  (or,  6),  and  let  aj0,  %i  be  two  consecutive  zeros  of 
a  particular  integral  y\(x)  in  the  interval  (a,  6).  If  7/2(2)  is  another  particular  inte 
gral  independent  of  y\(x),  the  formula  which  gives  u  can  be  written 


which  shows  that  the  quotient  yz/l/i  varies  always  in  the  same  sense  when  x  increases 
from  20  to  %i .  Now  this  quotient  is  infinite  for  x  =  x0  and  for  x  =  a^ ;  hence  it  constantly 
increases  from  - oo  to  +  »  or  decreases  from  +  x>  to  -  co .  The  equation  y-2(x)=Q  has 
therefore  one  and  only  one  root  in  the  interval  (z0>  *i)« 
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Conversely,  any  Riccati  equation 

(25)  u'  +  au?  +  bu  +  c  =  0, 

where  a,  b,  c  are  functions  of  x(a  =f=  0),  may  be  reduced  to  the 
form  (24)  by  putting  u  =  z/a,  which  transforms  (25)  to  an  equation 
of  the  form  (24), 


It  follows  that  the  general  integral  of  the  equation  (25)  is 
(26)  u  =  ±C*y(  +  C*y*> 

a  c\2/i  +  c>2 

where  y^  and  ?/2  are  two  independent  integrals  of  the  linear  equation 


This  expression  really  contains  only  a  single  arbitrary  constant,  that 
is,  the  quotient  CZ/CV  which  appears  in  it  to  the  first  degree.* 

Example.   Legendre's  polynomial  Xn  (I,  §  90,  2d  ed.  ;  §  88,  1st  ed.)  satisfies 
the  differential  equation 

(27)  (1-  x')        -  2x       +  n(n  +  l)y  =  0. 


*  It  would  seem  that  a  quadrature  might  be  necessary  to  derive  the  general 
integral  of  the  linear  equation  (21)  from  the  general  integral  of  Riccati's  equation 
(24).  In  reality  this  is  not  the  case,  or,  rather,  the  quadrature  reduces  to  the  calcula 
tion  of  fpdx.  In  general,  let  z=<f>(x,  C)  be  the  general  integral  of  a  differential 
equation  of  the  first  order,  dz/dx=f(x,  z).  From  the  relation 


we  derive,  by  differentiating  with  respect  to  the  constant  (7, 

£20    a/  a^         a/    a 
~  = 


From  the  last  equation  we  find  f(df/d<f>)  dx  =  Log  (30/30),  where,  of  course,  the 
same  value  of  the  constant  C  is  to  be  understood  in  the  two  sides  of  the  equation. 
Applying  this  to  Riccati's  equation  (24),  if  z  =  0  (x,  C)  is  the  general  integral  of  that 
equation,  we  conclude  that 


If  z-i,  Z2,  zs  are  three  integrals  of  the  equation  (24),  on  carrying  out  the  calculation 
(see  §  7)  we  find  that  the  general  integral  of  the  linear  equation  (21)  has  the  form 


-  z2)  (z3  -  z9)  (z9  - 
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To  prove  this  it  suffices  to  notice  that,  by  putting  u  =  (x2  —  l)n,  we  have  the 
relation  (x2  —  l)u'  =  2nxu,  and  by  taking  the  (n  +  l)th  derivative  of  the  two 
sides  we  have  an  equation  which  is  identical  with  the  equation  (27)  when  we 
replace  dnu/dxn  in  it  by  y.  In  order  to  obtain  a  second  particular  integral  of 
the  equation  (27),  we  shall  apply  the  general  formula  (23)  with  p  equal  to 
2  x/(x2  -  1)  =  l/(x  +  1)  +  l/(x  -  1) ;  this  gives 

dx 

y*  =  " 


It  might  seem  necessary  to  know  the  n  roots,  a1?  o-2,  •  •  •,  tfn,  of  the  polynomial 
Xn  in  order  to  calculate  this  integral,  but  this  is  not  the  case.  For,  let  us  write 
the  integrand  in  a  form  which  exhibits  the  simple  fractions  which  come  from 
the  roots  +  1  and  —  1  of  the  denominator  : 


=1/      1  *      \    .     Pn 

2\x-l      x  +  1/      X 


where  Pn  is  a  polynomial  of  degree  2  n  —  2,  the  quotient  obtained  by  dividing 
1  —  Xl  by  x2  —  1.   It  follows  that 


This  last  integral  is  a  rational  function,  for  if  it  contained  a  logarithmic  term 
such  as  Log(x  —  <?t-),  the  point  ai  would  be  a  singular  point  for  ?/„,  and  the  inte 
grals  of  the  equation  (27)  can  have  no  other  singular  points  than  x  =  ±  1  (§  37). 
We  can  therefore  calculate  this  integral  by  rational  operations  (I,  §  104,  2d  ed.  ; 
§  109,  1st  ed.).  Since  the  integral  must  be  of  the  form  Qn-iX-^m  where  Qn_i 
may  be  taken  as  a  polynomial  of  degree  not  greater  than  n—  1,  we  can  deter 
mine  the  coefficients  of  this  polynomial,  for  example,  by  the  condition 


Having  once  obtained  the  polynomial  Qn-i,  we  may  write  the  general  integral 
of  the  equation  (27)  in  the  form 


41.  Analogies  with  algebraic  equations.  The  preceding  properties  establish  an 
evident  analogy  between  the  theory  of  linear  differential  equations  and  the 
theory  of  algebraic  equations.  This  analogy  persists  in  a  large  number  of 
questions.  As  an  example  of  this  we  shall  show  how  we  can  extend  to  linear 
equations  the  theory  of  the  greatest  common  divisor.  In  general,  let 


be  a  symbolic  polynomial  where  a0,  ax,  •  •  •,  an  are  given  functions  of  x.  If  a0 
is  not  zero,  we  shall  say  for  brevity  that  F(y)  is  of  the  nth  order.  If  G(y)  is  a 
symbolic  polynomial  of  the  same  nature  and  of  the  pth  order,  it  is  clear  that 
G  [F(y)]  is  again  a  symbolic  polynomial  of  the  same  kind  and  of  the  (71  +  p)ih 
order.  Let  now 
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be  another  polynomial  of  order  ra  (m  ^  n)  .  We  can  find  a  third  polynomial  G  (y) 
of  order  n  —  m  such  that  F(y}—  G  [Fl  (y)]  is  at  most  of  order  m  —  I  (a  poly 
nomial  of  order  zero  is  of  the  form  ay,  where  a  is  a  function  of  x).  Let  us  put 


The  coefficient  of  dny/dxn  in  ^[^(y)]  is  X060,  and  if  we  take  X0  =  a0/60,  the 
difference  F(y)  —  \dn-m[Fl(y)]/dxn~m  will  be  at  most  of  order  n  —  1.  Let  a{ 
be  the  coefficient  of  dn~ly/dxn~l  in  this  difference.  If  we  take  \  =  a[/bQ,  the 
difference 


will  be  at  most  of  order  n  —  2.  Continuing  in  this  way,  we  see  that  we  can 
determine,  step  by  step,  the  coefficients  X0,  X1?  .  .  .,  Xn_m  in  such  a  way  as  to 
obtain  an  identity  of  the  form  • 


(28) 

where  Fz  (y)  is  at  most  of  order  m  —  1.  This  operation  is  entirely  analogous  to 
the  division  of  one  algebraic  polynomial  by  another. 

Now  suppose  that  we  wish  to  obtain  the  integrals  common  to  two  linear 
equations 

(29)  F(y)  =  0,         F,(y)  =  0. 

The  identity  (28)  shows  that  these  integrals  are  the  same  as  the  integrals 
common  to  the  two  equations  F^(y)  =  0,  F2(y)  =  0.  If  F2(y)  is  not  identically 
zero,  the  same  operations  can  be  repeated  on  F^(y]  and  F2(y),  and  so  on 
until  we  arrive  at  two  consecutive  polynomials,  Fk_i(y)  and  Fk(y),  such  that 
Fk-i(y)  =  Gk-i[Fk(y)].  This  last  symbolic  polynomial  Fk(y)  is  the  analogue 
of  the  algebraic  greatest  common  divisor  :  all  the  integrals  common  to  the  two 
equations  (29)  satisfy  the  linear  equation  F]c(y)  =  0,  and  conversely.  If  Fk(y)  is 
of  the  degree  zero,  the  two  equations  have  no  other  common  integral  than  the 
trivial  solution  y  =  0. 

If  in  the  relation  (28)  Fz(y)  is  identically  zero,  the  equation  F(y)  =  Q  has 
all  the  integrals  of  Fl  (y)  =  0.  Conversely,  in  order  that  F(y)  =  0  shall  have  all 
the  integrals  of  F^(y)  =  0,  it  is  necessary  that  F2  (y)  be  identically  zero,  for  a 
linear  equation  of  order  not  greater  than  ra  —  1  cannot  have  all  the  integrals 
of  a  linear  equation  of  the  rath  order.  Hence  in  this  case  we  have  identically 

F(y)=G[Fl(y)], 

and  if  we  put  F^y)  =  z,  the  integration  of  F(y)  =  0  is  reduced  to  the  successive 
integration  of  the  two  linear  equations 


of  orders  n—m  and  ra,  of  which  only  the  second  is  non-homogeneous. 

We  can  deduce  from  this  observation  another  solution  of  a  problem  already 
treated.  Suppose  that  we  know  p  independent  integrals  y^  y2,  -  •  •,  yp  (p  <  n) 
of  F(y)  =  0.  We  can  form  a  linear  equation  of  the  pth  order  having  these  p 
integrals  (§  38).  Let  F^y)  =  0  be  this  equation  of  the  pth  order  ;  then  we  have 
identically  F(y)  =  ^[^(y)],  and  if  the  equation  G(z)  =  0  of  order  n  —  p  has 
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been  integrated,  we  can  integrate  F^y)  =  z  by  quadratures  alone,  since  we 
know  the  general  integral  of  F^y)  =  0.  The  reduction  is  the  same  as  by  the 
first  method,  but  the  new  process  is  more  symmetric. 

Appel,  Laguerre,  Halphen,  E.  Picard,  and  many  others  after  them  have  ex 
tended  to  linear  equations  the  theory  of  symmetric  functions  of  the  roots,  the 
theory  of  invariants,  and  the  very  fundamental  work  of  Galois  relative  to 
the  group  of  an  algebraic  equation.  The  theory  of  invariants  is  founded  on  the 
easily  verified  fact  that  a  linear  homogeneous  equation  is  changed  into  a  new 
equation  of  the  same  kind  by  every  transformation  of  the  type 

z=/(0,       y  =  «0(0, 

where  t  is  the  new  independent  variable  and  z  the  new  dependent  variable, 
whatever  the  functions  f(t)  and  <f>(t)  may  be. 

We  can  sometimes  make  use  of  this  transformation  to  simplify  a  linear  equa 
tion.  For  example,  if  we  wish  to  make  the  coefficient  of  the  derivative  of 
order  n  —  1  disappear,  we  find  that  it  suffices  to  put 


y  =  ze   n  J        , 

retaining  the  variable  x.  Since  we  have  two  arbitrary  functions  /  and  0  at  our 
disposal,  it  would  seem  that  we  could  take  advantage  of  them  to  make  two 
coefficients  disappear  ;  but  this  reduction,  although  theoretically  possible,  is 
illusory  in  most  cases.  For  example,  we  can  always  choose  the  functions /and 
0  so  as  to  reduce  any  linear  equation  of  the  second  order  to  the  simple  form 
z"  =  0,  but  the  actual  determination  of  these  functions  presents  the  same  diffi 
culties  as  the  problem  of  integrating  the  original  equation. 

42.  The  adjoint  equation.  Lagrange  extended  the  theory  of  integrating  factors 
to  linear  equations  in  the  following  way.  Let  F(y)  be  a  linear  function  of  y 
and  of  its  first  n,  derivatives, 

F(y)  =  a0yW  +  a^fr-D  +  . . .  +  an-iy'  +  any, 

where  a0,  a^  •  •  •,  an  are  any  functions  of  x,  and  where  y',  y",  •  •  •,  y(»)  denote 
the  successive  derivatives  of  y.  Let  us  try  to  find  a  function  z  of  x  such  that 
the  product  zF(y)  shall  be  the  derivative  with  respect  to  x  of  another  function 
linear  in  y  and  in  its  derivatives  up  to  those  of  order  n  —  1.  The  general  for 
mula  for  integration  by  parts  (I,  §  87,  2d  ed.;  §  85,  1st  ed.),  applied  to  each  of 
the  terms  of  the  product  zF(y),  gives  us 


where  we  have  put 
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If  we  denote  by  ^  (y,  z)  the  expression  which  appears  on  the  right-hand  side 
of  the  equation  (30)  which  is  bilinear  with  respect  to  y  and  z  and  to  their 
derivatives,  we  can  write  that  equation  in  the  abridged  form 

(32)  zF(y)  -  yG  (z)  =  A  [*  (y>  z)], 

so  that  for  all  the  possible  forms  of  the  functions  y  and  z  the  binomial 
zF(y)  —  yG  (z)  is  the  derivative  of  ^  (?/,  z).  If  we  now  take  for  z  an  integral  of 
the  equation  G(z)  =  0,  the  product  zF(y)  is  the  derivative  of  an  expression  of 
the  same  form,  linear  with  respect  to  ?/,  y\  •••,  y(n~l\  and  the  equation 
F(y)  =  0  is  equivalent  to  a  linear  equation  of  order  n  —  1, 


(33) 

which  we  obtain  by  replacing  in  SI>  the  function  z  by  the  integral  in  question. 
Now  the  equation  G  (z)  =  0  is  likewise  a  linear  equation  of  the  nth  order  ;  it 
is  called  the  adjoint  equation  of  F(y)  =  0,  and  the  symbolic  polynomial  G(z)  is 
called  the  adjoint  polynomial  of  F(y). 

We  see,  then,  that  if  we  know  an  integral  of  the  adjoint  equation,  the  inte 
gration  of  the  given  equation  is  reduced  to  the  integration  of  a  linear  equation 
of  order  n  —  1  whose  right-hand  side  is  an  arbitrary  constant.  If  we  know  p 
independent  integrals,  zl  ,  z2  ,  •  •  •  ,  zp,  of  the  adjoint  equation,  every  integral  of 
the  given  equation  satisfies  p  relations  of  the  form 

(34)  *(y,«1)  =  cri»  *(y.«a)  =  Cfa»  •<••  *(y,zp)=Cp, 
where  Ct  ,  C2  ,  •  •  •  ,  Cp  denote  p  constants.  Eliminating  the  derivatives  y(«  -  *>, 
7/0*-2)?  ...?  y(n-p  +  i)  from  these  p  equations,  we  obtain  a  linear  equation  of 
order  n  —  p  whose  right-hand  side  depends  upon  the  p  arbitrary  constants  Cl  , 
^2  '  '  '  '  »  Cp  .  In  particular,  if  p  =  n  (that  is,  if  we  know  the  general  integral  of 
the  adjoint  equation),  we  can  solve  the  n  equations  (34)  for  ?/,  y',  •  •  -,  y(n~  D,  and 
we  can  obtain  the  general  integral  of  the  given  equation  without  any  quadrature. 

There  exist  between  the  integrals  of  the  two  equations  F(y)  =  0,  G(z)  =  0 
some  remarkable  relations,  which  we  cannot  develop  here.*  We  shall  only  show 
that  there  exists  a  reciprocal  relation  between  these  two  equations.  More  pre 
cisely,  if  G(z)  is  the  adjoint  polynomial  of  F(y),  then,  conversely,  F(y)  is  the 
adjoint  polynomial  of  G  (z).  For  if  F^y)  denotes  the  adjoint  polynomial  of  G  (z), 
we  have  a  relation  between  F^y)  and  G(z)  of  the  same  form  as  the  relation  (32), 

(32')  yG  (z)  -  zF^y]  =  £  [^  z)]. 

Adding  the  relations  (32)  and  (32X),  we  find 


z[F(y)  -  ^(y)]  -       [*(1,,  Z)  +  *l(2/,  z)]. 

If  F(y)  —  F^y)  were  not  zero,  the  product  z  [F(y)  —  F^y)]  would  be  the  deriva 
tive  of  a  function  containing  z  and  some  of  its  derivatives.  Now  the  derivative 
of  a  function  containing  z,  z',  •  •  •  ,  z^  contains  at  least  one  derivative  of  z, 
namely,  Z<P  +  I).  The  preceding  relation  is  therefore  possible  only  if  F^y)  is 
identical  with  F(y). 

*  See  DARBOUX,  Theorie  des  surfaces,  Vol.  II,  Bk.  IV,  chap.  v.  See  also  Exercise 
17,  p.  171,  at  the  end  of  this  chapter. 
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II.  THE  STUDY  OF  SOME  PARTICULAR  EQUATIONS 

43.  Equations  with  constant  coefficients.  Linear  differential  equa 
tions  with  constant  coefficients  were  integrated  by  Euler.  Consider 
first  a  homogeneous  equation 

(35)          F(y)  =  /">  +  «y -J)  +  .  .  .  +  an_^  +  any  =  0, 

where  a1?  «2,  •  •  •,  an  are  any  constants.  By  the  general  theory  (§  37) 
none  of  the  integrals  of  this  equation  have  a  singular  point  in  the 
finite  plane ;  that  is,  they  are  integral  functions  of  x.  Let 

y  "  C°  +  Cl  I        2  2~!  ~CmmA 

be  the  development  in  series  of  an  integral.  The  series  which  repre 
sent  the  successive  derivatives  have  an  analogous  form.  Replacing  y 
and  its  successive  derivatives  by  their  developments  in  series  in  the 
left-hand  side  of  the  equation  (35),  and  equating  to  zero  the  coefficient 
of  any  power  of  x,  say  xp,  we  obtain  the  following  relation  between 
n  +  1  consecutive  coefficients  : 

(37)     cn+p  +  a^n+p_^  +  <VW,-a  +-•*•+  an_lCp  +  l  +  ancp  =  0. 

If  we  substitute  in  it  successively  p  =  0,  1,  2,  •  •  •,  we  can  calculate, 
step  by  step,  all  the  coefficients  cn ,  cn  + 1 ,  •  •  • ,  in  terms  of  the  n  first 
coefficients  c0,  cl9  •  •  •,  cn_lf  which  may  be  taken  arbitrarily.  The 
series  (36)  thus  obtained  is  convergent  in  the  whole  plane  and  repre 
sents  the  integral  which  f  or  x  =  0  is  equal  to  c0,  while  the  first  n  —  1 
derivatives  take  on  respectively  the  values  clf  c2,  •  •  •,  cn_1  for  x  =  0. 
We  shall  show  that  this  integral  can  be  expressed  in  terms  of  expo 
nential  functions  when  it  does  not  reduce  to  a  polynomial. 

The  equation  (37)  is  a  recurrent  formula  with  constant  coefficients 
which  connects  the  n  -f-  1  consecutive  coefficients.  Now  it  is  easy  to 
find  particular  solutions  of  that  equation.  For  this  purpose,  let  us 
consider  the  algebraic  equation 

which,  for  the  sake  of  brevity,  we  shall  call  the  auxiliary  equation, 
the  left-hand  side  f(f)  being  the  auxiliary  polynomial.  If  r  is  a  root 
of  this  equation,  it  is  clear  that  the  relation  (37)  is  satisfied,  what 
ever  may  be  the  value  of  the  integer  p,  by  putting  cm  =  r"1.  The 
particular  integral  thus  obtained  is  equal  to  erx,  and  we  see  that  erx 
is  a  particular  integral  of  the  equation  (35)  if  r  is  a  root  of  the 
auxiliary  equation  /(?•)  =  0.  The  verification  is  immediate,  for  if  we 
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replace  y  by  erx  in  the  left-hand  side  of  the  equation  (35),  the  result 
of  the  substitution  is  erxf(r). 

If  the  equation  (38)  has  n  distinct  roots  rlt  r2,  •  •  -,  rn,  we  know  n 
particular  integrals  erix,  erzx,  •  •  .,  er*x,  and  therefore  an  integral 

/QO\  /"f         T    X       I        i~^         T    X       I  /"Y          r    7* 

\  /  *?  1  2  71  ? 

the  expression  for  which  contains  n  arbitrary  constants  C  ,  C2,  •  •  «,  CB. 
This  expression  represents  the  general  integral,  for  the  determinant 
A(eria:,  erzx,  «  •  •,  er»x)  can  be  written  in  the  form 

1         r,         •?        ...        rf- 


A  = 


and  the  determinant  on  the  right  is,  except  for  sign,  the  product  of 
the  differences  r{  —  rk. 

Before  studying  the  case  in  which  the  auxiliary  equation  has 
multiple  roots,  we  shall  prove  a  lemma.  Let  us  make  the  substi 
tution  y  =  eaxz  in  the  equation  (35),  where  a  is  any  constant  and  z 
the  new  dependent  variable ;  by  Leibnitz's  formula  we  have 

=  e"x(az  +  z'), 


(40) 


/(P)   _ 


2! 


Substituting  these  values  of  y,  y',  y",  ...  in  the  left-hand  side  of 
the  equation  (35),  eax  appears  as  a  factor,  and  we  have 

F(eaxz)=  eaxG(z), 

.where  G(z)  is  a  linear  expression  in  s,  «',•••,  ^(n)  with  constant 
coefficients.  In  order  to  calculate  the  coefficients  of  6?(«),  let  us 
observe  that  if  we  replace  in  F(y)  the  indices  which  indicate  differ 
entiation  by  exponents,  and  y  itself  by  if  =  1,  the  result  obtained  is 
identical  with  /(?/).  If  we  carry  out  the  same  transformation  with 
the  function  z,  the  formulae  (40)  may  be  written  symbolically 

yp  =  eax(a  +  z)p  ; 

hence  G(z)  can  also  be  written,  in  the  same  symbolic  notation, 
f(a  -f-  z),  and,  replacing  the  exponents  of  z  by  the  indices  which 
indicate  differentiation,  we  see  that  the  new  equation  in  z  is 


(41)  F(ea*z)  =  e«x\f(a) 


-f 


HI 


=  0 
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Now  let  r  be  a  />-fold  root  of  the  auxiliary  equation  ;  if  we  replace  a 
by  that  root  r  in  the  equation  (41),  the  coefficients  of  z,  «',  z",  •  -  •  ,  z(p~l> 
in  this  equation  are  zero,  and  we  obtain  an  integral  by  taking  for  z  a 
function  whose  pth  derivative  is  zero,  that  is,  an  arbitrary  polynomial 
of  degree  p  —  1.  Consequently,  if  r  is  a  p-fold  root  of  the  auxiliary 
equation,  to  that  root  corresponds  p  particular  independent  integrals  of 
the  linear  equation  (35),  e™,  xerx,  •  •  -,  xp~lerx. 

Let  the  k  distinct  roots  of  f(r)  —  0  be  rv  ?*2,  •  •  •  ,  rk)  and  let  their 
respective  orders  of  multiplicity  be  denoted  by  fjLlt  /^2,  •  •  •,  /,iA.(2/i,.  =  n). 
From  these  roots  we  can  form  n  particular  integrals  of  the  linear 
equation.  These  n  integrals  are  independent,  for  any  linear  relation 
with  constant  coefficients  between  these  n  integrals  would  lead  to  an 
identity  of  the  form 

eTi'+^x)  +  er**^(x)  +  -  •  -  +  <r*+k(x)  =  0, 

where  <£t,  <£2,  •  •  •,  <£„  denote  polynomials  not  all  of  which  vanish 
identically.  Such  a  relation  is  impossible  if  the  k  numbers  rv  r2,  •  •  •, 
rk  are  distinct.  For,  let  nlt  wa,  •  •  •,  %-  h6  tne  respective  degrees  of 
these  polynomials.  It  is  understood  that  any  term  in  the  identity 
is  simply  omitted  if  the  corresponding  polynomial  is  zero.  Dividing 
by  erix}  we  can  again  write  this  relation  in  the  form 

x  =  0. 


Differentiating  both  sides  of  this  equation,  we  have 

&(x)+  e(r»-ri>-  [&(*)  +  fa  -  rJh(x)-]+  .  •  .  =  0. 

The  degree  of  the  polynomial  which  multiplies  e^~r^x  is  again 
equal  to  n^  and  the  polynomial  does  not  vanish  ;  and  similarly  for 
the  others.  After  having  differentiated  (^  +  1)  times,  we  shall  have, 
therefore,  a  relation  of  the  same  form  as  the  relation  from  which 
we  started,  but  with  one  term  less, 

***^(x)+<f**$z(x)+  .-  .+  #*'1,t(x)=  0, 

where  the  k  —  1  numbers  s.2,  •  •  •,  st  are  different,  and  where  ^2,  \f/8, 
-  -  •,  \f/k  are  polynomials  of  degrees  n^  ns,  -  •  •,  nk  respectively.  Continu 
ing  in  this  way,  we  arrive  finally  at  a  relation  of  the  form  etxir(x)  =  0, 
where  IT  (x)  is  a  polynomial  not  identically  zero.  But  this  is  evidently 
absurd.  The  general  integral  of  the  linear  equation  (35)  is  therefore 
represented  by  the  expression 

(42)  y  =  e^P^_,  +  eVP^.!  +  •  •  •  +  ^PM4-1, 

where  -PM  i,  •  •  •,  -PMt_i  are  polynomials  with  arbitrary  coefficients, 
of  degrees  equal  to  their  subscripts. 
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If  the  auxiliary  equation  has  imaginary  roots,  the  general  integral 
(42)  contains  imaginary  symbols,  but  we  can  make  these  imaginaries 
disappear  if  the  coefficients  alf  &2,  •  •  •,  an  are  real.  For  in  this  case, 
if  the  equation  f(r)  =  0  has  the  root  a  +  fti  of  multiplicity  p,  a  —  pi 
is  also  a  root  of  the  same  degree  of  multiplicity.  The  sum  of  the  two 
terms  of  the  formula  (42)  coming  from  these  two  roots  can  be  written 

eax  [(cos  fix  -f  i  sin  fix)  3>  (a;)  -f-  (cos  fix  —  i  sin  ftx)  V  (a;)], 

where  <1>  (a;)  and  \I>  (x)  are  two  polynomials  of  degree  p  —  1  with 
arbitrary  coefficients,  or  in  the  equivalent  form 


sn 
where  ®l  and  ^  are  also  two  arbitrary  polynomials  of  degree  p  —  1. 

Note.  In  order  to  express  the  general  integral  of  the  equation  (35)  in  terms 
of  exponential  functions,  we  observe  that  it  is  first  necessary  to  solve  the  equa 
tion/^)  =  0.  If  this  equation  is  not  solved,  the  recurrent  relations  (37)  enable 
us  always  to  calculate,  step  by  step,  as  many  as  we  wish  of  the  coefficients  of  the 
power  series  which  represents  the  integral  corresponding  to  the  given  initial 
conditions. 

We  can  determine  in  advance  the  number  of  coefficients  which  it  suffices  to 
calculate  in  order  to  obtain  the  value  of  the  integral  with  a  certain  degree  of 
approximation.  Let  A  be  the  largest  of  the  numbers  1,  |  at  |,  •  •  •,  [  an  |,  and  B  the 
largest  of  the  numbers  |c0|,  IcJ,  •  •  •,  |cn_i|.  It  is  easy  to  prove,  step  by  step, 
that  we  have  \cn+p\<B(An)P  +  1.  The  absolute  value  of  the  remainder  of  the 
series  which  represents  the  integral,  commencing  with  the  term  in  xn+-P,  is  there 
fore  less  than  the  value  of  the  series 


(n  +  p) !  (n  +  p 

where  p  =  |z|,  and  consequently  less  than 


Consider  now  a  non-homogeneous  linear  equation  with  constant 
coefficients.  We  can  avoid  the  use  of  the  general  method  and  find 
a  particular  integral  directly  if  the  right-hand  side,  <£  (x)y  is  a  poly 
nomial.  For  if  the  coefficient  an  of  y  in  the  equation 

dny  dn~ly  dii 

-  •  m       "-1 


is  not  zero,  we  can  find  another  polynomial  of  degree  m, 
y  =  ^(x)  =  cQxm  -f  Clxm-1  H  ----  , 

which,   substituted  for  y  in  the  left-hand  side   of  the  preceding 
equation,  gives  a  result  identical  with  <£  (a;).    The  ra  +  1  coefficients 
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c0,  c1?  c2,  •  •  •  ,  cm  are  determined,  step  by  step,  by  the  relations 

V0  =  &0»  tt»Cl  +  man-lCo  =  &i» 

anc2+(m  -  l)^.!^  +  w(»i  -  I)tfn_2c0  =  £2,         •  -  -, 

where  an  is  different  from  zero  by  hypothesis.  This  computation  is 
not  applicable  when  an  =  0.  More  generally,  suppose  that  the  deriva 
tive  of  the  lowest  order  which  appears  in  the  left-hand  side  is  the 
derivative  of  the  pth  order.  Taking  for  the  dependent  variable 
z  =  dpy/dxp,  the  given  equation  is  transformed  into  a  linear  equation 
of  order  n  —  pt  where  the  coefficient  of  z  is  not  zero.  According  to 
the  case  which  has  just  been  treated,  this  equation  in  z  has  a  poly 
nomial  of  the  ??ith  degree  for  a  particular  integral.  Hence  one  par 
ticular  integral  of  the  equation  in  y  itself  is  a  polynomial  of  degree 
m  +  p.  The  coefficients  of  this  polynomial  can  again  be  determined 
by  a  direct  substitution.  It  should  be  noticed  that  the  coefficients  of 
xp  ~  l,  xp  ~  2,  •  •  •  ,  x  ,  and  the  constant  term  are  arbitrary. 

If  the  right-hand  side  <f>(x)  is  of  the  form  eaxP(x),  where  a  is  con 
stant  and  P(x)  denotes  a  polynomial,  we  reduce  this  case  to  the 
preceding  by  putting  y  =  eaxz,  which  leads  to  the  equation 


This  equation  has  for  a  particular  integral,  as  we  have  just  seen,  a 
polynomial  whose  degree  we  can  determine  a  priori;  the  equation 
in  y  has  therefore  a  particular  integral  of  the  form  eaxQ(x),  where 
Q  (x)  also  is  a  polynomial.  Suppose  in  particular  that  P  (x)  reduces 
to  a  constant  factor  C.  If  a  is  not  a  root  of  the  auxiliary  equation, 
the  equation  (43)  has  the  particular  integral  z  =  C/f(a),  and  the  equa 
tion  in  y  has  the  particular  integral  Ceax/f(a).  If  a:  is  a  multiple 
root  of  multiplicity  p  of  the  auxiliary  equation,  the  equation  (43)  is 
satisfied  by  putting 


Cx*> 


and  consequently  the  equation  in  y  has  the  particular  integral 
Cxpeax/f(p)(a).  By  virtue  of  a  general  remark  (§  38)  we  can  there 
fore  find  a  particular  integral  directly  whenever  the  right-hand  side 
is  the  sum  of  products  of  exponentials  and  polynomials.  This  is  the 
case  in  particular  if  the  right-hand  side  is  of  the  form  P(x)  cos  ax 
or  P  (x)  sin  ax,  for  we  need  only  express  cos  ax  and  sin  ax  in  terms 
of  eaxi  and  of  e~axi.  Having  once  recognized  by  the  preceding 
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considerations  the  form  of  a  particular  integral,  it  is  not  necessary 
to  pass  through  all  the  indicated  transformations  in  order  to  calculate 
the  coefficients  upon  which  it  depends  ;  it  is  often  preferable  to 
substitute  directly  in  the  left-hand  side  of  the  given  equation. 

Example.  Let  it  be  required  to  find  the  general  integral  of  the  equation 

d*y 
(44)  F(y)  =  —  -  —  y  =  aex-\-  be2x  +  c  sin  x  +  g  cos  2x, 

where  a,  6,  c,  g  are  constants.  The  auxiliary  equation  r4  —  1  —  0  has  the  sim 
ple  roots  1,  —  1,  +  i,  —  i  ;  the  general  integral  of  the  homogeneous  equation  is 
therefore 


(45)  y  =  C^  +  C2e-x  +  <73cosz+  C4sinx. 

We  must  next  find  a  particular  integral  of  each  of  the  four  equations  obtained 
by  taking  successively  for  right-hand  sides  ae*,  be2x,  c  sin  a,  g  cos  2  x.  Since  unity 
is  a  simple  root  of  f(r)  —  r4  —  1  =  0,  the  first  of  these  equations  has  the  particular 
integral  axex/f(l)  =  axex/4.  Since  2  is  not  a  root  of  the  equation  f(r)  =  0,  the 
second  equation  has  the  particular  integral  be2x/f(2)  =  be2x/I5. 

In  the  third  equation,  F(y)  =  c  sin  x,  we  can  replace  sin  x  by  (exi  —  e~xi)/2  i, 
and  we  have  to  seek  a  particular  integral  of  each  of  the  two  equations 


Now,  since  +  i  and  —  i  are  simple  roots  of  /(r)  =  0,  we  know,  a  priori,  that  they 
have  respectively  two  particular  integrals  of  the  form  Mxe?1,  Nxe~  xi.  The  sum 
of  these  two  integrals  is  of  the  form  x(m  cosx  +  n  sin  a;),  and  we  can  determine 
the  coefficients  m  and  n  by  substituting  in  F(y)  and  equating  the  result  identi 
cally  to  c  sin  x.  This  method  avoids  the  use  of  the  symbol  i.  It  turns  out  that  it 
is  necessary  to  take  m  —  c/4,  n  =  0.  We  find  similarly  that  the  last  equation 
F(y)  =  g  cos2x  has  the  particular  integral  g  cos2x/15.  Adding  all  these  par 
ticular  integrals  to  the  right-hand  side  of  the  equation  (45),  we  obtain  the  general 
integral  of  the  given  equation  (44). 

44.  D'Alembert's  method.  A  large  number  of  methods  have  been 
devised  for  the  integration  of  linear  equations  with  constant  coeffi 
cients,  particularly  in  the  case  where  the  auxiliary  equation  has  mul 
tiple  roots.  One  of  the  most  interesting,  which  is  applicable  to  many 
questions  of  the  same  kind,  consists  in  considering  a  linear  equation, 
in  which  f(r)  =  0  has  multiple  roots,  as  the  limit  of  a  linear  equation 
in  which  all  the  roots  of  /(/•)  =  0  are  distinct.  In  general,  let 

(46) 

be  a  linear  equation,  where  the  coefficients  a1?  a2,  ••-,#„  are  functions 
of  x  which  depend  also  upon  certain  variable  parameters  av  «2,-  •  •,  ap. 
Suppose  that  there  exists  a  function/^,  r)  having  the  following  prop 
erty  :  for  q  values  of  r,  depending  upon  the  parameters  av  a2,  •  -  •,  ap, 
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and  in  general  distinct,  the  function  f(x,  r)  of  x  is  an  integral  of  the 
equation  (46).  Let  rlf  r2,  •  •  •,  rq  be  these  q  values  of  r  such  that  the 

functions          /./        N  /./        N  /./        x 

f(x,  rt),         f(x,  r^        ..-,         f(x,rq) 

form  <?  independent  particular  integrals  of  the  equation  (46),  whatever 
the  values  of  the  parameters  av  «2,  •  •  •,  ap  may  be.  If  for  certain  par 
ticular  values  of  these  parameters  the  q  values  rv  r2,  •  •  •,  rq  are  not 
distinct,  the  number  of  the  known  integrals  is  diminished.  Suppose, 
for  example,  that  ra  becomes  equal  to  rr  If  i\  is  different  from  rv 
the  equation  has  the  two  integrals  f(x,  r^)t  f(x,  r^),  and  consequently 


is  also  an  integral.  Now,  if  r2  approaches  rlf  the  preceding  function 
has  for  its  limit  the  derivative  [fr(x,  r)~]rj.  If  a  third  root  rs  becomes 
equal  to  rlt  we  take,  similarly,  supposing  first  that  rs  differs  a  little 
from  rv  the  integral 


and  this  integral  has  for  its  limit  [/£(£,  /*)]ri/2  when  rg  approaches  rj. 
This  reasoning  is  perfectly  general  :  if,  for  certain  values  of  the  par 
ameters  av  -  -  -,  ap,  k  of  the  roots  are  equal  to  r^  the  corresponding 
equation  (46)  has  the  k  particular  integrals 


©„•     (K),,  .....     (P).; 


In  the  case  of  a  linear  equation  with  constant  coefficients  the 
parameters  #1?  «2,  •  •  •  ,  ap  are  the  coefficients  themselves,  and  the 
function  f(x,  r)  is  erx.  This  leads  again  to  the  results  which  we 
obtained  before  directly. 

45.  Euler's  linear  equation.    The  linear  equation 


where  A^  A2,  •  •  -,  An  are  constants,  reduces  to  the  preceding  by  the 
change  of  variable  *  x  =  et.    Since  dt/dx  =  I/or,  we  have 

dy  _dyd_ 


__ 
dxdidx~x'di'        dx* 


*  The  general  theory  (§  37)  tells  us  that  the  integrals  of  the  equation  (47)  can  have 
no  other  singular  point  than  x  =  0.  Now  et  cannot  be  zero  for  any  value  of  t.  The 
integrals  obtained  by  the  change  of  variable  x  =  e*  must  therefore  be  integral  functions. 


124  LINEAR  DIFFERENTIAL  EQUATIONS  [III,  §  45 

and  we  easily  verify,  step  by  step,  that  the  product  xp  \_dpy/dxp~\  is 
a  linear  expression  with  constant  coefficients  in  dy/dt,  dzy/dt2, 
•  -  -,  dpy/dtp.  The  given  linear  equation  is  therefore  transformed  by 
this  change  of  variable  into  an  equation  with  constant  coefficients. 

To  obtain  the  general  integral  of  the  equation  (47),  it  is  not 
necessary  to  carry  out  the  calculations  of  this  change  of  variable, 
for  we  know  that  the  transformed  equation  has  integrals  of  the 
form  ert.  The  given  equation  has  therefore  a  certain  number  of 
integrals  of  the  form  (e*y  =  xr.  Replacing  y  by  xr  in  the  left-hand 
side  of  the  equation  (47),  the  result  of  the  substitution  is  xrf(r), 
where 


If  the  equation  f(r)  =  0,  which  here  plays  the  same  role  as  the 
auxiliary  equation,  has  n  distinct  roots  rv  ra,  •  •  •,  /•„,  the  general 
integral  is 

y  =  CjOji  +  C2zr*  H  ----  +  Cnxr». 

If  r  is  a  multiple  root  of  multiplicity  /z,  of  f(r)  =  0,  to  that  root 
corresponds,  by  D'Alembert's  method,  the  JJL  particular  integrals 


The  general  integral  of  the  equation  (47)  is  therefore  in  all  cases 
(48)          y  =  afiPMl_!  (Log  x)  +  •  •  •  +  af'P^-i  (Log  a;), 


where  rlt  r2,  >  •  •,  rk  are  the  k  distinct  roots  of  /(/•)=  0,  where  p^  /*2, 
•  •  •,  fjik  are  their  orders  of  multiplicity,  and  where  P^_i  (Logx)  is 
a  polynomial  in  Log  x  with  arbitrary  coefficients  of  degree  /*,•  —  1. 

If,  in  the  equation  (47),  we  replace  the  right-hand  side  by  an 
expression  of  the  form  ccTOQ(Log#),  where  Q  denotes  a  polynomial, 
it  can  be  shown,  as  in  the  case  of  the  equations  with  constant  coeffi 
cients,  that  the  new  equation  thus  obtained  has  as  a  particular  inte 
gral  an  expression  of  the  same  form,  whose  unknown  coefficients 
can  be  calculated  by  a  substitution. 

46.  Laplace's  equation.  We  can  sometimes  represent  the  integrals  of  a  linear 
equation  by  definite  integrals  in  which  the  independent  variable  appears  as  a 
parameter  under  the  integral  sign.  One  of  the  most  important  applications  of 
this  method  is  due  to  Laplace  and  affects  the  equation 

(49)     F(y)  =  (a0  +  b0x)        +  («i  +  M)  +•••  +  (««  +  bnx)  y  =  0, 
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whose  coefficients  are  at  most  of  the  first  degree.    Let  us  try  to  find  a  solution 
of  this  equation  by  taking  for  y  an  expression  of  the  form 

(50)  y-  C  Ze**dz, 

J^L) 

where  Z  is  a  function  of  the  variable  z  and  where  L  is  a  definite  path  of  inte 
gration  independent  of  x.   We  have,  in  general, 

dPy       r 

— -=  /    ZzPezxdz, 

and,  replacing  y  and  its  derivatives  in  the  left-hand  side  of  the  equation  (49)  by 
the  preceding  expressions,  we  find 

(51)  F(y)=  f  Ze**(P  +  Qx)dz, 

J  (L) 

where  we  have  set,  for  brevity, 

The  function  under  the  integral  sign  in  the  expression  (51)  is  the  derivative 
with  respect  to  z  of  Zezx  Q,  provided  that  we  have 

(52) 


We  derive  from  this  condition 


where  the  lower  limit  z0  does  not  cause  Q(z)  to  vanish.  The  function  Z  having 
thus  been  determined,  the  definite  integral  (51)  is  equal  to  the  variation  of  the 
auxiliary  function 


along  the  path  L.  It  will  suffice,  therefore,  in  order  to  obtain  an  integral  of 
the  given  equation  (49),  to  choose  the  path  of  integration  L  in  such  a  way  that 
the  function  V  takes  on  the  same  value  at  the  end  as  at  the  beginning,  and  so 
that  the  integral  (50)  has  a  finite  value  different  from  zero. 

Let  a,  6,  c,  •  •  •  ,  I  be  the  roots  of  the  equation  Q  (x)  =  0.   The  auxiliary  func 
tion  V  is  of  the  form 


(53)  V=ezx  +  R(z)(z  -  a)"(z  -  &)fl  .  .  .(2  -  l)\ 

where  E  (z)  is  a  rational  function  whose  denominator  has  no  other  roots  than 
the  roots  a,  6,  c,  •  •  •,  I  of  Q(z),  and  of  a  multiplicity  one  unit  less.  Let  ^,  3), 
C,  •  •  •  denote  loops  described  about  a,  6,  c,  •  •  •,  in  the  positive  sense,  starting 
from  an  arbitrary  initial  point,  and  let  jl-  \  ,  3-  \  ,  C_  i  ,  •  •  •  denote  the  same  loops 
described  in  the  opposite  sense.  The  function  V  is  multiplied  by  e2™*  when  z 
describes  the  loop  ^,  and  by  e~2wia  when  z  describes  the  loop  .//_i,  and  simi 
larly  for  the  others.  It  follows  that  if  we  make  the  variable  z  describe  the 
loops  jl,  3,  j4-\,  3-i  in  succession,  the  function  V  takes  on  again  its  initial 
value.  The  definite  integral  (50),  taken  over  this  path  j43j4-i3-i,  is  not,  in 
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general,  zero.  It  gives  a  particular  integral  of  the  given  equation.  By  associat 
ing  the  p  points  a,  6,  c,  •  •  •,  Z  in  pairs  in  all  possible  ways,  we  obtain  p(p  — 1)/2 
integrals,  which  in  reality  reduce  to  p  —  1  independent  integrals. 

We  do  not  find  n  particular  integrals  in  this  way.  In  order  to  obtain  others, 
we  may  look  for  the  paths  L  having  their  extremities  at  certain  of  the  singular 
points  a,  6,  c,  •  •  • ,  Z  and  such  that  the  function  V  vanishes  at  the  two  extremities. 
If  a  is  a  simple  root  of  Q(x)  =  0,  the  function  Z  contains  the  factor  (z  —  a)*"1, 
and  it  will  be  possible  for  the  integral  (50)  to  have  a  finite  value  when  one  of  the 
extremities  of  the  path  L  is  at  the  point  a  only  if  the  real  part  of  a  is  positive, 
and  in  this  case  V  does  approach  zero  at  the  same  time  as  |  z  —  a  \ .  If  a  is  an 
m-fold  root  of  Q(z)  =  0,  the  rational  function  R(z)  contains  a  term  of  the  form 
Am_  \/(z  —  a)™- l.  In  order  to  determine  the  behavior  of  the  absolute  value  of 
V  in  the  neighborhood  of  the  point  z  —  a,  we  need  only  study  the  absolute  value 
of  the  following  important  factor  : 

Setting 

z  —  a  =  p  (cos  0  +  i  sin  0),       Am  _  i  =  A  (cos  ^  -f  i  sin  ^),       a  —  a'  +  a"i, 
we  may  write  the  absolute  value  of  this  factor  in  the  form 


In  order  that  V  shall  approach  zero  with  [z  —  a],  it  will  suffice  to  make  z  de 
scribe  a  curve  such  that  the  angle  0  which  the  tangent  makes  with  the  real 
axis  satisfies  the  condition  cos  [^  —  (m  —  1)  0]  <  0.  For  example,  we  may  take 
0  =  [\f/  +  (2k  +  1)  7r]/(m  —  1).  If  the  angle  0  has  been  taken  in  this  way,  the 
product  Zezx  also  approaches  zero  with  |z  —  a|.  Proceeding  in  the  same  way 
with  the  other  points  6,  c,  •  •  •  ,  Z,  we  see  that  we  can  determine  new  paths  Z, 
closed  or  not,  giving  other  particular  integrals. 

Finally,  we  can  also  take,  for  the  paths  of  integration,  curves  going  off  to  in 
finity.  We  are  again  led  to  determine  a  path  L  having  an  infinite  branch  such 
that  the  function  V  approaches  zero  when  the  point  z  goes  off  indefinitely  on 
this  branch.  If,  for  example,  the  rational  function  R  (z)  is  zero,  and  if  the  angle 
of  x  lies  between  0  and  7r/2,  it  will  suffice  to  make  z  describe  an  infinite  branch 
asymptotic  to  a  line  that  makes  an  angle  of  3  Tr/4  with  the  real  axis. 

Leaving  these  general  considerations,*  let  us  consider  in  particular  Bessel's 
equation, 

(54)  x 


where  n  is  a  given  constant.    We  have  here 

P  =  (2n  +  l)z, 
and  consequently 


The  definite  integral 

(55)  y=  C 

•/ 


(L) 


*  See  an  important  paper  by  Poincare  in  the  American  Journal  of  Mathematics, 
Vol.  VII. 
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is  therefore  a  particular  integral  of  the  equation  (54)  if  the  function 


takes  on  the  same  values  at  the  extremities  of  the  path  of  integration.  We  can 
first  take  a  succession  of  two  loops  described,  the  first  in  the  positive  sense 
about  the  point  z  =  +  i,  the  second  in  the  reverse  sense  about  the  point  z  =  —  i. 
For  the  second  path  of  integration  we  can  take  next  a  curve  surrounding  one 
of  the  singular  points  ±  i  and  having  two  infinite  branches  with  an  asymptotic 
direction  such  that  the  real  part  of  zx  approaches  —  cc. 

The  real  part  of  the  constant  n  may  be  supposed  positive  or  zero,  for  if  we 
put  y  =  x~2nz,  the  equation  in  z  does  not  differ  from  the  equation  (54)  except 
in  the  change  from  n  to  —  n.  When  this  is  the  case,  we  can  also  take  for  the 
path  of  integration  the  straight  line  joining  the  two  points  +  i  and  —  i.  More 
over,  the  integral  thus  obtained  is  identical  with  the  first  except  for  a  constant 
factor.  In  order  to  reduce  this  integral  to  the  usual  form,  let  us  put  z  =  it.  It 
then  takes  the  form 

/.  +  !  „_! 

y=  /       e^(l-t2)      actt, 

J—  i 
or 

(56)  y=  C      cosxt(I-t2)n~*dt. 

J  —i 

The  remarkable  particular  case  in  which  n  is  half  an  odd  number  deserves 
mention.  If  n  is  positive,  the  integral  (56)  always  exists  and  can  even  be  cal 
culated  explicitly,  since  n  —  1/2  is  a  positive  integer.  But  if  the  path  L  is  a 
closed  curve,  the  definite  integral  (55)  is  always  zero.  It  seems,  then,  that  in  this 
case  the  application  of  the  general  method  gives  only  one  particular  integral. 
However,  in  this  apparently  unfavorable  case  we  can  express  the  general  inte 
gral  in  terms  of  elementary  functions.  For,  let  us  make  the  inverse  transfor 
mation  to  the  preceding,  so  that  n  shall  be  half  of  a  negative  odd  number.  Then 
n  —  1/2  is  a  negative  integer,  and  the  definite  integral  (55),  taken  along  any 
closed  curve,  is  a  particular  integral  of  the  linear  equation  (54).  Taking  for  the 
path  L  a  circle  having  one  of  the  points  ±  i  for  center,  we  see  that  the  residue 
of  the  function 


with  respect  to  each  of  these  poles  is  an  integral  of  the  linear  equation.  Now, 
it  is  clear  that  the  residue  with  respect  to  the  pole  z  =  +  i  is  the  product  of  e** 
and  a  polynomial,  and,  similarly,  that  the  residue  with  respect  to  the  pole  z  =  —  i 
is  the  product  of  e~ix  and  a  polynomial.  These  two  particular  integrals  are 
independent,  for  their  quotient  is  equal  to  the  product  of  e2ix  and  a  rational 
function.  It  is  clear  that  their  sum  is  a  real  integral,  as  is  also  the  product  of 
their  difference  and  i. 

Note.  The  linear  equation  with  constant  coefficients  is  a  particular  case  of 
Laplace's  equation,  which  is  obtained  by  supposing  all  the  coefficients  &,•  zero. 
If  we  suppose  also  «0  =  1,  we  have  Q  (z)  =  0,  while  P  (z)  reduces  to  the  auxil 
iary  polynomial  /(z).  The  general  method  appears  to  fail,  since  the  expression 
for  Z  becomes  illusory.  But  it  requires  only  a  little  care  to  recognize  how  the 
method  must  be  modified.  In  fact,  the  reasoning  proves  that  the  definite  integral 
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f(L)Zezxdx  is  a  particular  integral  of  the  linear  equation,  provided  that  the  defi 
nite  integral  f(L)Zf(z)ezxdz,  taken  along  the  same  path  i,  is  zero.  Now,  if  we 
take  for  L  a  closed  curve,  it  is  sufficient  that  the  product  Z/(z)  be  an  analytic 
function  of  z  in  the  interior  of  this  curve.  If,  therefore,  n(z)  denotes  any 
analytic  function  in  a  region  R  of  the  plane,  the  definite  integral 

y  = 


taken  along  any  closed  curve  L  lying  in  this  region,  is  a  particular  integral  of 
the  linear  equation  with  constant  coefficients.  We  see  how  this  result,  due  to 
Cauchy,  is  thus  easily  brought  into  close  relation  with  Laplace's  method. 

As  a  verification,  it  is  easy  to  find  the  known  particular  integrals.  Let  z  =  a 
be  a  p-i  old  root  of  the  auxiliary  equation  /(z)  =  0.  Let  us  take  for  the  path  of 
integration  a  circle  about  a  as  center  not  containing  any  other  roots  of  /(z)  =  0, 
and  let  II  (z)  be  an  analytic  function  in  this  circle.  The  residue  of  the  function 
H  (z)  ezx/f(z)  or  H  (z)  e*x/[(z  —  a)pf^  (z)]  is  equal  to  the  coefficient  of  hP  -1  in  the 
development  of  the  product 


according  to  powers  of  h.   If  we  have 


, 

the  coefficients  AQ,  A^  •  •  •,  Ap_i  are  arbitrary,  since  the  function  n(z)  is  any 
function  analytic  in  the  neighborhood  of  the  point  a.  The  residue  sought  is 
therefore  equal  to 


that  is,  to  the  product  of  the  exponential  ef™  and  an  arbitrary  polynomial  of 
degree  p  —  1.   This  agrees  with  the  result  already  known. 


III.  REGULAR  INTEGRALS.     EQUATIONS  WITH 
PERIODIC  COEFFICIENTS 

Aside  from  the  very  elementary  cases  which  we  have  just  treated,  it  is,  in 
general,  impossible  to  determine,  simply  from  the  form  of  a  linear  equation, 
whether  the  general  integral  is  algebraic  or  whether  it  can  be  expressed  in  terms 
of  the  classic  transcendentals.  Mathematicians  have  therefore  been  led  to  study 
the  properties  of  these  integrals  directly  from  the  equation  itself,  instead  of 
trying  to  express  them  (somewhat  at  random)  as  combinations  of  a  finite  num 
ber  of  known  functions.  We  have  already  seen  (Chap.  Ill,  Part  I)  that  the 
nature  of  the  singular  points  of  an  analytic  function  is  an  essential  element 
enabling  us  in  certain  cases  to  characterize  these  functions  completely.  We 
know  a  priori  (§  37)  the  singular  points  of  the  integrals  of  a  linear  equation. 
We  shall  now  show  how  we  can  make  a  complete  study  of  the  integrals  in  the 
neighborhood  of  a  singular  point  in  a  special  case,  which  is  nevertheless  rather 
general  and  very  important. 
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47.  Permutation  of  the  integrals  around  a  critical  point.    Let  a  be  an  isolated 
singular  point  of  some  of  the  coefficients  pv  p2,  •  •  •,  pn  of  the  linear  equation 

(.7, 


We  shall  suppose  also  that  the  coefficients  are  single-valued  in  the  neighborhood 
of  a.  Let  C  be  a  circle  with  the  center  a  in  the  interior  of  which  p^  p2,  .  .  .,  pn 
have  no  other  singular  point  than  a  and  are  otherwise  analytic.  Let  x0  be  a 
point  within  C  near  a.  All  the  integrals  are  analytic  in  the  neighborhood  of  the 
point  x0.  Let  yv  ?/2,  •  •  •,  yn  be  n  particular  integrals  of  a  fundamental  system. 
If  the  variable  x  describes  in  the  positive  sense  a  circle  passing  through  the 
point  x0  about  a  as  center,  we  can  follow  the  analytic  extension  of  the  integrals 
y\i  y<n  '  '  'iVn  along  the  whole  of  this  path,  and  we  return  to  the  point  XQ  with 
n  functions  Ylt  F2,--.,  Yn  which  are  again  integrals  of  the  equation  (57), 
where  Y,-  indicates  the  function  into  which  yi  passes  after  a  circuit  around 
the  point  a  in  the  positive  sense.  We  have,  therefore,  since  Yv  Y21  •  ••,  Yn 
are  integrals  of  the  equation  (57),  n  relations  of  the  form 


Yl  = 


(58) 


where  the  coefficients  a,-*  are  constants  which  of  course  depend  upon  the  fun 
damental  system  chosen.  It  is  easy  to  obtain  the  value  of  the  determinant  D 
formed  by  these  n2  coefficients.  For  we  have,  by  §  38, 


If  x  describes  the  circle  7  with  the  center  a  in  the  positive  sense,  yf  changes 
into  Yi  ;  hence  we  have 


But  the  quotient  of  the  two  Wronskians  is  equal  to  D  (§  38),  so  that  D  =  e-ZltiR, 
where  E  indicates  the  residue  of  pl  with  respect  to  the  point  a.  This  determi 
nant  is  therefore  never  zero. 

Since  the  coefficients  in  the  equations  (58)  depend  upon  the  fundamental 
system  chosen,  it  is  natural  to  seek  a  particular  system  of  integrals  such  that 
these  expressions  are  as  simple  as  possible.  Let  us  seek  first  to  determine  a 
particular  integral  u  =  \lyl  +  \2y2  +  •  •  •  +  Xn^n,  such  that  a  circuit  around  the 
point  a  reproduces  that  integral  multiplied  by  a  constant  factor.  It  is  necessary 
for  this  that  we  have  U  =  su,  where  U  is  the  value  of  u  after  the  circuit,  and 
where  s  is  a  constant  factor,  that  is, 


. 
+  Ma«i2/i  +  an2y2  +  •  •  •  +  annyn)—  s(\iyi  +  .  .  •  +  X^)  =  0. 

Such  a  relation  cannot  exist  between  the  n  integrals  unless  the  coefficients 
°f  Vii   2/2  »  "••>   Vn  all  vanish  separately.     The   n  +  1   unknown  coefficients 
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»,  s  must  satisfy  the  n  conditions 


•  •  -, 


Xi(ciji  —  s)  -j-  X2  cc2^  ~J-  •  •  •  -f-  Xn<zni  =  0, 


(59) 


Since  the  quantities  X1?  X2,  •  • «,  Xn  cannot  all  be  zero  at  the  same  time  with- 
t  having  u  =  0,  we  see  that  s  must  be  a  root  of  the  equation  of  the  nth  degree, 


out  having  u  =  0,  we 

«21 

(60) 


which  we  shall  call  the  characteristic  equation ;  according  to  a  remark  made  a 
moment  ago,  this  equation  cannot  have  the  root  8  =  0,  for  the  determinant  D 
of  the  n2  coefficients  a^  would  be  zero. 

Conversely,  let  s  be  a  root  of  this  equation  ;  the  relations  (59)  determine 
values  for  the  coefficients  Xt-  not  all  zero,  and  the  integral  u  =  \yl  +  •  •  •  +  XHyn 
is  multiplied  by  s  after  the  circuit  around  the  point  a.  This  being  the  case,  let 
us  suppose  first  that  the  characteristic  equation  has  n  distinct  roots  sv  s2,  •••,$„. 
We  shall  have  n  particular  integrals  uv  M2,  •  •  •,  un  such  that,  after  the  circuit  in 
the  direct  sense  around  the  point  a,  we  have 

(61)  l^  =  s^,         U2  =  s2M2,         •••,         Un  =  snun, 

where  Z7t-  denotes  the  final  value  of  wt-  after  the  circuit.  These  n  integrals  uv  w2, 
•••,  un  form  a  fundamental  system.  For,  suppose  that  we  have  a  relation  of 
the  form 

(62)  C^  +  C2M2  +  • . .  +  Cnun  =  0, 

where  the  constant  coefficients  Ct,  C2,  •  •  •,  Cn  are  not  all  zero.  After  one,  two, 
•  •  • ,  (n  —  1)  circuits,  we  should  have  the  relations  of  the  same  form, 

+^82^2       +--+Cnsnun       =0, 
+  C2sX       +  •  •  •  +  Cnsjun       =  0, 


-X  +  C2s%-lu2  +  . . .  +  Cnsnn~lun  =  0. 

The  linear  relations  (62)  and  (63)  can  be  satisfied  only  if  we  have  at  the  same 
time  Clul  =  0,  •  • .,  Cnun  =  0,  since  the  corresponding  determinant  is  different 
from  zero. 

It  is  easy  to  form  an  analytic  function  which  is  multiplied  by  a  constant 
factor  s  different  from  zero  after  a  circuit  around  the  point  a.  In  fact,  the  func 
tion  (x  —  a)r  or  erLogCz-a)  is  multiplied  by  e2l">  after  such  a  circuit,  and  if  we 
determine  [r  by  the  condition  r  =  Log(s)/2?ri,  this  function  (x  —  a)r  is  indeed 
multiplied  by  s  after  a  circuit  around  a.  Every  other  function  u  having  the 
same  property  is  of  the  form  (x  —  a)r<jt(x  —  a),  where  the  function  0  (x  —  a)  is 
single-valued  in  the  neighborhood  of  the  point  a,  since  the  product  u(x  —  a)~r 
comes  back  to  its  initial  value  after  a  circuit  around  the  point  a.  The  integral 
UK  is  therefore  of  the  form 
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where  r*  =  Log  (s$/2  iri  and  where  the  functions  fa  are  single-valued  in  the 
neighborhood  of  the  point  a.  In  a  circle  C  with  the  radius  R  about  the  point  a 
as  center  and  in  which  the  coefficients  p^  •  •  -,  pn  are  analytic  except  at  the 
point  a,  the  integral  Uk  cannot  have  any  other  singular  point  than  a.  The  same 
thing  is  therefore  true  of  the  function  <t>k(x  —  a),  and  the  point  a  is  an  ordinary 
point  or  an  isolated  singular  point  for  that  function.  We  can  dismiss  the  possi 
bility  that  a  is  a  pole.  In  fact,  if  the  point  a  were  a  pole  of  order  ra,  since  the 
exponent  rk  is  determined  except  for  an  integer,  we  can  write 

Mfc  =  (x  -  a)rk-^[(x  -  a)m<t>k(x  -  a)], 

and  the  product  (x  —  a}m<pk(x  —  a)  is  analytic  for  x  =  a.  If  the  point  a  is  not 
an  essentially  singular  point  for  <f>k(x  —  a),  we  say  that  the  integral  is  regular  for 
x  =  a.  We  can  then  suppose  that  the  function  <t>k(x  —  a)  has  a  finite  value, 
different  from  zero,  for  x  =  a. 

48.  Examination  of  the  general  case.  It  remains  to  examine  the  case  where  the 
characteristic  equation  has  multiple  roots.  We  shall  show  that  we  can  always 
find  n  integrals  forming  a  fundamental  system  and  breaking  up  into  a  certain 
number  of  groups  such  that  if  y^  y^'",yp  denote  the  p  integrals  of  the  same 
group,  we  have,  after  a  circuit  in  the  positive  sense  around  the  point  a, 

(64)     Y1=ay1,         Ta  =  s(yl  +  yt)J        •••,         Yp  =  s(yp.l  +  yp). 

The  different  values  of  8  are  the  roots  of  the  characteristic  equation,  and  to  the 
same  root  may  correspond  several  different  groups.  If  the  n  roots  are  distinct, 
which  is  the  case  we  have  just  examined,  each  group  is  composed  of  a  single 
integral. 

The  problem  reduces  in  reality  to  showing  that  we  can  reduce  the  linear  sub 
stitutions  defined  by  the  equations  (58)  to  a  canonical  form  such  as  we  have 
just  indicated  by  replacing  y±,  yz,  •  •  .,  yn  by  suitably  chosen  linear  combinations 
of  these  variables.  Assuming  that  the  theorem  has  been  proved  for  the  case  of 
n  —  1  variables,  we  shall  show  that  it  is  also  true  for  n  variables. 

From  what  has  been  shown  in  the  preceding  paragraph,  we  can  always  find 
a  particular  integral  u  such  that  we  have  U  =  /*u.  Replacing  one  of  the  inte 
grals,  2/j  for  example,  by  this  integral  w,  the  expressions  (58)  take  the  form 


Tn  = 

If  in  the  last  n  —  1  expressions  we  neglect  the  terms  &2w,  •  •  •,  6nw,  these  equa 
tions  define  a  linear  substitution  carried  out  on  the  n  —  1  variables  ?/2,  y3,  •  •  .,  yn. 
The  determinant  ZK  of  this  substitution  in  n  —  1  variables  is  not  zero,  for  the 
determinant  D  of  the  linear  substitution  in  n  variables  is  equal  to  /*!)'  and  can 
not  be  zero.  Since  the  theorem  is  assumed  to  hold  for  n  —  1  variables,  we  may 
suppose  this  auxiliary  substitution  reduced  to  the  canonical  form.  This  amounts 
to  replacing  y2,  y8,  •  .  .,  yn  by  n  —  1  linearly  independent  combinations  zx,  z2, 
that  the  equations  which  define  the  linear  substitution 

Yi  =  b{9y9  +  •  -  •  +  binyn  (i  =  2,  3,  .  .  .,  n) 
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are  replaced  by  a  certain  number  of  groups  of  equations  such  as 


If  we  carry  out  the  same  transformations  on  the  equations  (65),  it  will  be 
necessary  to  add  to  the  right-hand  side  of  the  preceding  relations  terms  con 
taining  it  as  a  factor.  In  other  words,  we  can  find  n  —  1  integrals  that  form  with  u 
a  fundamental  system,  and  that  separate  into  a  certain  number  of  groups  such 
that  we  have  for  the  integrals  zlr  z2,  —  ,  zp  of  a  single  group 


(66)   Zl  =  szl  +  K1u1      Z2  =  s(Zl  +  z2)  +  K2u,     ...,      Zp  =  s(zp.l  +  zp) 

where  K\,  K2,  •  •  •,  Kp  are  constants.    We  shall  first  try  to  make  as  many  as 
possible  of  these  coefficients  disappear.   For  this  purpose  let  us  put 


where  Xx,  X2,  •  •  •,  \p  are  p  constant  coefficients.   An  easy  calculation  shows  that 
we  have  for  these  new  integrals 


f  6-n 


=  SMl  +  [  KI  +  ^  "  S)  Xl]  M' 

=  s(wt_i  +  m)  +  [Kt  +  (A*  -  s)\i  -  sXi.j]  u. 


If  ft  —  s  is  not  zero,  we  can  choose  Xt,  X2,  •  •  .,  \p  in  such  a  way  that  the  coeffi 
cients  of  u  on  the  right  are  zero,  and  we  have  for  the  new  integrals  w» 

U^  =  SMj,  1/2  =  S  (Uj_  +  M2),  •  •  .,  Up  =  S(Up-i  +  Up). 

The  substitution  to  which  this  group  of  integrals  is  subjected  after  a  circuit 
around  a  is  of  the  canonical  form.  If  /it  =  s,  since  s  cannot  be  zero,  we  can 
choose  Xj,  X2,  •  •  .,  \p-i  in  such  a  way  as  to  make  the  coefficients  of  u  in  the 
expressions  for  U2,  f73,  .  .  .?  up  disappear.  But  we  may  have  several  groups  of 
variables  zt  subjected  to  a  transformation  of  the  canonical  form  for  which  the 
value  of  s  is  equal  to  /x.  Suppose,  for  definiteness,  that  there  are  two  such 
groups,  containing  respectively  p  and  q  variables.  After  the  preceding  change 
of  variables  the  substitutions  which  these  two  groups  undergo  are  of  the  form 

(I)   Z7X  =  SUl  +  KlU,         U2  =  s(u2  +  ul),        ..-,         Up  =  8(Up  +  Up-i), 
(II)   Ui  =  sui+Kiu,         Ui  =  8(ui  +  ui),         .-.,         U'q  =  s(uq  +<_i). 

If  %(  =  %!  =  0,  we  have  three  groups  of  integrals,  M,  (MJ,  M2,  •  •  •,  MP),  (u^  u'2, 

•  •  •  ,  M,J),  subjected  to  a  substitution  of  the  canonical  form.    If  we  suppose  that 
p  =  q,  and  if  Kl  is  not  zero,  by  putting  Vi  —  ut  —  K[m/Ki  the  second  group 
of  integrals  is  replaced  by  a  group  of  q  integrals  vt  which  undergo  a  substitution 
of  the  canonical  form.    Next,  putting  MO  =  K^u/s,  the  (p  +  1)  integrals  w0,  ult 

•  •  •  ,  Up  form  a  single  group  which  undergoes  a  transformation  of  the  canonical 
form.    If  Kl  =  0,  while  K[  is  not  zero,  putting  u'Q  =  K[u/s,  we  have  two  groups 
of  integrals,  (MI?  M2,  •  •  .,  MP),  (WQ,  w(,  •  •  •,  u'q),  which  undergo  a  substitution  of  the 
canonical  form.   The  theorem  stated  is  therefore  true  in  general.* 


*For  a  full  treatment  of  the  application  of  Weierstrass's  theory  of  elementary 
divisors  to  linear  differential  equations  the  paper  by  L.  Sauvage  (Annales  de  I'Ecole 
Normale  superieure,  1891,  p.  285)  may  be  consulted. 
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49.  Formal  expressions  for  the  integrals.  It  remains  for  us  to  find  a  formal 
expression  which  will  show  clearly  the  law  of  permutation  of  the  integrals  of 
the  same  group  after  a  circuit  around  the  point  a.  Let  yv  y^  •  •  •,  yp  be  a  group 
of  integrals  which  undergo  the  permutations  (64).  Let  us  put  yk  =  (x  —  a)rz*, 
where  r  is  equal  to  Logs/27ri.  The  p  functions  zv  z2,  •  •  •,  zp  must  be  such 
that  we  have 


Hence  the  function  zt  must  be  a  single-valued  function  0t(x  —  a)  in  the  neigh 
borhood  of  the  point  a.  As  to  the  function  z2,  we  derive  from  the  preceding 
equalities  Z2/Zj  =  z2/zl  +  1  ;  hence  the  difference  z2/zl  —  Log  (x  —  a)/2  -rri  is  a 
single-valued  function  ^(x  —  a),  and  we  have  also 

z2  =  -—.  Log(x  -  a)0x(x  -  a)  +  02(x  -  a), 

&1TI 

where  02  (x  —  a)  is  another  single-valued  function.  Let  us  put  t  =  Log  (x  —  a)/2  iri 
and  consider  the  general  case.  When  x  describes  a  loop  in  the  positive  sense 
around  the  point  a,  t  increases  by  unity,  and  zv  z2,  •  •  •,  zp,  considered  as  func 
tions  of  t,  must  satisfy  the  relations 


/ 
\ 


In  order  to  find  the  most  general  solution  of  the  equations  (68),  we  may 
remark  that  these  relations  can  be  satisfied  by  taking  zl  =  l,  z2  =  t,  and  by 
choosing  for  zt(0  a  polynomial  of  degree  i  —  lint  whose  coefficients  are  deter 
mined  step  by  step.  The  calculation  is  facilitated  by  observing  that  the  relation 

zi(t  +  l)-zi(t)  =  zi-l(t)  (fa  3) 

is  satisfied  f  or  t  =  0,  1,  2,  .  .  .,  i  —  3  if  we  take  for  z,-(0  a  polynomial  of  the 
form  Kttty  —  1)  .  •  •  (t  —  i  +  2).  In  order  that  it  may  be  satisfied  identically,  it 
will  suffice  if  it  is  satisfied  by  another  value  of  t,  for  example,  by  t  =  i  —  2,  since 
the  two  sides  are  polynomials  of  degree  i  —  2  in  t  .  We  thus  find  the  condition 
(i  —  1)  Ki  =  KI-I,  whence  we  derive  Kt  =  l/(i  —  1)  !.  We  therefore  obtain  a 
particular  solution  of  the  equations  (68)  by  putting 


In  order  to  obtain  the  general  solution,  let  us  indicate  by  0t(0  functions  such 
that  <f>k(t  +  1)  =  <f>k(t).  The  first  of  the  equations  (68)  shows  that  z^t)  is  a  func 
tion  of  this  kind,  say  ^(t).  The  second  shows,  similarly,  that  the  difference 
Z2(t)  —  02(0zi(0  does  not  change  when  we  change  t  to  t  +  1  ;  hence  z2(t)  is  of 
the  form  zz(t)  =  <f>2(t)  +  0^(1).  We  can  continue  the  reasoning  step  by  step. 
Suppose  that  we  have  shown  that  zk-i(t)  is  of  the  form 

z*_i(0  =  0*_i(«)  +  020*  -2(0  +  •  •  •  +  0*-i0t(0.  (fc  =  3,  4,  .  .  -,  i) 

The  general  relation  z{(t  +  1)  —  zt(t)  =  zt-_i(0  shows  that  the  difference 

MO  -  0z0i-i(0  ~  030,--2(0  -----  0i0i(0 
does  not  change  when  t  changes  to  t  +  1  ;  hence  the  function  zt-(0  is  of  the  form 
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Combining  these  results,  the  general  solution  of  the  equations  (68)  is  given  by 
the  relations 


(69) 


zp(t)  = 

where  the  functions  </>1?  02,  •  •  .,  0P  do  not  change  when  t  is  changed  to  t  +  1. 

Let  us  return  now  to  the  variable  x,  and  let  us  indicate  by  G,-[Log  (x  —  a)] 
the  polynomial  in  Log  (x  —  a)  obtained  by  replacing  t  by  Log  (x  —  a)/2  iri  in 
#t(£).  We  see  that  the  p  integrals  y^,  y2,  •  •  .,  yv  of  the  group  under  considera 
tion,  which  undergo  the  substitution  (64)  after  a  circuit  in  the  positive  sense 
around  the  point  a,  are  represented  by  formal  expressions  of  the  following  type  : 

^x  -  a), 
(70)-  [e2{Log(a;  -  a)}*^  -  a)  +  <l>2(x  -  a)], 


where  <S>j(x  —  a),  $2(x  —  a),  •  •  •,  $p(x  —  a)  are  single-valued  functions  in  the 
neighborhood  of  the  point  a. 

It  will  be  observed  that  all  the  integrals  of  this  group  can  be  deduced  from 
the  last  of  them,  yp,  which  is  of  the  form 

yp  =  (x-  a)r  |>0(x  -  a)  +  ^(x  -  a)  Log(x  -  a)  +  .  .  . 


where  ^0,  \f/l,  •  •  •  ,  ^p-\  are  single-valued  functions  in  the  neighborhood  of  the 
point  a,  the  last  of  which,  ^-i,  is  different  from  zero.  From  the  relations  (64) 
we  have 

*-»-§-*• 

and  consequently  yp  _  i  is  the  product  of  (x  —  a)r  and  a  polynomial  of  degree 
p  —  2  in  Log(x  —  a),  the  coefficients  of  which  are  single-valued  functions  in 
the  neighborhood  of  the  point  a.  In  the  same  way  we  derive  yp-2  from  yp_i, 
and  so  on. 

If  the  point  a  is  not  an  essentially  singular  point  for  any  of  the  functions 
$1?  <£2,  •  •  •,  $>p,  all  the  integrals  of  the  group  considered  (70)  are  said  to  be 
regular  for  x  =  a.  By  the  remark  made  on  page  131,  we  can  then  suppose  that 
all  the  functions  4>j(x  —  a)  are  analytic  for  x  =  a,  replacing  r,  if  necessary,  by 
another  exponent  which  differs  from  it  only  by  an  integer. 

50.  Fuchs'  theorem.  The  determination  of  the  numbers  Sj,  S2,  •  •  •,  sn,  or,  what 
amounts  to  the  same  thing,  the  corresponding  exponents  rx,  r2,  •••,  rn,  is  in 
general  a  very  difficult  problem.  We  can  obtain  these  exponents  r,-  by  algebraic 
calculations  whenever  all  the  integrals  of  the  equation  considered  are  regular 
in  the  neighborhood  of  the  point  a.  This  results  from  an  important  theorem  due 
to  Fuchs  :  In  order  that  the  equation  (57)  shall  have  n  independent  integrals,  regular 
in  the  neighborhood  of  the  point  a,  it  is  necessary  and  sufficient  that  the  coefficient 
Pi  ofdn~iy/dxn~i  in  this  equation  be  of  the  form  (x—  a)-'P,-(x),  where  the  func 
tion  Pi(x)  is  analytic  in  the  neighborhood  of  the  point  a. 
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If  P,-(a)  is  not  zero,  the  point  a  is  a  pole  of  order  i  for  pi  ;  but  if  P{(a)  =  0, 
the  point  a  is  a  pole  of  order  less  than  i.  It  may  even  happen  that  the  point  a 
is  an  ordinary  point  for  some  of-  the  coefficients  pf.  The  preceding  conditions 
may  be  restated  as  follows  :  The  linear  equation  must  be  of  the  form 


+  (x  -  a)  Pn_i(x)        +  Pn(x)y  =  0, 

where  P1?  P2,  •  •  •,  Pn  are  analytic  functions  in  the  neighborhood  of  the  point  a. 

We  shall  develop  the  proof  only  for  the  case  of  an  equation  of  the  second 
order,  and  we  shall  suppose,  for  simplicity,  that  a  =  0.  In  this  particular  case 
the  first  part  of  Fuchs'  theorem  may  be  stated  as  follows  :  Every  equation  of 
the  second  order,  which  has  two  independent  and  regular  integrals  in  the  neighbor 
hood  of  the  origin,  is  of  the  form 


(72)  x*y"+xP(x)y' 

where  P  (x)  and  Q  (x)  are  analytic  in  this  neighborhood. 

If  the  corresponding  equation  in  s  (60)  has  two  distinct  roots  s1?  s2,  the  equa 
tion  (72)  has  two  regular  integrals  of  the  form 

(I)  y^x^t^x),        y2  =  xr202(z), 

where  the  exponents  rx,  r2  are  different  and  where  0x(x),  02(x)  are  two  analytic 
functions  which  are  not  zero  for  x  =  0.  If  the  equation  in  s  has  a  double  root, 
without  causing  the  appearance  of  logarithmic  terms  in  the  expression  for  the 
general  integral,  we  have  again  two  particular  integrals  of  the  preceding  form, 
where  the  difference  r2  —  rl  is  an  integer.  We  can  always  suppose  that  that 
difference  is  not  zero  ;  for  if  we  had  r>2  =:  rl  ,  we  could  replace  y2  by  the  com 
bination  0X(0)  y2  —  02(0)  yl  ,  which  is  divisible  by  xri  +  1.  Finally,  if  the  expression 
for  the  integral  contains  a  logarithmic  term  in  the  neighborhood  of  the  origin, 
we  can  take  a  fundamental  system  of  the  form 

(II)  yi  =  x^x),        y2  =  afi  [0x(x)  Log  (x)  +  ^(x)], 

where  0x(x)  is  an  analytic  function  which  is  not  zero  for  x  =  0,  and  where  v^(x) 
is  a  single-valued  function  in  the  neighborhood  of  the  origin,  which  may  have 
the  point  x  =  0  f  or  a  pole.  We  have  to  show  that  every  equation  which  has  two 
independent  integrals  of  the  form  (I)  or  of  the  form  (II)  in  the  neighborhood 
of  the  origin  belongs  to  the  Fuchs  type.  The  direct  verification  does  not  offer 
any  difficulty,  but  we  can  abridge  the  work  as  follows  :  If  we  put  y  —  xri<f>i(x)u, 
the  linear  equation  in  u  obtained  by  this  transformation  has  a  general  integral 
of  one  of  the  forms 

u  =  Cl  +  C2xP7r  (x),         u=Cl+C2  [Log  (x)  +  TT  (x)], 

where  TT(X)  is  analytic  f  or  x  =  0  or  has  this  point  for  a  pole.  This  equation  is 
of  the  form  (72),  for  the  derivative  u'  is  of  the  form 


where  f  (x)  is  an  analytic  function  which  is  not  zero  for  x  =  0.    The  linear 
equation  in  u  is  therefore  „  «,  . 
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which  is  of  the  Fuchs  type.  Now  it  is  easy  to  see  that  this  type  is  preserved 
after  a  transformation  such  as  y  =  xri01(x)w.  The  first  part  of  the  proposition 
is  therefore  established. 

In  order  to  prove  the  converse,  let  us  substitute  for  y  on  the  left-hand  side 
of  the  equation  (72)  a  development  of  the  form 

(73)  y  = 

and  let 


be  the  developments  of  the  functions  P  and  Q.  The  coefficient  of  xr  in  the 
resulting  equation  is 

[r(r-l)  +  a0r  +  b0]c0. 

Since,  by  hypothesis,  the  first  coefficient  c0  is  not  zero,  we  must  take  for  r  one 
of  the  roots  of  the  equation  of  the  second  degree 

(74)  D(r)  -  r(r-  1)  +  a0r  +  60  =  0. 

Having  taken  a  root  of  this  equation  for  r,  we  can  choose  c0  arbitrarily.  Let 
us  take,  for  example,  c0  =  1.  Similarly,  the  coefficient  of  xr+p  after  the  sub 
stitution  is 


p-l)+  a0(r  +  p)  +  60]  +  F=  cpD  (r  +  p)  +  F, 

where  F  is  a  polynomial  with  integral  coefficients  in  c0,  cv  •  •  .,  cp_i,  av  a2,  •  •  •, 
OP,  &!,  &2,  •  •  •,  bp.  Putting  successively  p  =  1,  2,  3,  •  •  -,  we  shall  be  able  to  cal 
culate,  step  by  step,  the  successive  coefficients  ct,  c2,  •  •  •,  cn,  unless  D(r  +  p)  is 
zero  for  a  positive  value  of  the  integer  p,  that  is,  unless  the  equation  (74)  has  a 
second  root  r'  equal  to  the  first  r  increased  by  a  positive  integer.  Discarding 
this  case  for  the  moment,  we  shall  obtain  a  particular  integral  represented  by  a 
series  of  the  form  (73),  the  convergence  of  which  will  be  demonstrated  later. 
If  the  equation  D  (r)  =  0  has  two  distinct  roots  r,  r7,  whose  difference  is  not  an 
integer,  the  preceding  method  enables  us  to  obtain  two  independent  integrals, 
and  the  general  integral  is  represented  in  the  neighborhood  of  the  origin  by  the 
expression 

(75)  y  =  C1a^(x)+C2x*V(x), 

where  <f>(x)  and  \f/(x)  are  two  analytic  functions  which  do  not  vanish  for  x  =  0. 
This  is  no  longer  the  case  if  the  two  roots  of  the  equation  (74)  are  equal  or 
if  their  difference  is  an  integer.  Let  r  and  r  —  p  be  these  two  roots,  where  p  is 
a  positive  integer  or  zero.  We  can  always  obtain  a  first  integral  of  the  form 
yl  =  xr<j>(x).  A  second  integral  y2  is  given  by  the  general  formula  (23),  which 
becomes  here 


The  sum  of  the  roots  of  the  equation  (74),  or  1  —  a0,  is  equal  in  this  case  to 
2  r  —  p  ;  hence  a0  =  p  +  1  —  2  r,  and  accordingly 


where  S  (x)  is  a  regular  function  in  the  neighborhood  of  the  origin,  which  is  not 
zero  for  x  =  0.   The  second  integral  y2  can  therefore  be  written  in  the  form 
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where  T(x)  is  an  analytic  function  which  is  not  zero  for  x  =  0. 

If  A  is  the  coefficient  of  XP  in  T(x),  we  see  that  the  integral  y2  is  of  the  form 

Logx 

where  \j/  (x)  denotes  a  new  analytic  function  in  the  neighborhood  of  the  origin. 
This  result  agrees  precisely  with  the  general  theory.  As  a  particular  case,  it 
may  happen  that  we  have  ,4  =  0;  the  general  integral  does  not  then  contain 
logarithms  in  the  neighborhood  of  the  origin.  But  since  T(0)  is  not  zero,  it  is 
to  be  noticed  that  this  case  never  arises  when  p  =  0,  that  is,  when  the  equation 
(74)  has  a  double  root.* 

To  complete  the  demonstration,  it  remains  only  to  prove  the  convergence  of 
the  series  (73)  obtained  by  taking  for  r  a  root  of  the  equation  (74)  such  that  the 
second  root  r'  is  not  equal  to  r  increased  by  a  positive  integer.  To  simplify  the 
proof,  we  may  suppose  that  r  =  0  and  that  the  second  root  r"  is  not  equal  to  a 
positive  integer  ;  for  if  we  put  y  =  x^z,  the  equation  analogous  to  D(r)  =  0  for 
the  linear  equation  in  z  has  the  roots  of  the  equation  (74)  reduced  by  /j..  We  shall 
suppose,  therefore,  that  such  a  transformation  has  already  been  made,  so  that  the 
equation  (74)  has  the  root  r  =  0  and  that  the  second  root  is  not  a  positive  inte 
ger.  For  this  it  is  necessary  that  60  be  zero.  Modifying  the  notation  somewhat, 
and  dividing  all  the  terms  by  x,  we  shall  write  the  equation  (72)  in  the  form 

(76)  xy"  +  a0y'  =  xy'(a^  +  a.,x  +...)  +  y(61  +  62x  +  -  .  •), 

where  the  coefficients  ot,  6j,  a2,  •  •  •  are  not  the  same  as  before.  "We  are  to  prove 
that  this  equation  (76)  has  an  analytic  integral  in  the  neighborhood  of  the  origin, 
which  does  not  vanish  for  x  =  0,  provided  that  1  —  a0  is  not  a  positive  integer. 
Now,  if  we  try  to  satisfy  this  equation  formally  by  a  series  of  the  form 

(77)  y  =  I  +  Clx+  ...+  cnx«+  ..., 

we  obtain  successively  relations  between  the  coefficients  of  the  form 


(78) 


ncn{n  —  1  +  «0}  =Pn{al,  a*,  •••,  &1?  62,  •••,  &„, 


2,  ... 


where  Pn  is  a  polynomial  whose  coefficients  are  all  real  positive  numbers.  By 
hypothesis,  the  coefficient  n  —  I  +  a0  does  not  vanish  for  any  positive  integral 

*Let  us  suppose  that  the  functions  P  (x)  and  Q(cc)  in  the  equation  (72)  are  even 
functions  of  x,  and  that  the  difference  between  the  roots  of  D  (r)  =  0  is  an  odd  integer 
2  n  + 1.  In  this  case  the  logarithmic  term  always  disappears  in  the  integral  y2.  In 
fact,  if  we  take  for  the  independent  variable  t  =  x2,  the  equation  (72)  is  replaced  by 
an  equation  of  the  same  form, 

(720  4 

and  the  roots  of  the  equation  analogous  to  Z)(r)  =  0  are,  as  is  easily  verified,  half  of 
the  roots  of  D  (r)  =  0.  Since  their  difference  is  not  an  integer,  it  follows  that  the 
general  integral  of  the  equation  (72')  does  not  contain  any  logarithmic  term  in  the 
neighborhood  of  the  origin.  The  same  thing  is  therefore  true  of  the  equation  (72). 
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value  of  n.  We  can  therefore  determine  a  positive  number  /j.  such  that  we  have, 
for  every  positive  integral  value  of  n,  |n  —  1  +  a0  1  >  /i(n  +  1),  since  the  quotient 
(n  —  1  +  a0)/(n  +  1)  approaches  unity  as  n  becomes  infinite.  Let  us  replace,  on 
the  other  hand,  the  coefficients  of  xy'  and  y  on  the  right-hand  side  of  the  equa 
tion  (76)  by  dominant  functions,  and  let  us  consider  the  auxiliary  equation 

(79)  »(xY"  +  2  F')  =  xY'(Ai  +  A2x  +•••)+  T(B1  +  B2x  +  •••). 
If  we  attempt  to  satisfy  this  new  equation  by  a  series  of  the  form 

(80)  r  =  l+C1aj+  ...  +  <7nz»+..., 
we  are  led  to  the  relations  analogous  to  the  relations  (78), 

(81)  n».Cn(n  +  1)  =  Pn(Alt  A»  •  .  .,  B»  Ba,  .  .  .,  C»  •  -  .,  Cn_i). 

If  we  compare  the  expressions  which  give  the  values  Of  the  coefficients  cn  and  Cn, 


cn  = 


n(n-l  +  a0) 

the  conditions  At  ^  |  at- 1,  Bt  ^  \  6,- 1 ,  |  n  —  1  +  a0 1  ^  /x  (n  +  1)  show  successively  that 
\cl\<Cl,        |c2|<C2,          ..-,         icn|«7n; 

hence  it  will  suffice  to  show  the  convergence  of  the  auxiliary  series  or  to  show 
that  the  equation  (79)  has  an  analytic  integral,  in  the  neighborhood  of  the  origin, 
not  vanishing  for  x  =  0.  If  we  take  for  the  dominant  functions  an  expression 
of  the  form  M/(i  —  x/r),  the  auxiliary  equation  (79)  can  be  written 

xY"  +  2  Y'  _  M      1 

xY'  +  Y    ''~  n     _  x  ' 

r 
whence  we  derive,  by  a  first  integration, 

Mr 

xY'+Y=c(l--\~i:' 
and  then 

Mr 

xY=C  C*(l--\    *  dx+C'. 


We  have  only  to  take  C'  =  0,  C  =  1  in  order  to  have  an  analytic  integral,  in  the 
neighborhood  of  the  origin,  not  vanishing  for  x  =  0. 

Extension  to  the  general  case.  The  proof  of  Fuchs'  theorem  for  the  general 
case  can  be  based  on  the  same  principles  by  showing  that  if  it  is  true  for  an 
equation  of  order  (n  —  1),  it  is  also  true  for  an  equation  of  order  n. 

If  the  equation  (57)  has  n  particular  integrals  separating  into  a  certain  num 
ber  of  groups  of  the  form  (70),  it  has  at  least  one  particular  integral  of  the  form 
(x  —  a)r0(x  —  a),  where  <f>(x  —  a)  is  an  analytic  function  in  the  neighborhood 
of  the  point  a,  which  does  not  vanish  for  x  =  a.  The  substitution 

y  =  (x—  a)r0(x  —  a)u 

will  lead  to  a  linear  equation  in  u  which  has  the  particular  integral  u  =  1 ; 
hence  the  derivative  u'  satisfies  a  linear  homogeneous  equation  of  order  n  —  1. 
The  theorem  being  supposed  true  for  a  linear  equation  of  order  n  —  1,  this 
equation  in  u'  is  of  the  Fuchs  form ;  the  same  thing  is  evidently  true  of  the 
equation  in  u  and  therefore  of  the  equation  in  y. 
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Conversely,  let  us  consider  an  equation  of  the  form  (71),  in  which  a  =  0. 
This  equation  is  formally  satisfied  by  a  series  of  the  form 


where  r  denotes  a  root  of  the  fundamental  characteristic  equation 

fD(r)  =  r(r-l)'"(r-n  +  l) 

\  +  P1(0)r(r-l)...(r-n  +  2)  +  ...  +  Pn(0)  =  0 

such  that  no  other  root  of  this  same  equation  is  equal  to  r  increased  by  a  posi 
tive  integer.  In  order  to  establish  the  convergence  of  this  series,  it  is  easy  to 
show,  by  an  artifice  analogous  to  the  one  employed  for  n  =  2,  that  it  suffices  to 
prove  that  a  linear  equation  of  the  form 

£-  (x»-i  Y)  =  -2L.  1—  (z»-i  Y) 

dxn  x  dxn  - 1 

r 

has  an  analytic  integral  in  the  neighborhood  of  the  origin  not  vanishing  for 
x  =  0.  Now  this  equation  has  the  particular  integral  (§§18  and  39) 

r= l 

(n  —  2)  !  x*-] 

which  actually  satisfies  the  preceding  condition.  If  the  equation  (82)  has  n 
distinct  roots,  rv  r2,  •  •  -,  rn,  such  that  none  of  the  differences  r,-  —  r^  is  equal  to 
an  integer,  the  general  integral  of  the  linear  equation  is  of  the  form 

y  =  CjX-10!  (x)  +  C2x>-202  (x)  +  .  •  •  +  Cnx'-n0n(x), 

where  01?  02,  •••,  0n  are  analytic  in  the  neighborhood  of  the  origin.  If  the 
equation  (82)  has  equal  roots  or,  more  generally,  roots  such  that  some  of  the 
differences  rt  —  r*  are  integers,  these  roots  separate  into  a  certain  number  of 
groups,  the  difference  between  two  roots  of  the  same  group  being  an  integer, 
while  the  difference  between  two  roots  of  different  groups  is  never  an  integer. 
Let  r  be  the  largest  root  of  one  of  these  groups.  We  have  just  seen  that  the 
equation  (71)  has  a  particular  integral  of  the  form  xr0(x),  where  0(x)  is  an 
analytic  function  in  the  neighborhood  of  the  origin  and  such  that  0  (0)  is  not 
zero.  By  putting  y  =  xr0(x)u,  then  du/dx  =  v,  we  are  led  to  a  linear  differ 
ential  equation  of  order  n  —  1  in  v,  which  is  again  of  the  Fuchs  form.  The 
theorem  being  supposed  true  for  an  equation  of  order  n  —  1,  that  equation  in  v 
has  n  —  1  particular  independent  integrals  of  the  form 

V  =  X«  |>0  (X)  +  ^t  (X)  Log  X  +   •  •  •  +  fg  (X)  (LogX)?], 

where  ^0,  ^t,  •  •  •,  \f/q  are  analytic  functions  for  x  =  0.  If  a  is  not  an  integer, 
we  easily  see,  by  a  succession  of  integrations  by  parts,  that  fv  dx  is  an  expres 
sion  of  the  same  kind  as  u.  If  a  is  an  integer,  fv  dx  contains  also  a  logarithmic 
term 

where  C  is  a  constant  coefficient.  Fuchs'  theorem  is  therefore  true  for  an 
equation  of  the  nth  order.* 

*  For  greater  detail  see  the  paper  by  Fuchs  in  Crelle's  Journal  or  the  thesis  of 
Jules  Tannery  (Annales  de  VEcole  Normale,  2d  series,  Vol.  IV,  1875). 
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51.  Gauss's  equation.   Let  us  apply  the  general  method  to  the  equation 
(83)  x(l  -  x)y"  +  [y  -  (a  +  /3  +  \)x\y'  -  apy  =  0, 

where  or,  /3,  7  are  constants.  The  singular  points  in  the  finite  plane  are  x  =  0 
and  x  =  1.  The  characteristic  equation  for  the  point  x  =  0  is  r(r  -f  7  —  1)  =  0, 
and  its  roots  are  r  =  0,  r  =  1  —  7.  If  7  is  not  zero  nor  equal  to  a  negative 
integer,  it  follows  from  the  preceding  theory  that  the  equation  has  an  analytic 
integral  in  the  neighborhood  of  the  origin  corresponding  to  the  root  r  =  0.  In 
order  to  determine  this  integral,  let  us  substitute  in  the  equation  the  series 


and  equate  to  zero  the  coefficient  of  x"-1.    This  gives  a  recurrent  relation 
between  any  two  consecutive  coefficients     ' 

n(y  +  n  -  I)CB  =  (a  +  n  -  1)  (|8  +  n  -  l)cn_i  ; 
hence  the  analytic  integral  is  the  series 


which  is  called  the  hypergeometric  series.  This  series  is  convergent  in  the  circle  T0 
with  unit  radius  about  the  origin  as  center.  In  order  to  obtain  a  second  integral, 
let  us  make  the  transformation  y  =  xl~yz.  This  leads  to  an  equation  of  the 
same  form, 

,84v  f  s(l  -  »)«"  +  [2  -  7  -  (a  +  |9  +  3  -  2y)x]z? 

\        _(a  +  l_7)(/3  +  l_7)z:=0, 

which  differs  from  the  first  only  in  the  substitution  of  or  +  1  —  7,  £  +  1  —  7,  2  —  7 
for  a,  /8,  7  respectively.  If  2  —  7  is  not  zero  nor  equal  to  a  negative  integer, 
the  equation  (83)  has  therefore  the  second  integral  xl-vF(a  +  1  —  7,  |8  +  1  —  7, 
2  —  7,  x)  ;  and  if  7  is  not  an  integer,  the  general  integral  is  represented  in  the 
circle  T0  by  the  expression 

(85)    y=ClF(a,p,y,x)  +  C2x*-yF(a  +  1  -7,  j8+  1-  7,  2-7,  x). 

If  7  is  an  integer,  the  difference  between  two  roots  of  the  characteristic 
equation  is  zero  or  equal  to  an  integer,  and  the  integral  contains  in  general 
a  logarithmic  term  in  the  neighborhood  of  the  origin.  We  shall  study  only  the 
case  where  7  =  1.  The  two  integrals 

F(a,  /3,  7,  «),         xi~yF(a  +  1  -  7,  /3  +  1  -  7,  2  -  7,  *) 
reduce  in  this  case  to  the  single  integral  F(a,  /3,  1,  x). 

In  order  to  find  a  second  integral,  let  us  first  suppose  that  7  differs  but  little 
from  unity,  say  7  =  1  —  h  ,  where  h  is  very  small  ;  then  the  equation  (83)  has  the 
two  integrals 

F(a,  /3,  1  -  h,  x),        x*F(a  +  h,  ft  +  h,  1  +  h,  x), 

and  consequently  the  quotient 

x*F(a  +  A,  ft  +  h,  1  +  h,  x)  -  F(a,  ft  1  -  A,  x) 

h 

is  also  an  integral.  As  h  approaches  zero,  this  quotient  approaches  as  a  limit  the 
derivative  of  the  numerator  with  respect  to  h  at  the  point  h  =  0.  The  deriva 
tive  of  the  factor  xh  gives  us  a  logarithmic  term  which,  for  h  =  0,  reduces  to 
F(or,  /3,  1,  x)Logx.  To  find  the  derivative  with  respect  to  h  of  any  coefficient 
in  the  two  series,  such  as  the  coefficient 
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(or  +  h)(a+  fe  +  1)...  (a  +  A  +  n  -  1)  (0  +  A)(/3+ft  +  l)  •••  (0  +  A  +  n  -  1) 
n  !  (1  +  A)  (2  +  h)  .  .  .  (n  +  h) 

it  is  convenient  to  calculate  first  the  logarithmic  derivative.    We  find  thus  a 
new  integral  which  has  the  form 

ir,  ft  1,  x)Logx 
+  2 
where  we  put 


(86)    4  ,   v  .    a(or  +  l)...(a+n-l)/3(/3  +  l)...(/3+n-l) 

4-   2,-dw — Xn: 


=  ^  +  _l^+...+      *    .+!+...+ 


a      a+1  a+n— 1      /3  /3  +  n— 1 


We  might  study  in  the  same  way  the  integrals  of  Gauss's  equation  in  the 
neighborhood  of  the  point  x  =  1,  but  it  suffices  simply  to  notice  that  if  we 
replace  x  by  1  —  x,  the  equation  does  not  change  in  form,  but  y  is  replaced  by 
a  +  /3  +  1  —  7.  The  general  integral  is  therefore  represented  in  the  circle  T1 
with  unit  radius  about  the  point  x  =  1  as  center  by  the  expression 

y  =  Cl  F(a,  ft  a  +  ft  +  1  -  7,  1  -  x) 

+  Cz(l-x)y-«-PF(y-a1  7-ft7+l_a_ft  1  -  x), 

provided  that  7  —  a  —  ft  is  not  an  integer. 

In  order  to  study  the  integrals  for  values  of  x  of  very  large  absolute  value, 
we  put  x  =  l/£,  and  we  are  then  led  to  study  the  integrals  of  a  new  linear 
equation  in  the  neighborhood  of  the  origin.  The  integrals  of  this  equation 
are  likewise  regular  in  the  neighborhood  of  the  origin,  and  the  roots  of  the 
characteristic  equation  are  precisely  a  and  ft  If  we  substitute  simultaneously 
x  =  l/£,  y  =  taz,  the  equation  obtained  is  again  of  the  form  (83),  but  /3  is 
replaced  by  a  +  1  —  7,  and  7  by  a  +  1  —  ft  Gauss's  equation  has  therefore 
the  integral 

X-«F(CZ,  a  +  1  -  7,  a  +  1  -  0,  i 

By  symmetry  it  has  also  the  integral  obtained  from  this  one  by  interchanging 
a  and  ft  and  therefore  the  general  integral  is  represented  in  the  region  exterior 
to  the  circle  F0  by  the  expression 

a+  1  -  7,  a  +  1  -ft  i^  +  C2x~0F^3+ 1  -  7 

provided  that  a  —  f3  is  not  an  integer. 
Note.  Every  linear  equation  of  the  form 
(87)  (x  -  a)  (x  -  6)y"  +  (Ix  +  m)yf  +  ny  =  0, 

where  a,  6,  Z,  m,  n  are  any  constants  (a  •#.  6),  reduces  to  Gauss's  equation  by  the 
change  of  variable  x  =  a  +  (6  —  a)  t.  For,  to  identify  the  resulting  equation 


with  the   equation   (83),  we  need  only  put  7  =—  (la  +  m)/(6  —  a),  and  then 
determine  a  and  /3  by  the  two  conditions  a  +  /3  +  1  =  Z,  ap  =  n. 


142  LINEAR  DIFFERENTIAL  EQUATIONS  [HI,  §  52 

52.  Bessel's  equation.   Let  us  consider  in  particular  the  equation 

(89)  x  (1  -  kx)  y"  +(c-  bx)  y'  -  ay  =  0, 

which  has  the  two  singular  points  x  =  0,  x  =  1/k,  and  which  can  be  reduced  to 
Gauss's  equation  by  the  change  of  variable  kx  =  t.  If  we  make  the  parameter  k 
approach  zero  while  a,  6,  c  approach  finite  limits  A,  B,  C,  the  singular  point 
x  =  1/k  goes  off  to  infinity,  and  we  obtain  at  the  limit  the  linear  equation 

(90)  xy"  +  (C  -  Bx)  y'-Ay  =  0, 

whose  only  singular  point  at  a  finite  distance  is  the  point  x  =  0.  If  B  is  not 
zero,  replacing  Bx  by  x  we  are  led  to  an  equation  of  the  same  form,  where 
B  =  l.  Likewise,  if  B  =  0  and  A  is  different  from  zero,  we  can  suppose  -4=1. 
Finally,  disregarding  the  trivial  case  A  =  B  =  0,  the  equation  (90)  can  be 
replaced  by  one  of  the  two  forms 

(91)  xy"  +(y-x)y'-ay  =  0, 

(92)  xy"  +  yy'  -  y  =  0. 

Studying  the  integrals  of  these  two  equations  in  the  neighborhood  of  the 
origin,  as  we  have  done  for  Gauss's  equation,  we  are  led  to  introduce  the  two 

G(a,7,x)  =  1  +  ^x+      a(a-H) 

1.7          1.2.7(7  +  1) 


which  may  be  considered  as  degenerate  cases  of  the  hypergeometric  series.  If 
we  replace  in  F(a,  /3,  7,  x)  the  variable  x  by  kx  and  /3  by  1/k,  the  coefficient 
of  xn  in  F(a,  1/k,  7,  kx)  approaches  the  coefficient  of  xn  in  G(a,  7,  x)  as  Ji 
approaches  zero.  Similarly,  the  coefficient  of  xn  in  F(l/k,  1/k,  7,  k2x)  approaches 
the  coefficient  of  xn  in  J(y,  x)  as  k  approaches  zero. 

If  7  is  not  an  integer,  the  general  integral  of  the  equation  (91)  is  given  by 
the  expression 

(93)  y  =  ClG(a,  7,  x)  +  Czx^~yG(a  +  1  -  7,  2  -  7,  x). 
Likewise,  the  general  integral  of  the  equation  (92)  is 

(94)  y  =  ClJ(y,  x)  +  C2xi-Y<7(2  -  7,  x). 

These  formulae  are  valid  in  the  whole  plane. 

If  7  is  an  integer,  the  general  integral  of  the  equation  (92)  always  contains  a 
logarithmic  term.  For  example,  if  7  =  1,  we  obtain  an  integral  different  from 
J"(l,  x)  by  finding  the  limit  f  or  h  —  0  of  the  quotient 

h,x)-J(l-h,x) 
— 


which  gives  for  the  general  integral 

y  =  0^(1,  x)  +  C2V(1,  x)Logx- 


We  can  reduce  to  the  form  (92)  a  certain  linear  equation  which  appears 
in  a  large  number  of  questions  of  mathematical  physics.   Let  us  put  in  the 
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equation  (92)  x  =  —  £2/4  ;  replacing  7  by  n  +  1,  the  equation  obtained  is  iden 
tical  with  the  equation  already  studied  (§  46), 

(95)  ^  +  (2n  +  1)^  +  ^  =  0. 

If,  in  this  last  equation,  we  put  y  =  t~nz,  we  obtain  a  new  form  of  Bessel's 
equation, 

(96)  +**-+t%*p-*)*  =  l 

The  three  equations  (92),  (95),  (96),  where  7  =  n  +  1,  are  therefore  absolutely 
equivalent  to  one  another.  If  n  is  not  an  integer,  the  preceding  development 
shows  that  the  general  integral  of  Bessel's  equation  (96)  is 


We  have  shown  above  (§  46)  that  if  n  is  half  an  odd  integer,  the  general  integral 
of  the  equation  (95)  can  be  expressed  in  terms  of  elementary  transcendental 
functions.  Hence  the  transcendental  function  J(y,  x)  is  expressible  in  terms  of 
exponential  functions  if  7  is  half  of  an  odd  integer. 

Note.   The  equation  studied  by  Riccati, 

(97)  —  +  Au2  -  Ex*  =  0, 
dx 

where  J.,  5,  m  are  given  constants,  can  also  be  reduced  to  any  one  of  the 
equivalent  equations  (92),  (95),  (96).  Indeed,  we  have  seen  (§  40)  that  the  gen 
eral  integral  of  the  equation  (97)  is  z'/Az,  where  z  is  the  general  integral  of 
the  linear  equation 

,72  ~ 

(98)  ^-ABx^z  =  Q. 

If  we  make  the  change  of  variable  x  =  X£«,  where  X  and  /t  are  two  undetermined 
quantities,  the  last  equation  becomes 

(99)  t^  —  (*~l)—-AB\»'+*iP1f»+*>f-*9  =  Q. 

dt2  dt 

In  order  to  identify  this  equation  with  the  equation  (95),  we  need  only  take 
H  =  2/(m  +  2),  and  determine  X  by  the  condition  AB\m  +  2iJ?  =—  1.  The  cor 
responding  value  of  n  is  —  /u/2  or  —  l/(m  +  2).  We  can  therefore  express  the 
general  integral  of  Riccati's  equation  (97)  in  finite  terms  whenever  l/(m  +  2) 
is  half  of  a  positive  or  negative  odd  integer  2  i  +  1,  that  is,  whenever  m  is  equal 
to  —  4i/(l  +  2i),  where  i  denotes  a  positive  or  negative  integer. 

53.  Picard's  equations.  Given  a  linear  differential  equation  with  coefficients 
analytic  except  for  poles,  we  can  determine  by  Fuchs'  method  whether  the 
general  integral  is  itself  an  analytic  function  except  for  poles.  For  this  it  is 
necessary  and  sufficient  :  (1)  that  the  integrals  shall  be  regular  in  the  neigh 
borhood  of  each  of  the  singular  points  ;  (2)  that  all  the  roots  of  the  charac 
teristic  equation,  relative  to  each  of  these  singular  points,  shall  be  integers  ; 
finally,  (3)  that  all  the  logarithmic  terms  shall  disappear  from  the  expression 
for  the  general  integral  in  the  neighborhood  of  a  singular  point. 
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Suppose  that  all  these  conditions  are  satisfied.  The  general  integral  is  then 
a  single-valued  analytic  function  except  for  poles  in  the  whole  plane.  If  the 
coefficients  of  the  equation  are  rational  functions,  there  are  only  a  finite  num 
ber  of  singular  points  a1?  a2,  •  •  -,  an.  In  order  for  the  general  integral  to  be  a 
rational  function,  it  is  sufficient  that  the  equation  obtained  by  putting  x  =  \/t 
shall  itself  have  all  its  integrals  regular  in  the  neighborhood  of  the  point  t  =  0, 
since  the  general  integral  is  single-valued  and  therefore  cannot  contain  log 
arithmic  terms  nor  fractional  powers  of  t.  If  this  last  condition  is  satisfied,  we 
can  obtain  the  general  integral  by  equating  coefficients  according  to  the  method 
of  undetermined  coefficients.  In  fact,  let  —  mt-  be  the  smallest  root  of  the  char 
acteristic  equation  relative  to  the  point  x  =  az-,  and  .ZV  the  smallest  root  of  the 
characteristic  equation  relative  to  the  point  t  =  0  for  the  transformed  equation. 
It  is  clear  that  the  product  of  any  integral  y  and  the  expression 


(x  -  a^i  (x  - 

is  a  rational  function  having  no  poles  in  the  finite  portion  of  the  plane.  This 
product  is  therefore  a  polynomial  P(x),  whose  degree  is  at  most  equal  to 

ml  +  m2  +  ----  H  mn  —  N. 

Since  we  know  an  upper  bound  for  the  degree  of  this  polynomial,  the  coefficients 
can  be  determined  by  replacing  y  by  an  expression  of  the  form  P(x)  II  (x  —  ott-)~  m«, 
where  P  (x)  is  the  most  general  polynomial  of  this  degree,  in  the  left-hand  side 
of  the  given  equation,  and  then  equating  the  result  identically  to  zero. 

Picard  has  given  another  very  important  case  where  the  general  integral  can 
be  expressed  in  terms  of  the  classic  transcendental  functions.  Given  a  linear 
homogeneous  differential  equation,  whose  coefficients  are  elliptic  functions  of  the 
independent  variable  with  identical  periods,  if  its  general  integral  is  an  analytic 
function  except  for  poles,  that  integral  can  be  expressed  in  terms  of  the  standard 
transcendental  functions  of  the  theory  of  elliptic  functions. 

For  simplicity  in  writing,  let  us  develop  the  proof  for  an  equation  of  the 
second  order  only.  Let  /]_(#),  /2(x)  be  two  independent  integrals  of  a  linear 
homogeneous  equation  y"  +  p  (x)  y'  +  q  (x)  y  =  0,  where  p  (x)  and  q  (x)  are  elliptic 
functions  with  the  periods  2  w  and  2  a/.  By  hypothesis,  /i(x)  and  /2(x)  are  single- 
valued  functions  analytic  except  for  poles.  Since  the  given  equation  does  not 
change  when  we  replace  x  by  x  +  2  o>,  /t(x  +  2  w)  and  /2(x  +  2  w)  are  also  inte 
grals,  and  we  have  the  relations 

(100)        MX  +  2  «)  =  afjx)  +  &/2(x),        /2(x  +  2  «)  =  cf^x)  +  d/2(x), 

where  a,  b,  c,  d  are  constant  coefficients  whose  determinant  ad  —  be  is  not  zero. 
For  if  we  had  ad—  bc  =  Q,  we  could  derive  from  (100)  a  relation  between  /1(x+  2  w) 
and  /2(z  +  2  w)  of  the  form  <Vt(x  +  2  w)  +  C2/2(x  +  2  w)  =  0,  where  Cl  and  C2 
are  constants  not  both  equal  to  zero.  This  is  impossible,  since  /x  and  /2  are  two 
independent  integrals.  For  the  same  reason,  we  have  another  system  of  relations 


(101)      MX  +  2  «')  =  a'/^x)  +  6'/2(x),        /2(x  +  2  a/)  =  c'/^x)  +  d'/2(x), 

where  a',  &',  c',  cT  are  constant  coefficients,  and  a'd'  —  b'c'  is  not  zero.  Let  us  try 
to  find,  as  in  §  47,  an  integral  0  (x)  =  X/^x)  +  /u/2(x)  such  that  0  (x  +  2  w)  =  s<f>  (x). 
We  have  for  the  determination  of  X,  n,  s  the  two  equations 

\(a  —  s)  +  nc  =  0,        X6  +  /*  (d  —  s)  =  0  ; 
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whence  we  derive  the  equation  of  the  second  degree  for  s, 
F(s)  =  s2  -  (a  +  d)s  +  ad  -  be  =  0. 

If  this  equation  has  two  distinct  roots  slt  s2,  there  exist  two  independent  inte 
grals  0!(x),  02  (x)  such  that  we  have 

(102)  0:(x  +  2  w)  =  ^(x),         02(x  +  2  «)  =  s202(x), 

and  the  relations  (101)  can  be  replaced  by  the  two  relations  of  the  same  form 

(103)  01(x  +  2  u/)  =  kj^x)  +  l<t>,(x),         02(x  +  2  wO  =  ™0i(z)  +  n02(x). 

By  means  of  the  relations  (102)  and  (103),  we  can  now  obtain  two  different  ex 
pressions  for  0j(x  +  2  a)  +  2  w')  and  00(x  +  2  w  +  2  a/)  .  We  have,  on  the  one  hand, 

0j(X  +  2  u  +  2  a/)  =  S^X  +  2  a/)  =  Sfa^x)  +  sjf^x). 

On  the  other  hand,  proceeding  in  the  inverse  order,  we  may  also  write 
0i(x  +  2  w  +  2  w')  =  t0!(x  +  2  o>}  +  /0o  (x  +  2  w)  =  fcs^fx)  +  Is2<t>2(x). 


Since  these  two  expressions  must  be  identical,  we  have  I  =  0,  for  sl  —  s2  is  not 
zero.  Similarly,  by  considering  the  two  expressions  for  02(x  +  2w  +  2  a/),  we 
find  77i  =  0.  The  integrals  01(x),  0o(x)  are  therefore  analytic  functions  except 
for  poles,  which  reproduce  themselves  multiplied  by  a  constant  factor  when  the 
variable  x  increases  by  a  period  ;  these  are  called  doubly  periodic  functions  of  the 
second  kind.  Every  function  0  (x)  analytic  except  for  poles  which  possesses  this 
property  can  be  expressed  in  terms  of  the  transcendental  functions  p,  f.  o-,  since 
the  logarithmic  derivative  0'(x)/0  (x)  is  an  elliptic  function,  and  we  have  seen 
that  the  integration  does  not  introduce  any  new  transcendental  (II,  Part  I,  §  75). 
Moreover,  we  can  prove  this  without  any  integration.  Let  0  (x)  be  an  analytic 
function  except  for  poles  such  that 


0(x  +  2  w)  =  /*0(x),         0(x  +  2  (/)  =  /*>(»). 

Consider  the  auxiliary  function  f(x)  =  ePx<r(x  —  a)/<r(x),  where  a  and  p  are 
any  two  constants.  From  the  properties  of  the  function  <r  (see  Vol.  II,  Part  I, 
§  72)  we  have 


^(x  +  2w)  = 

In  order  for  the  quotient  0  (x)/\ft  (x)  to  be  an  elliptic  function,  it  is  sufficient  that 
2  w/o  —  2  arj  =  Log  jt,        2  w'p  —  2  at\  =  Log  /. 

These  relations  determine  p  and  a  (II,  Part  I,  p.  161).  It  should  be  noticed  that 
we  can  take  a  =  0  if  Log  p  and  Log  //  are  proportional  to  the  corresponding 
periods  2  w,  2  w'. 

Let  us  now  turn  to  the  case  where  the  equation  F(s)  =  0  has  a  double  root  s. 
We  can  find  (§  48)  two  independent  integrals  01(x),  02(x)  such  that 

(104)          0x(x  +  2  w)  =  s01(x),        02(x  +  2  «)  =  s0,(x)  +  C01(x). 

If  C  =  0,  all  the  integrals  of  the  equation,  and  in  particular  /t(x)  and/0(x),  are 
multiplied  by  s  when  x  is  increased  by  2  w.  Assuming  (7  =  0,  let  us  try  to  find  a 
linear  combination  X/1(x)  +  /*/>(x)  which  reproduces  itself  multiplied  bys'  when 
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x  increases  by  2  a'.    Starting  from  the  equations  (103),  we  find  two  independ 
ent  integrals  0x(x),  02(x)  such  that  either 


01(X  +  2  «')  =  *i0i(z),         02(*  +  2  *0  =  S202(x) 
or 

s'0i(z),         02(x  +  2  «/)  =  s'02(x)  +  C' 


where  C'  is  not  zero.  In  the  first  case  the  integrals  0x(x),  02(x)  are  again 
doubly  periodic  functions  of  the  second  kind.  In  the  second  case  the  integral 
0j(x)  alone  is  a  doubly  periodic  function  of  the  second  kind.  As  for  the  inte 
gral  02  (x),  the  quotient  02(x)/01(x)  increases  by  a  constant  C'  when  x  increases 
by  2w',  and  it  does  not  change  when  x  increases  by  2w.  Now  the  function 
A£  (x)  +  .Bx,  where  A  and  1?  are  two  constant  coefficients,  possesses  the  same 
property,  provided  that  we  have 


2  Arj  +  2  Bu  =  0,         2  Jy  +  2  J3w'  =  C'. 

The  difference  02/0x  —  -4f  (x)  —  Bx  is  therefore  an  elliptic  function. 

If  the  coefficient  C  is  not  zero  in  the  equations  (104),  we  have  relations  between 
the  integrals  0j(x),  02(x),  0x(x  +  2  a/),  0a(x  +  2«')  of  the  form  (103),  and  we 
can  again  deduce  from  them  two  different  expressions  for  0x(x  +  2w  +  2w') 
and  02  (x  +  2  w  +  2  w')  .  By  writing  that  they  are  identical,  we  obtain  the  con 
ditions  I  =  0,  fc  =  n.  The  integral  0x(x)  is  again  a  doubly  periodic  function  of 
the  second  kind,  while  the  integral  02  (x)  satisfies  the  two  relations 


[ 


t  (x  +  2  wx) 


Let  us  determine  just  as  before  the  two  coefficients  A  and  B  in  such  a  way 
that  2Aij  +  2Bu  =  C/s,  2A^  +  2  Bu'  =  m/k.    Then  the  difference 


is  again  an  elliptic  function.   We  see,  therefore,  that  the  general  integral  is  in 
all  cases  expressible  in  terms  of  the  single  transcendentals  e*,  p(x),  f(x),  <r(x). 
Let  us  consider,  for  example,  Lame's  equation 

(105)  ^-t»(»tDp(*)+*]y=«, 

where  n  is  an  integer  and  A  is  an  arbitrary  constant.  The  integration  of  this 
equation  by  Hermite  was  the  starting  point  for  the  preceding  theory.  The  gen 
eral  integral  of  this  equation  is  a  function  analytic  except  for  poles.  In  fact, 
the  only  singular  points  are  the  origin  and  the  points  2mu  +  2ra/o/.  In  the 
neighborhood  of  the  origin  the  integrals  are  regular,  and  the  roots  of  the  char 
acteristic  equation  are  r'  =—  n,  r"  =  n  +  1.  Their  difference  is  an  odd  integer, 
and  the  coefficient  of  y  is  an  even  function  ;  therefore  the  expression  for  the 
general  integral  does  not  contain  any  logarithmic  term  (see  ftn.,  p.  137). 

54.  Equations  with  periodic  coefficients.  In  many  important  questions  of 
mechanics,  linear  equations  with  periodic  coefficients  occur.  We  shall  indicate 
rapidly  their  more  important  properties.  Let 

<106>  &+*£!*•••+«-• 


Ill,  §54]  REGULAR  INTEGRALS  147 

be  a  linear  equation  whose  coefficients  are  continuous  functions  of  the  real 
variable  £,  having  a  period  o>,  which  we  may  always  suppose  positive.  If  the 
integrals  yt(£),  y2(0»"'»  ^»(0  form  a  fundamental  system,  it  is  clear  that 
y^t+w),  2/2  (£  +  w),  •••,  yn(t  +  u)  are  also  integrals  of  the  equation  (106), 
since  that  equation  remains  unchanged  when  we  replace  t  by  t  +  w.  Hence 
we  have  n  relations  of  the  form 

(107)         yi(t  +  u)  =  aiiyi(t)  +  OiZyz(t)  +  •  •  •  +  Oinyn(t).         (t  =  1,  2,  . . .,  n) 

The  determinant  H  of  the  coefficients  oa  is  different  from  zero.  For,  by 
repeating  the  reasoning  of  page  129,  we  find  that  this  determinant  has  the  value 


-fit* 

H  =  e  J° 


(108) 

The  equations  (107)  define  a  linear  substitution  with  constant  coefficients, 
whose  determinant  is  not  zero.  We  are  therefore  led  to  a  study  entirely  similar 
to  the  one  which  has  already  been  made  in  detail  in  §§  48,  49.  Instead  of 
making  the  complex  variable  x  describe  a  circuit  in  the  positive  sense  around  a 
singular  point  a,  the  variable  t  describes  a  segment  of  the  real  axis  of  length  o>. 
It  follows  from  that  study  that  we  can  always  choose  a  fundamental  system  of 
integrals  such  that  the  relations  (107)  reduce  to  a  simple  canonical  form.  The 
actual  formation  of  this  system  depends  first  of  all  on  the  solution  of  the 
characteristic  equation 


(109)  F(8)  = 


ai» 


022  — 


=  0. 


All  the  roots'  of  this  equation  are  different  from  zero,  since  their  product  is 
equal  to  the  determinant  fl",  whose  value  we  have  just  written  down.  If  the 
n  roots  of  that  equation  are  distinct,  there  exists  a  fundamental  system  of 
integrals  such  that  the  equations  (107)  take  the  form 

(110)  yl(t  +  »)  =  *1Vi(t),    •'•',     yn(t+o>)  =  snyn(t). 

If  the  equation  (109)  has  multiple  roots,  we  can  always  find  a  fundamental 
system  of  integrals  which  separate  into  a  certain  number  of  groups  such  that 
the  p  integrals  ?/15  ?/2,  •  •  •,  yp  of  the  same  group  satisfy  relations  of  the  form 


In  order  to  find  expressions  for  these  integrals,  let  us  seek  first  the  general 
form  of  a  single-valued  continuous  function  f(t)  such  that  f(t  +  w)  =  «/(£), 
where  the  factor  s  is  not  zero.  Let  or  be  a  determination  of  (l/u;)Logs.  It  is 
clear  that  the  product  f(t)  e~  at  has  the  period  w  ;  hence  f(t)  is  of  the  form 
f(t)  =  e«'0(£),  where  <f>(t)  is  a  continuous  function  with  the  period  w.  Accord 
ingly,  if  S{  is  a  root  of  the  characteristic  equation,  we  shall  put  at  =  (l/u>)Logst-. 
The  constants  at-,  which  are  determined  except  for  multiples  of  27rV—  1/w, 
are  called  the  characteristic  exponents.  The  real  parts  of  these  exponents,  which 
are  determined  without  ambiguity,  are  called  the  characteristic  numbers.  If  the 
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equation  (109)  has  n  distinct  roots  st,  s2,  •  •  .,  sn,  the  equation  (106)  has  then  n 
independent  particular  integrals  of  the  form 

(112)     y1==  ^1*^(0,        ys  =  e«i'02(0,        ••-,        y»  =  e-w«^(0, 

where  orl5  or2,  •  •  •,  an  are  the  characteristic  exponents,  and  where  0X,  02,  •  •  •,  0M 
are  continuous  functions  with  the  period  o>. 

In  the  general  case  it  is  evidently  sufficient  to  find  expressions  for  the 
integrals  of  a  group  which  satisfy  the  relations  (111).  Now  if  we  substitute  in 
these  relations  y{  =  efftz^  where  a  is  equal  to  (l/w)Log  8,  they  become 


When  t  increases  by  w,  the  variable  r  =  t/u  increases  by  unity.   Taking  r  for  a 
new  variable,  the  problem  is  reduced  to  one  solved  above  (§  49).   If  we  set 


the  general  expressions  for  the  functions  yr  y2,  •  •  •,  yp  are 

r 

(113)    1  yi(t)  = 


r 

1 

[ 


i=  1,2, 


where  </>1?  $2,  •  •  •  ,  <f>p  are  continuous  functions  with  the  period  w,  the  first  of 
which,  0t(£),  is  not  zero.  We  see  again  here,  as  in  §  49,  that  all  these  integrals 
can  be  deduced  from  the  last  one  of  the  group.  For  zp-i(t)  is  equal  to  the 
difference  zp(t  +  w)  —  zp(t),  and,  similarly,  zp_2(£)  =  zp-i(t  +  w)  —  2p_i(i),  and 
so  on.  We  can  therefore  write  the  equations  (113)  in  the  form 


(114) 


where  A1(«p),  A2(^p),  •••  indicate  the  successive  differences  of  Zp(t)  when  we 
change  ttot+u.  Let  us  observe  that  zp  (t)  is  a  polynomial  in  t  of  degree  p  —  1, 
whose  coefficients  are  periodic  functions  of  t.  The  successive  differences  A1(^>), 
A^Zp),  •  •  •  are  therefore  polynomials  of  the  same  kind  with  decreasing  degrees, 
the  pth  difference  being  zero.  Let  us  indicate  by  Dzp,  D2zp,"  •,  D{zp  the  suc 
cessive  derivatives  of  zp  taken  with  respect  to  £,  considering  the  coefficients  of 
this  polynomial  as  constants.  From  the  theory  of  finite  differences,  we  know 
that  the  successive  differences  A^Zp),  A2(zp),**«  are  linear  combinations  with 
numerical  coefficients  of  the  derivatives  Dzp,  -D2Zp,  »••,  -Z^'zp,  and  conversely.* 

*  Without  resorting  to  this  theory,  we  may  observe  that  Taylor's  formula  gives  us, 
step  by  step,  Ai(z}>)  =  »iDizP+ •  •  >, 

where  the  terms  not  written  contain  only  the  derivatives  I){  +  1,  ••-.  We  can  there 
fore  express,  conversely,  the  derivatives  DizP  as  linear  functions  of  the  differences 
Af, 
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We  can  therefore  replace  the  system  of  integrals  (114)  by  the_equivalent  system 

YP(t)       = 
(115) 


Note  1.  The  integrals  of  the  group  (113),  corresponding  to  the  characteristic 
exponent  or,  approach  zero  when  t  becomes  infinite  passing  through  positive 
values,  if  and  only  if  the  real  part  of  a  is  negative.  In  order  that  all  the  inte 
grals  of  the  equation  (106)  shall  approach  zero  as  t  becomes  infinite,  it  is  there 
fore  necessary  and  sufficient  that  all  the  characteristic  numbers  shall  be  negative, 
or,  what  amounts  to  the  same  thing,  that  the  absolute  value  of  each  of  the  roots 
of  the  equation  (109)  is  less  than  unity. 

Note  2.  If  s  is  a  real  positive  root  of  the  equation  (109),  it  is  natural  to 
take  for  a  the  real  determination  of  (1/w)  log  s.  If  the  coefficients  of  the  equa 
tion  (106)  are  real,  the  same  thing  will  evidently  be  true  in  this  case  of  the 
integrals  yv  yz,  •  • .,  yp  of  the  group  (113)  and  consequently  of  the  periodic 
functions  0t(t),  00(0«  •••• 

Let  s  =  \  +  fj.  V—  1  be  a  p-f old  root  of  the  equation  (109),  where  /*  ^  0,  and 
let  a  =  a*  +  a"  V—  1  be  a  corresponding  determination  of  the  exponent  a.  To 
the  group  of  integrals  (113)  we  can  adjoin  a  conjugate  group  obtained  by  replac 
ing  a  by  of  —  a"  V—  1  and  the  functions  0,-  (t)  by  the  conjugate  functions.  It  is 
clear  that  by  combining  these  2p  integrals  linearly  in  pairs  we  can  derive  from 
them  a  system  of  2jp  real  integrals. 

Finally,  suppose  that  s  is  a  real  negative  root.  Then  we  can  write  the  value 
of  a  =  a'  +  (TT/U)  V—  1,  and  to  that  root  corresponds  a  particular  integral  of 
the  form 

y  =  e«''  (cos  -  +  V^T  sin  -]  Ot  (t)  +  V^l  ^  (<)), 
\         u  u  / 

where  the  functions  \f/l  and  \f/<>  are  real  and  periodic.  If  the  coefficients  of  (106) 
are  real,  it  is  clear  that  the  real  part  and  the  coefficient  of  V—  1  must  each 
satisfy  separately  the  linear  equation.  We  would  proceed  similarly  with  the 
other  integrals  of  the  group  (113)  if  p  is  greater  than  unity. 

Moreover,  the  case  where  s  is  real  and  negative  reduces  to  the  case  where  8 
is  real  and  positive  by  considering  the  period  2  u  instead  of  the  period  u.  It  is 
clear,  in  fact,  that  if  an  integral  is  multiplied  by  s  when  we  change  t  to  t  +  w, 
it  will  be  multiplied  by  s2  when  we  change  t  to  t  +  2  u. 

Note  3.  When_the  coefficients  pt-  are  analytic  functions  of  the  complex  vari 
able  t  =  t'-\-  t"  V—  1,  analytic  in  the  strip  E  included  between  the  two  parallels 
to  the  real  axis  t"  =  ±  A,  the  integrals  of  the  equation  (106)  are  analytic  func 
tions  in  the  same  strip.  The  reasoning  used  under  the  supposition  that  the 
variable  t  moves  along  the  real  axis  applies  without  modification  to  the  case 
in  which  that  variable  moves  in  the  strip  R.  It  follows  that  the  functions  0,-(£), 
which  appear  in  the  expressions  of  (113),  are  periodic  analytic  functions  in  the 
strip  E.  They  can  therefore  be  developed  in  series  of  sines  and  cosines  of 
multiples  of  the  angle  2  irt/u  (see  Vol.  II,  Part  I,  §  65). 
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55.  Characteristic  exponents.  The  investigation  of  the  characteristic  exponents 
is  in  general  very  difficult.*  The  solution  of  this  problem  evidently  reduces  to 
the  determination  of  the  coefficients  aik  which  appear  in  the  equations  (107), 
which,  in  turn,  is  equivalent  to  the  following  :  knowing  the  initial  values,  for 
t  =  £0,  of  the  n  integrals  yv  y2,  •  —,  yn  and  their  first  n—  1  derivatives,  to  find 
the  values  of  these  integrals  and  of  their  derivatives  for  t  =  tQ  +  w.  The  coeffi 
cients  ai]c  are  then  obtained  by  the  solution  of  the  n  systems  of  linear  equations 

cnnyn(tQ) 


We  cannot  in  general  solve  this  last  problem  except  by  the  use  of  general 
methods,  for  example,  by  successive  approximations.  Let  us  replace  pi  by  Xpt-  in 
the  equation  (106),  where  X  denotes  a  variable  parameter,  and  then  develop  in 
powers  of  X  the  integral  of  that  equation  which  together  with  its  first  (n  —  1) 
derivatives  takes  on  preassigned  values  independent  of  X  for  t  =  <0, 

(117)  y  =/0(0  +  X/^)  +  •  •  •  +  X»/«  (0  +  •••, 

where  f0(t)  is  a  polynomial  in  Z,  of  degree  n  —  1  at  most,  which  can  be  written 
down  immediately  from  the  initial  conditions.  Substituting  this  value  of  y  in 
(106),  we  see  that  the  other  coefficients/^),./^  (<),  •  •  .  are  determined,  step  by  step, 
by  relations  of  the  form 


in  which  the  right-hand  sides  depend  only  upon  the  functions  fv  /2,  .  .  .,  .ft_i, 
and  upon  their  derivatives.  Moreover,  these  coefficients,  together  with  their  first 
n  —  1  derivatives,  must  vanish  for  t  =  t0.  Hence  these  coefficients  can  be  found 
by  quadratures.  We  have  already  noticed  (§  28)  that  the  series  obtained  is  con 
vergent  for  any  value  X.  If  we  put  X  =  1  in  the  relation  (117)  and  in  all  those 
which  we  obtain  from  it  by  differentiation,  we  shall  have  the  developments  of 
the  integral  under  consideration  and  of  its  derivatives  in  series  which  are  con 
vergent  for  all  real  values  of  t.  Hence  we  can  obtain  in  this  way  the  quantities 
yt(t0  +  w),  2/iP)(£0  +  w)  which  appear  in  the  equations  (116),  and  consequently 
we  can  determine  the  coefficients  a^.t 

Example.  Let  us  consider,  for  example,  the  equation 


where  p  (t)  is  a  continuous  function  of  t  with  the  period  w.    The  product  of 
the  roots  of  the  characteristic  equation  is  here  equal  to  one,  by  formula  (108). 

*  When  the  coefficients  pi  are  analytic  integral  functions  of  the  complex  variable  tt 
the  change  of  variable  e2  ""**'/<»  =  x  replaces  the  given  equation  by  a  linear  equation 
whose  coefficients  are  single-valued  in  the  neighborhood  of  the  origin,  and  we  are  led 
to  study  the  law  of  the  permutation  of  the  integrals  when  the  variable  z  describes 
a  loop  around  the  origin.  But  the  equation  thus  obtained  is  not  in  general  of  the 
Fuchs  form. 

t  If  we  allow  the  parameter  X  to  have  any  value,  it  follows,  from  the  process  used 
above,  that  the  coefficients  aik,  and  consequently  the  coefficients  of  the  characteristic 
equation,  are  integral  functions  of  this  parameter. 
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That  equation  is  therefore  of  the  form 

(119)  s2-  As  +  1  =  0. 

In  order  to  determine  the  coefficient  A,  let  us  denote  by/(Z)  and  <p(t)  the  inte 
grals  of  the  equation  (118)  which  satisfy  the  initial  conditions  /(O)  =  1,  /'(O)  =  0, 
0(0)  =  0,  0'(0)  =  1.  From  the  relations 


we  derive,  by  putting  t  =  0,  an  =  /(w),  a22  =  0'(w).   The  characteristic  equation 

in  this  special  case  is       ,  w  x  n 

(«u  -  s)  («22  -  «)  -  ai2a2i  =  0, 


whence  A  —  au  +  a22  =f(«>)  +  0'(w). 

If  we  now  replace  p  (£)  by  \p  (t),  we  obtain  the  developments  of  the  integrals 
f(t),  <f>(t)  in  the  form 

f(t)  =  1  +  x/j  («)+...  +  X«/n(0  +  •  •  -, 


where  the  f  unctions  fn  and  0n,  together  with^  and  0^,  vanish  for  t  =  0.  Substi 
tuting  these  developments  in  the  two  sides  of  the  equation  (118),  after  having 
replaced  p  by  Xp,  we  find 


whence  we  derive  the  recurrent  relations 


n(t)  =  c'dt  c  p(o/»-i(od«,    0n(o  -  r'ctt  r 

Jo      Jo  Jo      Jo 


which  enable  us  to  calculate  step  by  step  all  these  functions  by  starting  with 
fQ(t)  =  1,  00(£)  =  t.   It  follows  that  we  may  write 

+  00 

(120)  A  =  2  +  ]T  [/.(»)  +  *,»]. 

n  =  l 

If  the  function  p  (t)  is  never  negative,  we  see  at  once  that  all  the  functions 
/n(0>  0n(0»  #n(0  are  positive  for  ^  >  0.  It  follows  that  A  >  2,  and  the  equa 
tion  (119)  has  two  real  and  positive  roots,  one  greater  and  the  other  smaller 
than  unity.  The  conclusion  is  much  less  evident  in  the  other  cases.  If  p(t) 
never  takes  on  a  positive  value,  it  follows  from  a  thorough  study  made  by 
Liapunof  *  that  the  absolute  value  of  A  is  less  than  2,  if  the  absolute  value  of 


/l  U) 

w  I    pdt 
Jo 


is  less  than  or  equal  to  4.    The  equation  (119)  has  in  this  case  two  conjugate 
imaginary  roots,  the  absolute  value  of  each  of  which  is  unity. 

*  LIAPUNOF,  Problems  general  de  la  stability  du  mouvement  (Annales  de  la 
Faculte  des  Sciences  de  Toulouse,  2d  series,  Vol.  IX,  p.  403).  On  the  general  theory 
of  linear  equations  with  periodic  coefficients,  in  addition  to  the  preceding  paper,  see 
also  Floquet's  Annales  de  I'Ecole  Normale  superieure,  1883,  and  Poincare's  Les  Methodes 
nouvelles  de  la  Mechanique  celeste  (Vol.  I,  chap.  iv). 
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IV.  SYSTEMS  OF  LINEAR  EQUATIONS 

56.  General  properties.  Most  of  the  theorems  established  for  a 
linear  equation  can  be  extended  without  difficulty  to  systems  of 
linear  equations  in  several  dependent  variables.  We  shall  assume 
in  what  follows,  as  we  may  without  loss  of  generality,  that  these 
equations  are  of  the  first  order  (§  22).  Let  y^  ?/2,  •  •  •,  yn  be  the  n 
dependent  functions,  and  x  the  independent  variable.  It  follows 
from  a  general  theorem  (§  37)  that  the  integrals  have  no  other 
singular  points  than  those  of  the  coefficients.  If  we  assign  the 
initial  values  y},  y\,  -  •  •,  ifn  for  a  point  x  =  XQ  which  is  not  a  singu 
lar  point,  we  can  follow  the  analytic  extension  of  these  integrals 
along  the  whole  of  any  path  starting  from  XQ  and  not  passing  through 
any  of  these  singular  points,  which  are  known  in  advance. 

We  shall  suppose,  only  for  simplification  in  writing,  that  we  have 
a  system  of  three  equations  with  three  dependent  variables.  Let  us 
consider  first  the  system  of  three  homogeneous  equations, 


(121) 


-~  +  ay  +  bz  4-  cu  =  0, 


lu  =  0, 


dz 

dx         l*        l' 

du 

^  +  «#  +  V  +  «,«  =  °. 


where  a,  b,  c,  •  •  •  are  functions  of  the  single  variable  x.  If  we  know 
a  particular  system  of  integrals  (y^  z^  u^)t  the  functions  (Cy^  Cz^  Cu^) 
also  form  a  system  of  integrals  for  any  value  of  the  constant  C. 
Similarly,  if  we  know  two  particular  systems  of  integrals,  (y^  z^  u^ 
and  (?/2,  £2,  ^2),  we  can  derive  from  them  a  new  system  of  integrals 
depending  upon  two  arbitrary  constants, 


Finally,  if  we  know  three  particular  systems  of  integrals, 

Oi>  *i,  wj,         (2/2,  z2,  w2),         08,  z8,  w8), 
the  equations 

(122) 

represent  also  a  system  of  integrals,  where  C1?  C2,  C8  are  arbitrary  con 
stants.  In  order  to  assert  that  the  expressions  (122)  represent  the 
general  integral  of  the  system  (121),  we  must  make  sure  that  we  can 
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choose  the  constants  Clt  C2,  C*8  in  such  a  way  that,  for  a  given  point 
x  =  XQ  not  a  singular  point,  y,  z,  u  take  on  any  preassigned  values 
yQ,  ZQ,  UQ  whatever.  In  order  for  this  to  be  true,  it  is  necessary  and  suf 
ficient  that  the  determinant  of  the  nine  functions  y{)  zt,  u{  (i=  1,2,3), 

^i     *i 

2/2        *2 
^/3        *3 

shall  not  vanish  identically.  If  this  is  true,  we  shall  say  that  the  set 
of  three  particular  systems  of  integrals  form  &  fundamental  system. 

If  A  vanishes  identically,  the  three  particular  systems  of  integrals  reduce  to 
two,  or  even  to  a  single  system.  Suppose,  first,  that  not  all  the  first  minors  of  A 
vanish  simultaneously,  for  example,  that  the  minor  S=ylz2  —  y2zl  is  not  identi 
cally  zero.  Let  A  be  a  region  of  the  plane  where  5  does  not  vanish.  We  shall 
determine  two  auxiliary  functions  Kl  and  .K"2,  analytic  in  the  region  A,  such 
that  we  have 


(123) 


2/3  =^1  2/1 


and  since  the  determinant  A  is  zero,  these  functions  Kl  and  K2  also  satisfy 
the  relation 

(124)  M8  =  Klul  +  K2u2. 

If  we  replace  ?/,  z,  and  u  in  the  first  two  equations  of  the  system  (121)  by  the 
preceding  expressions  for  j/3,  z3,  M3,  observing  that  (yv  zt,  uv)  and  (?/2,  z<>,  MJ,) 
form  two  particular  systems  of  integrals,  we  obtain,  after  simplification,  the 

equations  ,  ,  ,  , 

ylJ^l  +  2/2^2  =  U,        ZIAI  +  z2it2  =  0, 

from  which  we  derixeJ£f-=  K2  =  0.  The  functions  K^  and  JT2  are  therefore 
constants,  and  the  relations  (123)  and  (124)  remain  true  in  the  whole  region 
of  existence  of  the  functions  y,-,  Zf,  Ui.  It  follows  that  the  system  of  integrals 
(Vo,  z,,  w,)  is  a  combination  of  the  other  two. 

W3"      o"      o* 

If  all  the  first  minors  of  A  vanish  identically,  the  three  systems  of  integrals 
reduce  to  a  single  system.  Since  the  elements  of  A  cannot  all  vanish  simul 
taneously,  let  us  suppose  that  yl  is  different  from  zero,  and  let  us  put  y2  =  Kyr 
From  the  relations  ylz2  —  z^2  =  0,  ylu2  —  uly2  =  0  we  derive  also  z2  =  Kz-^ 
u2  =  Kur  Replacing  ?/,  z,  u  in  the  first  of  the  equations  (121)  by  Kyv  Kz^,  Kit^ 
respectively,  there  remains  yl  K'  —  0.  Hence  K  is  constant,  and  the  system 
(y2,  z2,  u2)  differs  from  the  system  (yv  zv  wx)  only  by  a  constant  factor.  Similarly, 
the  third  system  of  integrals  is  identical  with  the  first.  It  should  be  observed 
that  yv  2/2,  ys  are  not  necessarilyjinearly  independent;  for  example,  one  or 
two  of  these  functions  may  be  zero,  but  not  all  three  may  be  zero. 

The  value  of  the  determinant  A  may  be  calculated  as  follows.  The  derivative  A' 
is  the  sum  of  the  three  determinants 


A'  = 


2/1 
2/a 

2/3 


2/2 
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Replacing  the  derivatives  y\,  z'{,  u\  by  their  values  obtained  from  the  equations 
(121),  these  three  determinants  reduce,  respectively,  to  —  aA,  —  ^A,  —  c2A. 
We  have,  therefore,  the  relation  A'  =  —  (a  +  l>i  +  c2)A,  and  consequently 

When  we  know  the  general  integral  of  the  homogeneous  system 
(121),  we  can  deduce  from  it  by  quadratures  the  general  solution  of 
the  non-homogeneous  system 


(126) 


-~  +  ay  +  bz 


cu  = 


Indeed,  if  we  make  the  change  of  variables  defined  by  the  equations 
(122),  C1?  C2,  Cg  being  considered  as  new  dependent  variables,  the 
system  (126)  is  replaced  by  the  following  system, 


(127) 


dC, 

-* 

dC, 


dx 


dC» 

-* 

dC 


which  is  integrable  by  quadratures,  for  we  derive  from  it 


Let  us  also  observe  that  this  transformation  is  unnecessary  whenever 
we  can  determine  directly  a  particular  system  of  integrals  ( Y,  Z,  U) 
of  the  equations  (126).  In  order  to  obtain  the  general  integral 
of  these  equations,  we  need  only  add  F,  Z,  U,  respectively,  to  the 
_right-hand  sides  of  the  equations  (122)  which  represent  the  general 
integral  of  tHe  homogeneous  system  (121).* 


A  method  analogous  to  that  of  Cauchy  (§  39)  may  also  be  employed.    Let 

y=<t>i(x,  a),        z=\f/i(x,  a),        w  =  ir,-(z,  a-)  (t  =  l,  2,  3) 


be  three  systems  of  integrals  of  the  homogeneous  equations  (121),  satisfying,  respec 
tively,  the  initial  condition 

!(«,  tt)  =  0, 
j(tf,  tt)  =  0, 
,a)  =  l. 


02  (a,  a)  =  0, 

03  (a,  a)  =  0, 


^2  (a,  a)  = 
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When  we  know  one  or  two  particular  systems  of  integrals  of  the 
equations  (121),  we  can  lower  the  order  of  the  system  by  one  or  two 
units.  Suppose,  first,  that  we  know  a  single  system  of  integrals 
(y^  zv  Wj),  where  the  function  yl  is  not  zero.  The  change  of 
dependent  variables 


leads  to  a  linear  system  of  the  same  form  which  must  have  the  par 
ticular  system  of  integrals  Y  =  1,  Z  =  0,  U  =  0.  Therefore  the 
coefficients  of  Y  in  these  new  equations  must  be  zero.  In  fact,  the 
transformed  system  is 

2/1  dx 

rJ  7 

(128) 


If  we  replace  dY/dx  in  the  last  two  equations  by  its  value  derived 
from  the  first,  we  obtain  a  system  of  two  linear  homogeneous  equa 
tions  in  the  two  dependent  variables  Z  and  U.  After  integrating 
this  system  Y  can  be  obtained  by  a  quadrature. 

Suppose  now  that  we  know  two  independent  systems  of  integrals, 
(yv  z^,  Wj),  (7/2,  z2,  u^.    Since  the  three  determinants 


do  not  vanish  simultaneously,  as  we  have  shown  above,  let  us  sup 
pose  that  7/^2  —  ?/2  #!  is  different  from  zero.    The  transformation 

y  =  yj  +  y*z,       z  =  *J  +  *2z,       u  =  UIY  +  uaz  +  u, 

where  Y,  Z,  U  are  the  new  dependent  variables,  leads  to  a  linear 
system   of  the   same  form   having  the   two   particular  systems   of 

It  is  easy  to  see  that  the  functions 

;,  a)  +/3  (a)  03  (x,  a)]  da, 


f 

J*o 

f 

Jx 


,  a)]da 
form  a  system  of  integrals  of  the  non-homogeneous  equations  (126). 
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integrals  (Yl  =  1,  Zl  =  U^  =  0),  (Y2  =  0,  Z2  =  1,  f/2  =  0).  The  coeffi 
cients  of  Y  and  Z  in  the  equations  of  the  new  system  must  therefore 
be  zero,  and  this  new  system  has  the  form 


,  1  , 

dx  dx  dx 

as  is  easily  verified.    It  is  clear  that  this  system  is  integrable  by 
quadratures,  since  the  last  equation  contains  only  U. 

The  preceding  methods  may  be  extended  to  systems  of  n  linear 
equations  with  n  dependent  variables.  In  order  to  obtain  the  general 
integral  of  such  a  homogeneous  system,  it  is  sufficient  to  know  n 
particular  systems  of  integrals  which  form  a  fundamental  system. 
If  we  know  p  independent  systems  of  integrals  (p  <  n),  the  integra 
tion  reduces  to  that  of  a  system  of  the  same  form  with  n  —  p 
dependent  variables  and  to  a  number  of  quadratures.  Finally,  the 
general  integral  of  a  non-homogeneous  system  can  be  obtained  by 
quadratures  if  we  know  the  general  integral  of  the  corresponding 
homogeneous  system. 

57.  Adjoint  systems.  Given  a  linear  homogeneous  system  with  n  dependent 
variables, 

(129)  ^  =  aiiyi  +  •  •  •  +  aikyk  +  .  .  .  +  a-lnyn,     (i,  k  =  1,  2,  .  .  .,  n) 
the  linear  system 

(130)  *±  =  -  a«Pi  -----  akiYk  -----  am-Fn, 


which  is  obtained  from  the  first  by  replacing  yi  by  Ft-,  and  by  changing  the 
rows  into  columns  in  the  determinant  of  the  coefficients  a^.,  after  having  changed 
the  sign  of  each  element,  is  called  the  adjoint  of  the  first.  It  is  evident  from  the 
definition  itself  that  this  relation  is  a  reciprocal  one  between  the  two  systems. 

The  integration  of  one  of  the  systems  (129),  (130)  involves  that  of  the  other.  In 
fact,  let  (?/!,  ?/2,  •  •  -,  yn)  and  (Ylt  F2,  •  •  •,  Yn)  be  any  two  particular  systems  of 
integrals  of  the  two  adjoint  systems.  From  the  relations  (129)  and  (130)  we  have 

•••  +  ainyn) 

Yk  -----  Oni  Fn). 


If  we  permute  the  indices  i  and  k  in  the  second  sum,  we  see  immediately  that 
the  coefficient  of  Yiyk  on  the  right-hand  side  is 

aik  -  aik  =  0, 

and  the  right-hand  side  is  identically  zero.    We  have  therefore  the  relation 
between  these  two  particular  systems  of  integrals 

(131)  TlVl  +  Y2y2  +  .  •  .  +  Ynyn  =  C, 
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where  C  denotes  a  constant.  The  knowledge  of  a  particular  system  of  integrals 
(Yj,  F2,  •  ••,  Yn)  of  the  equations  (130)  furnishes  therefore  a  first  integral  of 
the  system  (129),  which  is  linear  with  respect  to  the  dependent  variables  yv  yz, 
•  •  •  ,  yn.  If  we  know  the  general  integral  of  the  adjoint  system  (130),  the  gen 
eral  integral  of  the  given  system  (129)  is  represented  by  n  relations  of  the  form 
(131),  where  we  take  successively,  for  Yv  F2,  •  •  •,  Fn,  a  set  of  n  independent 
systems  of  integrals  of  the  equations  (130). 

Particular  attention  has  been  paid  to  linear  systems  which  are  identical 
with  their  adjoint.  In  order  to  have  this  case,  it  is  necessary  and  sufficient 
that  the  determinant  of  the  a,*  be  a  skew  symmetric  determinant  ;  that  is,  that 
we  have  a,-/,.  +  a^  =  0,  whatever  may  be  i  and  A;,  and  consequently  an  =  0.  If 
(Vv  Vzi  '  '  •»  1/n)  and  (zi,  z2,  •  •  .,  zn)  are  two  particular  systems  of  integrals,  the 
relation  (131)  becomes 


•>•  +  ynzn  =  const.; 
and  if  the  two  systems  are  identical,  we  have  also 

y\  +  y\  +  •  •  •  +  yl  =  const. 

The  integration  of  a  linear  system  of  the  third  order  identical  with  its 
adjoint  leads  to  the  integration  of  a  Riccati  equation  (§  31,  Ex.  2).  The  inte 
gration  of  a  system  of  the  fourth  order  of  that  kind  leads  to  the  integration  of 
two  Riccati  equations  (see  Ex.  15,  p.  170). 

58.  Linear  systems  with  constant  coefficients.  If  all  the  coefficients 
a,  b,  c,  •  •  •  of  the  equations 


(132) 


~  +  ay  +  bz  +  cu  =  0, 


u  =  0 


are  constants,  the  general  integral  can  be  found  by  the  solution  of 
an  algebraic  equation.  For  let  us  try  to  satisfy  these  equations  by 
taking  for  y,  z,  u  expressions  of  the  form 

(133)  y  =  ae™,         z  =  J3erx,         u  =  ye™, 

where  a,  ft,  y,  r  are  unknown  parameters.  Substituting  these  func 
tions  for  y,  z,  u  in  the  left-hand  sides  of  the  equations  (132),  and 
suppressing  the  common  factor  e"*,  we  find  the  conditions 


(134) 
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which  must  be  satisfied  by  values  of  a,  ft  y  which  do  not  all  vanish. 
For  this  it  is  necessary  and  sufficient  that  r  shall  be  a  root  of  the 
equation  of  the  third  degree, 


(135)  F(r)  = 


a  -\-  r         b  c 

«          &        r         G 


•2  2 


+  r 


=  0, 


which  is  called  the  auxiliary  equation.  Having  taken  for  r  a  root  of 
this  equation,  the  relations  (134)  are  consistent  and  we  can  deduce 
from  them  values  for  a,  ft  y,  at  least  one  of  which  is  not  zero. 
To  every  root  of  the  equation  F(r)  =  0  corresponds  therefore  a 
particular  system  of  integrals  of  the  form  (133)  ;  there  may  even  be 
.several,  as  we  shall  see  presently.  If  the  auxiliary  equation  has 
three  distinct  roots  rl9  ra,  r^  each  one  furnishes  a  particular  system 
of  integrals.  These  three  systems  are  independent,  for,  if  they  were 
not,  we  could  express  er**  as  a  linear  combination  with  constant 
coefficients  of  erix  and  of  a***,  which  would  be  absurd.  We  can  there 
fore,  in  this  case,  obtain  the  general  integral  of  the  system  (132) 
after  we  have  solved  the  equation  F(r)  =  0. 

It  remains  to  treat  the  case  in  which  the  auxiliary  equation  has  a 
multiple  root.  Let  us  denote  by  f(r),  <£(?'),  \}/(r)  the  three  cofac- 
tors  of  the  auxiliary  determinant  corresponding  to  the  elements  of 
the  same  row,  for  example,  the  first.  The  last  two  equations  of 
the  system  (134)  are  always  satisfied  for  any  value  of  r  by  taking 
for  a,  ft  y  quantities  proportional  to  these  cofactors  ;  if  r  is  a  root 
of  F(f)  =  0,  these  values  of  a,  ft  y  also  satisfy  the  first  of  the  equa 
tions  (134).  It  follows  from  this  that  if  r  is  a  root  of  F(r)  =  0, 
the  functions 

y  =  f  W  &rx>         *  =  <£  W  «"          u  =  ^(r)  e™ 

form  a  particular  system  of  integrals.  Now  let  us  suppose  first  that 
the  equation  F(r)  =  0  has  two  roots,  r^  and  r2,  whose  difference  is 
very  small.  Each  of  them  furnishes  a  system  of  integrals,  and  the 
functions 


r  - 


are  also  integrals.  If  we  now  let  r2  approach  rl  and  pass  to  the  limit, 
we  may  conclude  that  if  rl  is  a  double  root  of  F(r)  =  0,  the  two 
groups  of  functions, 

(I)         y^/ 
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(II) 


f; 


form  two  systems  of  integrals.  Similarly  (see  §  44),  if  the  equation 
F(r)  =  0  has  a  triple  root  rv  we  can  add  to  the  preceding  two  groups 
the  group  of  three  functions, 


which  form  a  third  system  of  integrals. 

Let  us  now  consider  first  the  case  where  the  equation  F(r)  =  0 
has  a  double  root  r^  and  a  simple  root  ra.  If  the  double  root  rx  does 
not  cause  all  the  first  minors  of  the  auxiliary  determinant  to  vanish, 
we  may  suppose  that  at  least  one  of  the  cofactors  /(ri)>  ^(?'i)>  ^(ri) 
is  not  zero,  for  we  can  evidently  replace,  in  the  reasoning  which  pre 
cedes,  the  first  row  by  the  second  or  the  third.  Suppose,  for  example, 
/(T-J)  =£  0.  The  two  systems  of  integrals  (I)  and  (II)  are  independ 
ent,  for  7/2  is  equal  to  the  product  of  erix  and  a  binomial  of  the  first 
degree  xf(r^)  +/f(r1).  As  for  the  simple  root  ra,  it  furnishes  a  third 
system  of  integrals  which,  for  the  same  reason  as  above,  is  not  a 
linear  combination  of  the  first  two. 

The  reasoning  fails  if  the  double  root  rl  makes  all  the  first  minors 
vanish,  for  the  system  (I)  reduces  to  the  trivial  solution 


But  in  this  case  the  three  equations  (134)  reduce  to  a  single  equa 
tion  when  we  replace  in  it  r  by  rr  If,  for  example,  c  is  not  zero, 
they  reduce  to  the  single  equation  (a  -f-  r^)  a  -{•  bft  -\-  cy  =  0,  and  we 
can  take  the  two  constants  a  and  ft  arbitrarily.  If  we  take,  first, 
(a  =  1,  ft  —  0),  then  (a  =  0,  ft  =  1),  we  obtain  two  independent 
systems  of  integrals  of  the  form  (133).  A  double  root  of  F(r)  =  0, 
therefore,  always  furnishes  two  particular  independent  systems  of 
integrals. 

Suppose,  finally,  that  F(r)=  0  has  the  triple  root  r  =  rr  If  this 
root  rx  does  not  cause  all  the  first  minors  of  the  determinant  to 
vanish,  we  may  suppose,  for  example,  that  /(^)  is  not  zero.  The 
three  particular  systems  of  integrals  (I),  (II),  (III)  are  independent, 
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for  the  coefficients  of  er^x  in  yv  ?/2,  yz  are  respectively  of  degrees 
0,  1.  2  in  x. 

If  the  triple  root  rl  causes  all  the  first  minors  of  the  determinant 
to  vanish,  we  can  determine  first  of  all  two  independent  systems  of 
integrals  of  the  form  (133),  as  we  have  just  explained  in  regard  to 
the  case  of  the  double  root,  and  we  can  then  obtain  the  general 
integral  if  we  can  find  a  third  system  independent  of  these  two. 
Developing  the  expressions  in  (III),  and  noting  that 

/(>•:)  =  *(>-,)=*  to  =0, 
we  find 

y*  =  «P'°'[2a/'to+/"to],          *f  =  *'[2x4,'(rJ  +  4>"(rfl, 
ut  =  ev  [2  ^'<V,)  +  f'  (r,)], 

and  this  system  of  integrals  is  certainly  independent  of  the  first 
two  unless  we  have  at  the  same  time  f'(f\)  ==  ^'(rj  =  ^'(r^  =  0. 

Hence  we  obtain  in  this  way  a  new  system  of  integrals,  unless  the 
triple  root  r^  also  causes  the  derivatives  of  all  the  first  minors  to 
vanish.  Now  this  cannot  happen,  as  we  see  at  once,  unless  we  have 

b  =  c  =  al  =  Cj  =  a2  =  5a  =  0,          a  =  bl  =  cz  =  -  r^ 
and  the  system  (132)  reduces  to  three  identical  equations, 
dy  dz  du 

&-r'*  =  °'      5-V-*      s-v-ft 

In  this  case,  which  may  be  considered  as  a  limiting  case,  the  three 
equations  (134)  are  satisfied  identically,  when  we  replace  r  by  r  in 
the  expressions  of  (133),  for  any  values  whatever  of  the  parameters 
a,  /?,  y.  Summing  up,  to  a  triple  root  of  the  auxiliary  equation  there 
always  correspond  three  particular  independent  systems  of  integrals. 

Generalization.  Similarly,  a  system  of  n  linear  equations  with  constant 
coefficients 


alnyn  =  0, 


(136) 

'  dyn 


may  be  integrated  by  finding  particular  systems  of  integrals  of  the  form 
(137)  yl  =  a1er*,        y2  =  a2e™,        ...,        yn  =  acnerx1 

where  a^  <*2,  •  •  •,  aw,  r  are  unknown  constants  whose  values  are  to  be  deter 
mined.   We  are  tlms  led  to  n  equations  of  condition 
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(an  +  r)  «! 

«21<*     +  («22  +  r)^2  +   •  •  '  +  «2ntfn  =  0, 


•  •  •  +  (Oi,»  +  r)  arn  =  0, 
which  give  for  the  unknown  quantity  r  the  auxiliary  equation 


(139)  F(r)  = 


n  +  r        oia        ...        al 
a21        a22  +  r    ...        a2 


If  this  equation  has  n  distinct  roots  rt,  r2,  •  •  •,  rn,  we  obtain  by  this  method 
n  particular  systems  of  integrals  of  the  form  (137)  and,  consequently,  the  gen 
eral  integral.  If  there  are  multiple  roots,  the  discussion  is  somewhat  more 
complicated.  Let  rl  be  a  p-i  old  root  ;  to  obtain  from  this  root  particular  sys 
tems  of  integrals  of  the  equations  (136),  we  may  proceed  in  two  ways.  On  the 
one  hand,  applying  d'Alembert's  method,  as  in  the  case  of  three  equations,  we 
can  obtain  p  systems  of  integrals  corresponding  to  that  root.  These  integrals 
will  be  independent  only  if  rl  does  not  make  all  the  first  minors  vanish.  On  the 
other  hand,  if  rt  makes  all  the  minors  formed  from  n  —  q  +  1  rows  of  the  deter 
minant  vanish,  without  making  all  those  of  n  —  q  rows  zero,  that  root  furnishes 
q  systems  of  integrals  of  the  form  (137),  for  the  n  equations  (138)  reduce  to 
n—  q  independent  equations  when  we  replace  r  by  rr  Combining  these  two 
methods,  we  find  that  they  always  furnish  p  independent  systems  of  integrals. 

Practically  we  can  obtain  all  these  systems  by  equating  coefficients.  In  fact, 
by  the  combination  just  mentioned  we  should  obtain  a  system  of  integrals 
depending  uponp  arbitrary  constants,  which  is  of  the  form 


where  P1?  P2,  •  •  •,  Pn  are  polynomials  of  degree  p  —  1  or  of  lower  degree.  If 
we  leave  the  coefficients  of  these  polynomials  as  unknown,  and  if  we  substitute 
in  the  given  equations,  we  shall  obtain  a  certain  number  of  relations  between 
these  coefficients,  which  enable  us  to  express  all  of  them  in  terms  of  p  of  them, 
which  may  be  taken  as  arbitrary  constants. 

59.  Reduction  to  a  canonical  form.  Every  linear  system  with  constant  coeffi 
cients  can  be  reduced  to  a  simple  canonical  form  the  integration  of  which  is 
immediate. 

Let  us  write  this  system  under  a  slightly  different  form, 

alnyn 

Vn  =  anlyl  +  an2y2  +  •  •  •  +  anny 

where  y\  denotes  dyi/dx.    If  we  take  n  dependent  variables,  F1?  F2,  •  •  •,  Fn, 

linear  in  terms  of  y^  y%,  •  •  -  ,  yn, 

(141)  Fi  =  6tiyi  +  .  .  .  +  6inyn,  («  =  1,  V  .  -  ,  n) 
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where  the  coefficients  bik  are  constants  whose  determinant  is  different  from 
zero,  the  system  (140)  is  replaced  by  a  system  of  the  same  form, 

(Y[  =  A^Yi  +  A12Y2  +  .  •  -  +  AlnYH, 
Y2  =  A2lYl  +  A22Y2+.^  +  A2nYn, 
' 
V' A      V_Lxl      V    -1-          J-xl      V 
*  n  —  -n-iti. J  i  T  -"-nZ-L  f  "T   *     *  T  -n-nn-1  n» 

obtained  by  replacing  the  variables  ylt  y2,  •  •  •  ,  yn,  in  the  expressions  for  F/, 

+  bin(aniyl  + H  anByB), 

by  their  values  given  by  the  equations  (141).  If  we  consider  the  equations  (140) 
as  a  linear  substitution  carried  out  on  the  variables  yx,  y2,  •  •  • ,  yn,  and  F15  F2, 
•  •  • ,  Yn  as  n  new  variables,  the  preceding  calculations  are  precisely  those  which 
we  must  make  in  order  to  find  the  new  linear  substitution  on  the  variables 
Fj,  F2,  •••,  Fn,  which  corresponds  to  the  linear  substitution  (140).  Now  we 
have  seen  that  by  suitably  choosing  the  variables  Ff  (§  48)  we  can  reduce  every 
linear  substitution  to  a  simple  canonical  form.*  In  this  canonical  form  the 
variables  separate  into  a  certain  number  of  distinct  groups,  such  that  the 
substitution  which  the  p  variables  Fx,  F2,  •  •  •,  Yp  of  the  same  group  undergo 
is  of  the  form 

We  can  therefore,  by  a  suitable  change  of  variables  of  the  form  (141),  always 
reduce  the  integration  of  the  system  (140)  to  the  integration  of  a  certain  num 
ber  of  systems  of  the  form  (143),  where  F/  =  dY{/dx. 

The  integration  of  this  system  is  immediate,  but  it  is  preferable  to  employ  a 
somewhat  different  canonical  form.  For  this  purpose  let  us  set  Ft-  =  s{Zi(s  ^  0). 
The  system  (143)  becomes 

(1441*         ^Zl  —  ^i  —        4-  ^Zp  — 

dx  dx  dx          p       p~ 

This  new  canonical  form  is  unchanged  if  we  multiply  all  the  dependent  vari 
ables  by  a  factor  e*x,  except  for  the  change  of  s  to  s  +  X  ;  and  it  is  applicable 
also  to  the  case  where  the  auxiliary  equation  has  zero  for  a  root. 

The  general  integral  of  the  system  (144)  is  represented  by  the  equations 


or  by  equivalent  equations  obtained  by  solving  for  the  constants  d 

(145)      z1e-*=Cl,         (z2-xZl)e-**=C2,        (*3-  xz2  +  |^e-«=  C8, 

*>  =  d.      (i  =  1,  2,  .  •  .,  p) 


*  We  supposed  before  that  the  determinant  of  the  substitution  was  not  zero, 
whereas  the  determinant  formed  by  the  coefficients  aa-  may  be  zero.  But  if  we 
change  yi  to  e*xzi,  the  coefficients  au,  a22,  •  •  •  ,  ann  are  diminished  by  X,  while  the 
ctijfc's,  where  i  ^  k,  do  not  change.  We  can  therefore  always  choose  X  in  such  a  way 
that  the  determinant  of  the  new  coefficients  shall  not  be  zero. 
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60.  Jacobi's  equation.  Let  us  consider  again  a  system  of  three 
linear  equations  with  constant  coefficients,  which  we  shall  write  in 
the  form 


(146) 


—  =  ax  -f  ly  +  cz, 


where  t  denotes  the  independent  variable.  Let  us  add  these  three 
equations,  after  having  multiplied  them  respectively  by  ydz  —  zdy, 
zdx  —  xdzj  xdy  —  ydx.  The  relation  obtained  is 

zdy)  +  (aix  +  b\y  +  ^z)(zdx  —  xdz) 
+  V)  (xdy  -  ydx)  =  0 

and  it  is  homogeneous  in  x,  y,  z.  Hence  it  can  be  replaced  by  a  rela 
tion  between  x/z  and  y/z.  Indeed,  if  we  put  x  =  Xz,  y  =  Yz,  and 
divide  by  z*,  this  relation  takes  the  form 


+  (a2X  +  b2  Y  +  ^  (Xd  Y  -  YdX)  =  0, 

which  is  exactly  Jacobi's  equation  (pp.  11  and  32). 

Let  x  =/(£)>  y  —  ^(0>  z  ~  ^(0  ^e  a  system  °f  integrals  of  the 
equations  (146).  As  t  varies,  the  point  whose  homogeneous  coordi 
nates  are  x,  y,  z  (and  whose  Cartesian  coordinates  are  X  =  x/z, 
Y  =  y/z)  describes  a  plane  curve  T  which  is,  by  the  preceding  argu 
ment,  an  integral  curve  of  Jacobi's  equation  (148).  The  integration 
of  Jacobi's  equation  therefore  reduces  to  the  integration  of  the  sys 
tem  (146),  that  is,  to  the  solution  of  an  algebraic  equation  of  the 
third  degree,  as  we  have  already  seen. 

If  the  auxiliary  equation  has  three  distinct  roots  s1?  s2,  s3,  the  general  inte 
gral  of  the  system  (146)  is,  according  to  the  preceding  paragraph,  of  the  form 


(I)  Pe-V-Cj,         Qe-V  =  C2f         fie-V  =  C8, 

where  P,  Q,  E  are  three  linear  homogeneous  functions  of  x,  ?/,  z.  It  is  easy  to 
derive  from  these  equations  a  homogeneous  combination  of  degree  zero  which 
does  not  contain  the  variable  t, 


(a)  Pss  -  S2  Q*i  ~  ss  E*2  -  *t  =  K, 

which  is  the  same  result  that  we  obtained  before  by  another  method. 

The  case  in  which  the  auxiliary  equation  has  a  double  or  a  triple  root 
can  also  be  easily  treated.  The  equations  representing  the  general  integral  form 
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either  two  groups  or  a  single  group.    In  the  first  case  these  equations  are  of 
the  form 

(II)  Pe-  V  =  Ci,        (Q  -  tP)  e~  V  =  C2,        Re-  V  =  C8, 
and  in  the  second  case,  of  the  form 

(III)  Pe- V  =  <?! ,        (Q-  tP) e- *i  =  C2 , 


where  P,  Q,  JR  denote  in  each  case  three  linear  homogeneous  functions  of 
x,  ?/,  z.  From  (II)  we  derive  the  following  homogeneous  combination  of  zero 
degree,  independent  of  t  : 


and  from  (III)  the  combination 


The  relations  (or),  (£),  (7)  represent  the  three  forms  possible  for  the  general 
integral  of  Jacobi's  equation. 

61.  Systems  with  periodic  coefficients.  Let  us  consider  first,  for  simplicity,  a 
system  of  three  equations  of  the  form  (146),  whose  coefficients  a,  6,  c,  •  •  •  are 
continuous  functions  of  the  variable  t,  each  of  which  has  the  period  w  >  0. 

Let  (x1?  2/j,  Zj),  (x2,  y2,  z2),  (x3,  y3,  z3)  be  three  independent  systems  of  inte 
grals.  Then  the  functions 

Xi  (t)  =  Xi  («+«),         Yi  (t)  =  yi  (t  +  «),         Zt-  (<)  =  zi  (t  +  w) 

also  form  a  system  of  integrals,  and  we  have  consequently  three  groups  of 
relations  of  the  form  (§  56), 


+  ai2x2 
Yi  =  0,-iyi  +  a{2y2  +  ai3yz,  (i  =  1,  2,  3) 


where  the  a^'s  are  constant  coefficients  whose  determinant  H  is  not  zero.    We 
have,  in  fact,  the  relation 

X^     YI     Zl  xl    yl    zl 

2  2  2     '="  "^     *^2       ^2       ^2 

3  -^3       ^3  X3       ^3       23 

or,  by  (125),  reasoning  as  we  have  done  several  times  (§§  38,  56),  we  may  write 
the  value  of  H  in  the  form 

(150)  H=e*<>  (l+bi  +  c*>d\ 

If  the  variable  t  is  increased  by  the  period  w,  the  three  functions 
xx(0,        x2(0,        xs(t) 

undergo  a  linear  transformation  whose  determinant  is  different  from  zero, 
defined  by  the  relations 


{x\  =  anxi  +  ai2z2  +  ai3x3> 
X,  =  asl«l  +  a22x2  +  a23x3, 
Xs  =  a31Xj  +  a32x2  +  a83x8, 
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and  the  two  other  systems  of  functions,  (yv  j/2,  j/3),  (zv  z2,  z3),  undergo  the  same 
transformation.  Now  we  know  that  it  is  possible  to  replace  the  three  functions 
xv  z2,  x3  by  three  independent  linear  combinations  with  constant  coefficients 
such  that  the  equations  (151),  which  define  the  new  linear  transformation,  take 
on  a  simple  canonical  form.  Taking  the  same  linear  combinations  of  the  func 
tions  (yv  2/2,  y3)  and  of  (zt,  z2,  z3),  we  obtain  three  systems  of  functions  which 
are  transformed  by  the  same  linear  substitution  of  canonical  form  when  t  is 
changed  to  t  +  w. 

The  reasoning  is  evidently  general  and  applies  to  every  linear  homogeneous 
system  in  n  dependent  variables  with  periodic  coefficients.  Let  j/1,  j/2,  •-••«  2/n 
be  these  n  dependent  variables.  We  can  determine  n  independent  systems  of 
integrals  (j/i,-,  j/2t-,  •  •  •,  £/„«•)  (i  =  1,  2,  •  •  •,  n)  such  that  the  n  functions 


undergo  a  linear  substitution  of  canonical  form  when  t  changes  to  t  +  w,  this 
linear  substitution  being  the  same  for  all  the  indices  k.  The  consequences  are 
the  same  as  those  which  have  been  developed  above  (§  54).  All  the  integrals 
are  expressible  as  the  product  of  an  exponential  factor  of  the  form  e"*  and 
another  factor  which  is  either  a  periodic  function  of  t  or  a  polynomial  in  t 
whose  coefficients  are  continuous  periodic  functions  of  t.  Let 


be  a  particular  system  of  integrals,  where  zv  Z2,  •  •  •,  zn  are  polynomials  in  £, 
with  periodic  coefficients,  of  which  at  least  one  is  of  degree  p  —  1,  and  of  which 
none  is  of  a  degree  greater  than  p  —  1.  From  this  system  of  integrals  we  can 
derive  (p  —  1)  other  systems  of  the  form 

2/12  =  #"-0*1,  7/22  =  e«<-Dz2,  •  •  .,          yn.2  =  e«<Dzn, 


where  the  derivatives  -D'z*  are  taken  regarding  the  periodic  coefficients  of  the 
powers  of  t  as  constants  (§  54).  All  the  systems  of  integrals  of  the  given  equa 
tions  can  thus  be  derived  from  a  certain  number  of  them.  The  actual  formation 
of  these  integrals,  of  which  we  know  only  the  analytic  form,  depends,  above  all, 
on  the  solution  of  an  algebraic  equation  of  the  nth  degree,  which  is  called,  as 
before,  the  characteristic  equation  of  the  system.  The  coefficients  of  this  equa 
tion  can  be  obtained  in  general  only  by  approximations,  as  in  the  case  of  a 
single  differential  equation  of  the  nth  order  (§  55). 

62.  Reducible  systems.  Let  us  consider  a  system  of  linear  homogeneous  equa 
tions  of  the  form  (140),  whose  coefficients  are  real,  continuous,  and  bounded 
functions  of  the  real  variable  t  for  all  the  values  of  that  variable  greater  than 
a  certain  bound  <0,  and  let  us  suppose  that  we  apply  to  this  system  a  transfor 
mation  of  the  form 

(152)  Zi  =  bnyi  +  bi2y.2  +  •  •  •  +  binyn,  (i  =  1,  2,  .  .  .,  n) 

where  the  coefficients  6,-jt  satisfy  the  following  conditions  : 

1)  They  are  real,  continuous,  and  bounded  functions  of  the  variable  t  for 
t>t0; 

2)  They  have  derivatives  satisfying  the  same  condition  ; 

3)  The  reciprocal  of  the  determinant  of  the  6,-^'s  is  bounded. 
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If  we  take  the  functions  zt-  for  new  dependent  variables,  it  is  clear  that  the 
system  (140)  is  replaced  by  a  linear  system  of  the  same  kind  as  the  first.  We 
have,  in  fact, 


or,  replacing  y(,  y2,  •  •  .,  y'n  by  their  values  obtained  from  the  equations  (140), 
dzl 


ci2y2  +  -•  +  cinyn, 

where  the  coefficients  cijc  have  the  same  properties  as  the  coefficients  aik.  We 
have  now  only  to  replace  yi,  y2,  -  .  .,  yn  in  these  last  equations  by  their  expres 
sions  in  terms  of  the  new  dependent  variables  z\,  z2,  •  •  •,  zn  obtained  from  the 
equations  (152). 

If  it  is  possible  to  choose  the  coefficients  &ft  of  the  transformation  in  such  a 
way  that  the  new  system  will  be  a  system  with  constant  coefficients,  the  system  is 
said  by  Liapunof  to  be  reducible.  See  page  242  of  his  paper  cited  in  the  footnote 
on  page  161. 

Every  system  whose  coefficients  are  real,  continuous,  and  periodic  functions,  with 
the  same  period  u,  is  reducible. 

In  fact,  let  us  consider  the  adjoint  system,  which  is  also  a  system  with 
periodic  coefficients.  Let  s  be  a  root  of  the  characteristic  equation  and  a  the 
corresponding  characteristic  exponent.  We  shall  suppose,  in  order  to  consider 
the  most  general  case,  that  to  this  exponent  a  corresponds  a  group  of  p  par 
ticular  systems  of  integrals  of  the  form  previously  considered.  This  group  will 
therefore  furnish  (§  57)  p  linear  first  integrals  of  the  given  system,  which  will 
be  of  the  form 

Z2y2  +  •  •  •  +  znyn)  =  Ci, 
y2Dz2  +  •  •  •  + 


z2  +  . . .  +  ynDp-^zn)  =  Cp, 

where  21,  z2,  •  •  •,  z»  are  polynomials  in  t,  of  degree  p  —  1  at  most,  with  periodic 
coefficients,  and  where  the  derivatives  D*  are  taken  regarding  these  coefficients  as 
constants.  Arranging  these  first  integrals  with  respect  to  t,  we  may  write  them 
in  the  form 


(163) 


where  FI,  Y2,  •  •  •',  Y^  are  independent  linear  combinations  of  y\,  y2,  •  •  •,  yn  with 
periodic  coefficients.  For  if  they  were  not  independent,  we  could  derive  from 
the  equations  (153)  a  relation  between  the  arbitrary  constants  Ci,  C2,  •••,  Cp 
and  the  variable  t.  If  we  take  the  linear  combinations  FI,  Y2,  •••,  Yp  for 
dependent  variables,  the  relations  (153)  represent  precisely  the  general  integral 
of  the  linear  system  of  equations  (§  59), 
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(Mt  \                   y 

tP~2 
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Proceeding  similarly  with  all  the  groups  of  first  integrals  furnished  by  the  groups 
of  integrals  of  the  adjoint  system,  we  see  that  the  given  system  is  transformed 
into  a  linear  system  with  constant  coefficients  by  means  of  a  transformation  of 
the  form 

(155)  Yi  =  0;i?/l  +  0i2*/2  +   •  '  '  +  0m*/n, 

where  the  coefficients  0,-fc  are  periodic  functions  with  the  period  «. 

The  reciprocal  of  the  determinant  D  of  the  0^'s  is  bounded  for  t  >  <0,  for 
we  shall  show  that  JD  does  not  vanish  for  t  >  £0.  Indeed,  if  we  consider  n  inde 
pendent  systems  of  integrals  (yw,  ••  •,  yni)  of  the  first  system  and  the  corre 
sponding  n  systems  (Yi,-,  •  •  -,  Yni)  of  the  transformed  system,  the  determinant  D 
is  equal  to  the  quotient  obtained  by  dividing  the  determinant  of  the  Y*,-'s  by 
the  determinant  of  the  y/tt's,  and  we  know  that  these  last  two  have  finite  values 
different  from  zero  for  all  finite  values  of  t.  It  follows  that  the  absolute  value 
of  D  remains  greater  than  a  certain  positive  minimum  for  all  values  of  t 
between  t0  and  tQ  +  w. 

In  order  to  complete  the  proof,  we  may  suppose  that  the  characteristic  equa 
tion  of  the  adjoint  system  has  no  real  negative  roots ;  for,  by  §  54,  any  root  is 
replaced  by  its  square  if  we  consider  the  period  2  w  instead  of  the  period  «. 
If  the  characteristic  equation  has  only  real  positive  roots,  we  may  evidently 
suppose  that  all  the  functions  0,-*  which  appear  in  the  equations  (155)  are  real. 
Then  that  transformation  actually  satisfies  all  the  required  conditions.  More 
over,  all  the  characteristic  exponents  are  real,  and  the  transformed  system  has 
real  coefficients.  But  if  the  characteristic  equation  of  the  adjoint  system  has 
conjugate  imaginary  roots,  to  each  group  of  p  linear  combinations,  such  as 
Yt,  Y2,  •  •  •,  Yp,  in  which  appear  imaginaries  we  can  associate  the  group 
formed  by  the  conjugate  imaginaries.  Hence,  combining  them  in  conjugate 
pairs,  it  is  clear  that  we  again  obtain  a  system  with  real  constant  coefficients 
by  means  of  a  transformation  of  the  desired  form  with  real  coefficients. 


EXERCISES 

1.  Integrate  the  linear  equations 

T/OV)  _  2  y"  +  y  —  Aex  +  Be-  x  +  C  sin  x  +  D  cos  z,        yW  +  y"  =  xy 


y'"  —  3  y'  +  2  y  =  (ax  +  b)  ex  +  cer  2V 
sV"-9zy"  +  9y'  =  l+  2x+  3z2Logz, 
zV  -  2xy'  +  2  y  =  z2  +  px  +  q, 

~t*y'  -  8  y  =  x3  -  2x, 


=  x* 

o 

*V"  -  9  zV'  +  37  xy/  -  64  y  =  z*  [a  +  b  Log  z  +  c  (Logs)2], 
z  V  +  2  xy'  —  2  y  =  x  cos  z  —  sin  z, 
zV+  3z2/'+  y=f(x). 

If  /(z)  is  analytic  in  the  neighborhood  of  the  origin,  prove  that  this  last  equa 
tion  has  a  particular  integral  analytic  in  the  same  neighborhood. 
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2.  Integrate  the  systems  of  linear  equations 


(7) 

(5) 


v 


-4w  =  0,        —  +  y  -  5z  +  2w  =  0, 


{y'_  (X  +  I)?/  -  2z  +  2(1  -  X)u  -  0, 
z/+X?/  +  z+2(\-l)M  =  0, 
M/+Xy  +  (2X-l)M  =  0. 


3.  Find  the  general  integral  of  the  equation 

(2z  +  l)2/"+  (4x-2)y'-  Sy  =  (6x2  +  x 

from  the  fact  that  the  homogeneous  equation  has  a  particular  integral  of  the 
form  emx,  where  m  is  a  constant.  [Licence,  Caen,  1884.] 

4.  Prove  that  the  differential  equation 


where  n  is  a  positive  integer,  has  a  polynomial  P(x)  for  integral.    From  this 
prove  that  the  same  equation  has  a  second  integral 


where  Q  is  also  a  polynomial.  [Licence,  Paris,  1890.] 

5.  The  linear  differential  equation 

xy"  -  (x  +  M  +  ")?/'  +  /*y  =  0, 

where  /x  and  j>  are  two  positive  integers,  has  a  polynomial  yl  =  P  (x)  as  an  inte 
gral.  Hence  prove  that  it  has  a  second  integral  y2  =  exQ(x),  where  Q(x)  is  also 
a  polynomial.  [Licence,  Paris,  1903.] 

6.  Find   the  necessary  and  sufficient  condition  that   the   linear   equation 
y"  +  py'  +  qy  —  &  may  have  two  independent  integrals,  y^,  y2,  which  satisfy 
the  relation  y\y^  =  1.    Assuming  thatp  =—.!/«,  find  the  coefficient  q  and  the 
general  Integral.  [Licence,  Paris,  1902.] 

7.  Derive  the  formula  (23),  p.  Ill,  from  the  formula  (11),  p.  106,  which 
gives  the  value  of  the  determinant  A  (2/1,  j/2,  ••.•,>«).. 
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8.  Bessel's  equation, 

xy"  +  2(m  +  l)y'  +  xy  =  Q, 

has  as  a  particular  integral  the  function  represented  by  the  definite  integral 

rl 

1/1=1    (1  —  z2)m  cos  xz  dz, 
Jo 

provided  that  the  real  part  of  m  is  greater  than  —  1  .    If  m  is  a  positive  integer, 
that  integral  is  of  the  form  (see  Vol.  I,  end  of  Chap.  V,  Ex.  20,  2d  ed.  ;  Ex.  21, 

lsted-)  2  .  4.6...2m(Z7sinx  +  Tcosx), 

where  U  and  V  are  polynomials  in  1/x  whose  coefficients  are  all  integers,  and 
the  general  integral  is 

y  =  C(Z7sinx  +  Fcosx)  +  C'(Fsinx  —  ZJcosx). 

[HERMITE.] 

9.  The  integration  of  the  system  of  linear  equations 

^  +  ay  +  bz  =  0,        ^  +  atf  +  blZ  =  0, 
ax  dx 

where  a,  6,  ax,  6X  are  any  functions  of  x,  reduces,  on  putting  y  =  tz,  to  the 
integration  of  Riccati's  equation, 


and  to  the  calculation  of  f(a  +  bjdx  (see  ftn.,  p.  112). 

10.  The  ratio  z  of  two  independent  integrals  of  the  linear  equation 

y"  +  W  +  qy  =  0 
satisfies  the  differential  equation  of  the  third  order, 


11.  Given  the  differential  equation 

(E)  x  (y"  -  y'}  -  ay  =  0, 

where  a  is  constant,  how  must  we  choose  the  path  of  integration  L  so  that  the 
function  y  (x)  represented  by  the  definite  integral 


y(x)=  C 

c/Z 


shall  be  a  particular  integral  of  (E)  ?  Show  that  the  equation  (E)  has  a  par 
ticular  integral,  which  can  be  expressed  without  any  sign  of  quadrature,  when 
a  is  an  integer.  Deduce  from  it  the  general  integral,  and  express  it  in  terms 
of  the  smallest  possible  number  of  transcendentals. 

[Licence,  Paris,  July,  1908.] 

12.  Determine  the  two  functions  P(t)  and  Q(t)  so  that  the  function  y 
represented  by  the  expression 

y  =  (x  -  a)  CXf(t)P(t)dt  +  (x-b)  CXf(t)  Q(t)dt 

»/&  «/a 

shall  be  an  integral  of  the  differential  equation  y"  =f(x)  for  all  possible  forms 
of  the  f  unction  /(x).  [Licence,  Paris,  October,  1907.] 
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13.  The  general  integral  of  the  linear  equation 

xy"  +  [n  +  x  P(x)]  y'  +  x»  +1  Q  (x)  y  =  0, 

where  P  (x)  and  Q  (x)  are  analytic  in  the  neighborhood  of  the  origin,  is  single' 
valued  in  this  neighborhood.   The  letter  n  denotes  an  integer  greater  than  unity. 
14  *.  Every  equation  of  the  form 


where  Qt,  Q2,  «  •  «,  Qn  are  analytic  functions  in  the  neighborhood  of  the  origin, 
has  an  analytic  integral  in  the  same  neighborhood  ;  and  the  value  of  the  inte 
gral,  as  well  as  the  values  of  its  first  p  —  1  derivatives,  may  be  arbitrarily  chosen 
for  x  =  0,  provided  the  equation 

(r  -  p)  .  .  .  (r  -  n  +  1)  +  Ql  (0)  (r  -  p)  .  .  .  (r  -  n  +  2)  +  .  .  .  +  Qn  _p  (0)  =  0 

has  no  integral  root  greater  than  p  —  1. 

[E.  GOURSAT,  Annales  de  VlScole  Normale,  1883,  p.  265.] 
Note.  By  an  artifice  analogous  to  the  one  which  was  used  in  §  50,  we  are  led 
to  prove  the  proposition  for  an  equation  of  the  form 

dPu        M      dP-iu  du 


where  we  have  put 

u  =  y  +  xy'  +  ...  +xn~P 


dxn~p 


15  *.  Let  2  be  a  system  of  four  linear  equations  identical  with  its  adjoint 
(p.  156) 

(E)       -j^  =  afl ?/1  +  ai2y2  +  aisy3  +  at-4?/4.        (i  =  1,  2,  3,  4)     aih  +  ahi  =  0 

This  system  has  the  first  integral  y\  +  y\  +  y\  +  y\  =  C.   If  we  suppose  C  =  0, 
the  preceding  relations  are  satisfied  by  putting 


2/i  =  P(^-£),         2/2  =  p(l  +  £'?),        2/3  =  pi  (1-  £77),        Vt 

Substituting  these  expressions  for  ylt  yz,yz,  y4  in  the  equations  (£"),  we  obtain 
the  system  of  three  equations 

2  £-  =  (021  +  ials)  (n  -  S)  +  2  ia23  +  (a34  +  ia24)  (77  +  £), 

2  ^  =  (aJ2  +  a43)  (1  +  r,2)  +  i  (aw  +  «24)  (1  -  17*)  +  2  i  (a32  +  a14)  17, 
2  r  =  (021  +  a43)  (1  +  I2)  +  i  (OBI  +  <*24)  (1  -  I2)  +  2  i  (a32  +  a41)  f  , 

of  which  the  last  two  are  Riccati  equations.  Let  17  =/(x,  Cx),  £  =  0(x,  <72)  be 
the  general  integrals  of  these  two  equations  ;  then  the  general  integral  of  the 
equation  in  p  is  given  by  the  equation 

jr^0 

^  acx  dC2 

[E.  GOURSAT,  Comptes  rendus,  Vol.  CVI,  p.  187,  and  Vol.  CXLVIII,  p.  612.] 
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16.  Prove  the  relation 

f ...  f  V(aO<fc  CXf(x)dx 

J  «/X  JX 


in  which  the  left-hand  side  contains  n  integral  signs,  by  proving  that  the  two 
sides  are  particular  integrals  of  a  linear  differential  equation  of  the  nth  order 
satisfying  the  same  initial  conditions. 

17  *.  Prove  that  the  integral  0  (x,  a)  of  the  linear  equation  F(y)  =  0  (p.  108), 
considered  as  a  function  of  the  variable  or,  is  an  integral  of  the  adjoint  equation 
G  (z)  =  0,  after  having  replaced  x  by  a. 

Note.  It  is  seen  that  the  integral  of  the  equation  F(y)  =  0  which,  with  its 
first  (n  —  1)  derivatives,  takes  on  the  same  values  for  x  =  x0  as  a  function  TT(X) 
and  its  first  (n  —  1)  derivatives,  has  the  form 

y  =  TT(X)-  f  XF(z)0(x,  a) da, 

Jx0 

where  z  —  if  (a).   The  integral  on  the  right  must  depend  only  upon  ir(x),  TT(XQ), 
we  can  also 


f  >(z)0(x,  a)da={*[z,  0(x,  a)]}"=x  -  f  *z£[>(x,  a)] da, 

Jx0  *  =  xo       «% 

and  it  is  clear  that  the  preceding  condition  is  not  satisfied  unless  we  have 
G  [0  (x,  a)]  =  0.  It  follows  readily  that  the  functions  0t-  (x)  defined  by  the 
equations  (A)  (ftn.,  p.  109)  form  a  fundamental  system  of  integrals  of  the 
adjoint  equation. 


CHAPTER  IV 

NON-LINEAR  DIFFERENTIAL  EQUATIONS 
I.   EXCEPTIONAL  INITIAL  VALUES 

The  proof  which  has  been  given  for  the  existence  of  integrals 
that  take  on  given  initial  values  really  supposes  that  the  right-hand 
sides  of  the  given  system  of  equations  are  analytic  in  the  neighbor 
hood  of  these  initial  values  (§  22).  Restricting  ourselves  to  the  case 
of  a  single  equation,  we  shall  examine  some  simple  cases  in  which 
that  condition  is  not  satisfied. 

63.  The  case  where  the  derivative  becomes  infinite.  Let  us  consider 
an  equation  of  the  first  order, 

(1)  §=/<*»  !0. 

where  the  right-hand  side  f(x,  y)  becomes  infinite  for  the  pair  of 
values  x  =  XQ,  y  =  yQ  in  such  a  way  that  its  reciprocal 


is  analytic  in  the  neighborhood  of  this  pair  of  values.   We  can  write 
the  preceding  equation  in  the  form 
dx  1 

(2)  ^=7(^7)=/l(x'y)' 

regarding  y  as  the  independent  variable  and  x  as  the  dependent 
variable.  But  since  the  right-hand  sidef^x,  ?/)  is  analytic  by  hypothe 
sis  for  x  =  ar0,  y  =  ?/0,  Cauchy's  theorem  applies  to  the  equation  (2). 
Hence  there  exists  an  integral,  and  only  one,  which  approaches  XQ 
as  y  approaches  y0,  and  that  integral  is  analytic  in  the  neighborhood 
of  the  point  yQ.  The  development  of  x  —  XQ  in  a  power  series  accord 
ing  to  powers  of  y  —  yQ  necessarily  commences  with  a  term  which 
is  at  least  of  the  second  degree,  since  dx/dy  or  f^(xt  y)  is  zero  for 
x  =  XQ)  y  =  ?/0,  for  otherwise  f(x,  ?/)  itself  would  be  analytic.  Let 
this  development  of  x  —  XQ  be 

(3)  x-XQ  =  Am(y-y^  +  Am  +  l(y-y^l+--. 

(m  ^  2,  Am  *  0) 
172 


IV,  §64]  EXCEPTIONAL  INITIAL  VALUES  173 

From  the  equation  (3)  we  derive  a  development  for  y  —  y0  according 
to  powers  of  (x  -  x^'m  (see  II,  Part  I,  §  99), 

(4)  y  -  y0  =  a^x  -  XQ)»  +  a2(x  -  x^  +  .  .  .  .  K  *  0) 

It  follows  that  the  equation  (1)  itself  has  this  one  and  only  this  one 
integral  of  the  form  (4)  which  approaches  yQ  as  x  approaches  XQJ  and 
the  point  XQ  is  an  algebraic  critical  point  for  this  integral.* 

64.  Case  where  the  derivative  is  indeterminate.  The  complete  dis 
cussion  of  all  the  cases  in  which  the  derivative  becomes  indeter 
minate  is  much  more  complicated.  Let  us  take  first  the  equation 
studied  by  Briot  and  Bouquet,t 

(5)  x  y1  -by  =  alQx  -f  a^x*  -f  auxy  +  a^  +  •  •  •  =  «£(&,  y), 
where  the  right-hand  side  is  analytic  in  the  neighborhood  of  the 
point  x  =  y  =  0,  and  let  us  try  to  determine  whether  there  exists  an 
analytic  integral  which  vanishes  with  x.    For  this  purpose  let  us 
substitute  for  y,  in  both  sides  of  the  equation  (5),  a  power  series 

(6)  y  =  Clx  +  cj*  +  .  -  •  +  cnxn  +  .... 

After  the  substitution  the  coefficient  of  xn  on  the  left-hand  side  is 
(ji  —  b)cn,  while  the  coefficient  of  xn  on  the  right  is  a  polynomial, 

P«Ko>   *»>•••>   «0»;    '!>•••>   Cn-l), 

whose  coefficients  are  all  positive  integers,  and  which  contains  only 
the  coefficients  clt  •  •  •  ,  cn_l,  and  some  but  not  necessarily  all  of  the 
coefficients  alh  for  which  i  -f  h  ^  n.  We  therefore  obtain  a  recurrent 
relation  for  the  coefficients  of  the  series  (6)  : 


(T\ 

I  (»~1,2,...) 

This  enables  us  to  calculate  these  coefficients  successively,  provided 
that  b  is  not  equal  to  a  positive  integer.  Let  us  first  set  aside  this 
supposition.  The  relation  (7)  gives  us 


*  In  geometric  language,  we  can  also  say  that  through  the  point  (z0,  y0)  there 
passes  one  and  only  one  integral  curve,  on  which  the  point  (£0,  ?/0)  is  an  ordinary 
point,  and  the  tangent  at  this  point  is  the  straight  line  x  =  XQ.  In  stating  the  theorem 
we  have  tacitly  assumed  that  the  f  unction /t(x,  y}  does  not  vanish  for  x  =  x0  for  all 
values  of  y ;  for  in  this  case  the  integral  of  the  equation  (2),  which  takes  on  the  value 
x0  for  y  =  i/o,  reduces  to  x  =  x0,  and  the  equation  (1)  has  no  integral  which  approaches 
y0  as  x  approaches  x0. 

t  Journal  de  VEcole  Poly  technique,  Vol.  XXI,  1856. 
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and  so  on  in  this  way.  The  value  of  the  series  (6)  certainly  repre 
sents  an  integral  of  the  equation  (5)  vanishing  with  x,  provided  that 
the  series  has  a  radius  of  convergence  different  from  zero.  In  fact, 
the  operations  by  which  we  have  obtained  the  coefficients  of  this 
series  are  then  valid  (I,  §  192,  2d  ed.;  §  186,  1st  ed.). 

In  order  to  prove  the  convergence  of  this  series,  let  us  observe 
first  that  if  we  give  to  n  all  the  integral  values  1,  2,  •  •  • ,  to  infinity, 
the  fraction  l/(n  —  &),  which  cannot  become  infinite,  approaches 
zero.  The  absolute  value  of  that  fraction  has  therefore  a  maximum 
1/5,  and  we  have  for  every  value  of  the  integer  n,  \  l/(n  —  I)  \  ^  !//?. 

On  the  other  hand,  let 

*(x,  F)  =  Awx  +  A^x*  +  AnxY  +  A^Y*  +  .  .  •  +  A^Y*  +  .  .  - 

be  a  dominant  function  for  <j>(x,  y),  having  no  constant  term  nor  any 
term  in  Y.  We  might  take,  for  example,  a  function  of  the  form 


but  it  is  really  not  necessary  to  specify  it  completely  in  order  to 
carry  through  the  proof.  The  auxiliary  equation 

(8)  BY=*(x,  Y) 

has,  by  the  general  theorem  on  implicit  functions  (I,  §  193,  2d  ed.: 
§  187,  1st  ed.),  an  analytic  root  vanishing  with  x.  Let 

(9)  •r=CiaJ  +  Casa+  ...  +  CBs»+  ... 

be  the  development  of  this  root  in  a  power  series.  In  order  to  cal 
culate  the  coefficients  C{,  we  can  substitute  this  development  for  Y 
in  the  two  sides  of  the  relation  (8).  This  gives  the  recurrent  relation 

nCT\        BC  =  P  (A       4  A*   •   C     C    •         C     ^ 

\J-Vj  »<^n —   ±   n  \      10'        20'  '        On  5     ^i?    ^2'  '        n  — l/> 

where  Pn  denotes  the  polynomial  which  appears  in  the  relation  (7), 
in  which  aik  has  been  replaced  by  Aik  and  ct  by  Cf. 

But  from  the  very  way  in  which  we  have  chosen  the  constant  B 
and  the  function  ®(x,  F),  we  have  the  inequalities 

1  1 


1 0a  ^ 
It  follows  that  if  we  have 

Kl<cv       \°*\ 


n-b\  =  B 


we  have  also  |cn|  <  Cn,  since  all  the  coefficients  of  the  polynomial  PA 
are  positive  integers.    Now  we  have  |«10  <  AJO,  and,  consequently, 
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|  cl  <  Cr  Keasoning  step  by  step,  we  conclude  that  the  series  (9) 
dominates  the  series  (6).  The  latter  is  therefore  convergent  in  the 
neighborhood  of  the  origin.  Summing  up,  if  the  coefficient  b  of  y  in 
the  equation  (5)  is  not  equal  to  a  positive  integer,  that  equation  has 
one  and  only  one  analytic  integral  that  vanishes  with  x. 

In  order  to  finish  the  study  of  the  analytic  integrals  which  vanish  with  x, 
we  must  still  examine  the  case  where  b  is  equal  to  a  positive  integer.  Suppose 
first  6  =  1;  the  first  of  the  relations  (7)  reduces  to  a10  =  0.  If  a10  is  not  zero, 
then  there  is  no  analytic  integral  fulfilling  the  condition.  If  a10  is  zero,  setting 
y  =  Xx,  we  are  led  to  an  equation, 

(11)  V  =  V(z,  X)  -  «20  +  «iix  +  «02X2  +  •-••", 

where  the  function  ^  (x,  X)  is  analytic,  provided  that  |  x  \  <  r,  |  X  |  <  A,  r  and  A 
being  two  suitably  chosen  positive  numbers.  Now  this  equation  (11)  has  an 
infinite  number  of  integrals  which  are  analytic  in  the  neighborhood  of  the 
origin,  for  we  can  choose  arbitrarily  the  value  X0  of  X  f or  x  =  0,  provided  that 
we  have  |  X0 1  <  A.  Hence  in  this  case  the  equation  (5)  has  an  infinite  number 
of  analytic  integrals  vanishing  with  x. 

If  b  is  equal  to  a  positive  integer  greater  than  unity,  the  coefficient  of  x  in 
the  development  of  an  analytic  integral  vanishing  for  x  =  0  must  be  equal 
to  <z10/(l  —  6),  and  the  transformation  y  =  «10x/(l  —  b)  +  Xx  leads  to  an  equation 
of  the  same  form  in  which  the  coefficient  of  X  is  equal  to  (1  —  b) : 

x\'  —  (b  —  1)  X  =  alQx  +  a'wxz  +  a'n  Xx  + 

By  a  succession  of  similar  transformations  we  reach  the  case  which  has  just 
been  treated.  Consequently,  if  the  coefficient  b  is  equal  to  a  positive  integer, 
the  equation  (5)  has  no  analytic  integral  vanishing  with  x,  or  it  has  an  infinite 
number  of  such  integrals. 

Briot  and  Bouquet  also  investigated  whether  there  existed  non-analytic  inte 
grals  approaching  zero  with  x,  and  proved  that  the  equation  (5)  has  an  infinite 
number  of  such  integrals  when  the  real  part  of  6  is  positive.  We  can  easily 
establish  this  theorem  by  means  of  the  method  of  successive  approximations. 
Let  us  first  point  out  that  if  the  real  part  of  b  is  positive,  we  may,  without 
lack  of  generality,  suppose  that  the  real  part  <R(b)>l.  In  fact,  if  we  make 
the  change  of  variable  x  =  x'n,  where  n  is  a  positive  integer,  the  equation  (5) 
is  replaced  by  an  equation  of  the  same  form  in  which  b  is  replaced  by  nb. 
We  shall  suppose,  then,  that  we  have  <R  (6)  >  1,  and  that  b  is  not  an  integer. 
As  we  have  just  seen,  the  equation  (5)  has  an  analytic  integral  yl1  which 
vanishes  for  x  =  0.  Hence,  setting  y  =  yl  +  w,  the  equation  (5)  becomes 

xu'  -bu  =  <f>  (x,  yl  +  u)  -  <f>  (x,  yi)  =  u$  (x,  u). 

Since  the  function  <f>  (x,  y)  does  not  contain  any  term  of  the  form  a  constant 
times  ?/,  the  function  \f/  (x,  u)  will  not  contain  any  constant  term,  and  we  can 
write  the  preceding  equation  in  the  form 

%uf  —bu  =  u  [ax  +  pu  +  •  •  •]. 


176  NON-LINEAR  DIFFERENTIAL  EQUATIONS       [IV,  §  64 

Let  us  now  put  u  —  Xx&,  where  X  denotes  the  new  dependent  variable.  The 
equation  takes  the  form 

(12)  X'  =  \[a  +  /3Xxb-i  +.-.]  =  F(\,  x,  X&-1), 

where  F  denotes  a  power  series  with  respect  to  the  three  variables  X,  x,  xb~l. 
In  the  plane  of  the  variable  x  let  us  draw  through  the  origin  two  rays  whose 
inclinations  are  o>0  and  w1(w0  <  wt  <  o>0  +  2?r),  and  let  us  consider  the  circular 
sector  A  limited  by  these  two  rays  and  an  arc  of  a  circle  with  the  radius  r 
described  with  the  origin  as  center.  If  x  remains  in  the  interior  of  A,  and 
if  |X|  remains  less  than  a  positive  number  Z,  the  function  F(X,  x,  xb~l)  will 
be  analytic,*  provided  that  the  two  numbers  r  and  I  are  sufficiently  small. 
Let  us  connect  the  origin  with  any  point  x  of  the  sector  A  by  a  straight  line- 
segment,  and  suppose  that  we  take  for  the  initial  value  of  X  an  arbitrary  value 
X0  whose  absolute  value  is  less  than  I.  We  can  apply  to  the  equation  (12)  the 
method  of  successive  approximations  (§  29),  which  consists  in  taking  the 
successive  integrals 

/» X  nX 

Xj  —  XQ  +  I    -^X^o'  ^i  x&~  1)dx,        Xg  =  XQ  +  I    y(Xii  x,  xb~  1)dx, 
Jo  J  o 

and,  in  general, 


f 

v  0 


all  of  these  integrals  being  taken  along  the  straight  line.  The  fundamental 
hypotheses  for  the  validity  of  the  proof  are  satisfied.  All  the  functions  Xi(x), 
X2(x),  •••  are  analytic  in  the  interior  of  the  sector  J.,  and  the  function  Xn(x) 
approaches  a  limit  A  (x)  if  the  radius  r  has  been  taken  sufficiently  small.  Hence 
the  equation  (12)  has  an  integral  which  is  analytic  in  the  interior  of  the  sector 
A  and  which  approaches  the  value  X0  as  x  approaches  zero.  [  It  follows  that  the 
equation  (5)  has  an  infinite  number  of  non-analytic  integrals  in  the  neighbor 
hood  of  the  origin,  each  of  which  approaches  zero  as  the  point  x  approaches 
the  origin  and  depends  upon  an  arbitrary  parameter  X0.  This  proves  Briot  and 
Bouquet's  theorem. 

The  condition  that  the  real  part  of  b  —  1  be  positive  is  essential.  Indeed,  if 
x  approaches  the  origin,  remaining  in  the  sector  A,  its  angle  remains  between  w0 
and  w1?  and  its  absolute  value  approaches  zero.  Setting  x  =  peL<a,  b  —  1  =  /x  +  j/i, 
we  have 


(13)  Xb~l  =  eO  +  ^'XJogp  +  tw)  —  efJL\ogp-V(aei(vlogp  +  fJ(a\ 

As  p  approaches  zero,  w  remaining  included  between  the  two  limits  w0  and  Wj, 
/xlogp  —  vw  becomes  infinite  in  absolute  value  in  remaining  negative,  and  the 
absolute  value  of  xb~l  approaches  zero.  On  the  contrary,  if  the  real  part  of 
b  —  1  is  negative,  it  is  obvious  that  the  absolute  value  of  xb  -  l  becomes  infinite 
as  x  approaches  zero,  remaining  in  the  sector  A.  The  function  jF(X,  x,  x6-1)  is 
not  continuous  at  the  origin,  and  the  previous  proof  no  longer  applies. 

According  to  Briot  and  Bouquet,  if  the  real  part  of  b  is  negative,  the  equa 
tion  (5)  has  no  other  integral  than  the  analytic  integral  vanishing  for  x  =  0. 

*  If  x  approaches  the  origin,  remaining  always  in  the  sector  A,  the  derivative  of  the 
function  F  with  respect  to  x  may  become  infinite  if  the  real  part  of  6  -  2  is  negative, 
but  that  derivative  does  not  appear  in  the  method  of  successive  approximations. 
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But  their  proof,  which  is  very  similar  to  the  one  in  the  footnote  on  page  50,  sup 
poses  that  the  variable  x  approaches  the  origin  along  a  path  of  finite  length  that 
has  a  definite  tangent  at  the  origin,  and  this  condition  should  appear  in  the  state 
ment  of  their  theorem.  In  order  to  give  some  idea  of  the  difficulty  of  the  ques 
tion,  let  us  consider  the  function  x6,  supposing  that  the  real  part  /*  of  b  is  negative, 
while  the  coefficient  v  of  i  is  different  from  zero.  The  absolute  value  of  xb  is  equal 
to  evl°8  P  ~  V(a  .  If  we  make  the  variable  x  describe  a  curve  that  approaches  the 
origin  indefinitely,  /j.  log  p  does  approach  +  co,  but  if  we  make  the  angle  <a  in 
crease  in  absolute  value  at  the  same  time  in  such  a  way  that  the  difference 
/*  log  p  —  via  remains  negative  and  increases  indefinitely  in  absolute  value,  the 
absolute  value  of  xb  approaches  zero  at  the  same  time  as  |x|.  If  j>>0,  we  need 
only  make  the  variable  x  describe  the  logarithmic  spiral  whose  equation  is 
p  =  ev(a/'2f*-,  for  example  ;  for  we  then  have  \xb\  =  e-v<a/2,  and  if  the  angle  w 
approaches  +  co,  \x\  =  p  and  \xb\  approach  zero  simultaneously. 

If  the  real  part  of  b  is  negative  and  the  real  part  of  b/i  is  not  zero,  it  follows 
from  investigations  of  Picard  and  Poincare'  that  the  equation  (5)  has  an  in 
finite  number  of  non-analytic  integrals  that  depend  upon  an  arbitrary  constant 
and  approach  zero  as  the  variable  x  describes  a  path  such  as  the  preceding,  along 
which  \xb\  approaches  zero.  The  contradiction  between  this  result  and  the 
theorem  of  Briot  and  Bouquet  is  only  apparent,  since  in  the  two  cases  entirely 
different  conditions  are  assumed.  In  particular  let  us  notice  that  if  the  variable 
x  takes  on  only  real  values,  it  cannot  turn  an  infinite  number  of  times  around 
the  origin  ;  consequently  there  will  be  no  other  integral  which  approaches  zero 
with  x  except  the  analytic  integral,  provided  the  real  part  of  b  is  negative. 

The  results  of  this  discussion  are  easy  to  verify  with  the  elementary  equation 
xy'  —  ax  +  by,  whose  general  integral  is  y  —  ax/  (I  —  b)  +  Cxb  if  6—1  is  not 
zero,  and  y  =  ax  Log  x  +  Cx  if  b  =  1  . 

65.  We  shall  limit  ourselves  to  a  few  statements  concerning  the 
general  case  of  an  equation  of  the  form 

^  If  =     gy  +  by  +  cx* 


^ 

' 


dx       a'x  +  b'y  +  c'xz  +  2  cVxy  +  e'f  •  •  •       X 
where  X  and  Y  are  power  series  which  converge  when 


We  are  supposing,  as  we  may  without  loss  of  generality,  that  it  is 
f  or  x  =  y  —  0  that  dy/dx  becomes  indeterminate.  Setting  y  =  vx  in 
this  equation,  it  becomes 

dv  _  a  +  bv  —  v  (a1  -f-  b'v)  +  x<l>  (x,  v) 
dx  a1  -+•  b'v  -f-  xif/(x,  v) 

where  <f>(x,  v)  and  ty(x,  v)  are  two  power  series  which  are  convergent 
whenever  \x\  <  r  and  \vx\  <  r.  If  the  equation  (14)  has  an  analytic 
integral  vanishing  with  x,  the  coefficient  of  x  in  the  development  of 
that  integral  is  necessarily  a  root  of  the  equation 

(16)  a  +  bv  -  v  (a1  -f  b'v)  =  0, 
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since  the  left-hand  side  of  (15)  is  zero  for  x  =  0.  Let  vl  be  a  root  of 
the  equation  (16).  If  we  put  v  =  v1  -f-  u,  the  two  functions 

<f>(x,  vl  +  u),         $(x,  vl-\-u) 

are  still  regular  in  the  neighborhood  of  the  values  x  =  0,  u  =  0,  and 
the  equation  (15)  reduces  to  an  equation  of  a  form  already  studied, 

(IT)  x^=Au  +  Bx  +  ..., 

provided  that  v  =  vl  does  not  make  a'  -\-  b'v  vanish.  Since  the  equa 
tion  (16)  is  in  general  of  the  second  degree,  we  see  that  we  can 
reduce  the  equation  (14)  to  the  form  (5)  in  two  different  ways. 
Hence  there  are  in  general  two  analytic  integrals  and  only  two  van 
ishing  for  x  =  0.  But  these  conclusions  are  applicable  only  under 
the  most  general  conditions,  where  the  coefficients  a,  b,  a',  b'  do  not 
satisfy  any  special  relation. 

The  general  investigation  of  the  integrals,  analytic  or  not,  of  the 
equation  (14),  which  approach  zero  when  x  approaches  zero  (X  and 
Y  being  two  regular  functions  which  vanish  for  x  =  y  =  0),  has  been 
the  object,  since  the  work  of  Briot  and  Bouquet,  of  a  large  number 
of  investigations.  Although  it  has  been  possible  to  treat  more  and 
more  general  cases,  the  question  is  still  not  exhausted.  Let  us  notice 
in  particular  just  one  remarkable  circumstance  which  we  have  not 
yet  mentioned.  Let  us  take  the  equation 

(18)  x^-ly  =  ax, 

and  let  us  try  to  find,  as  above,  an  analytic  integral  of  this  equation 
which  vanishes  for  x  =  0.  If  we  attempt  to  determine  the  coeffi 
cients  of  the  series  (6)  so  that  on  substituting  it  in  the  equation  (18) 
we  arrive  at  an  identity,  we  discover  the  relations 

a  4-  bcl  =  0,  cl  =  bc2,  2  ca  =  bc&,  -  -  .,  ncn  =  bcn+1,  .  .  ., 
from  which  we  derive 

a  a  2a  n\  a 

*"     T  Ca=    ~P'  C8=      "!«"'  "'  °n+l=    ~^Tl' 

We  thus  obtain  a  unique  value  for  each  coefficient,  but  the  series 
which  we  obtain  is  divergent  except  for  x  =  0.  The  origin  is  an  essen 
tially  singular  point  for  all  the  integrals,  as  is  verified  by  direct 
integration.  Similarly,  the  point  x  =  0  is  an  essentially  singular 
point  for  all  the  integrals  of  the  equation  xy1  +  y2  =  0 ;  and  all  these 
integrals  approach  zero  with  |a;|. 
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If  we  assign  only  real  values  to  the  variables  x  and  y,  and  wish  to  construct  the 
integral  curves  of  the  equation  (14)  (X  and  Y  being,  for  example,  two  polyno 
mials  in  x  and  y  with  real  coefficients),  it  is  very  important  to  know  the  form  of 
these  integral  curves  in  the  neighborhood  of  a  point  common  to  the  two  curves 
X  =  0,  Y  =  0.  We  shall  study  from  this  point  of  view  the  simple  equation 

(19)  gg=  aX  +  by  , 

dx      a'x  +  b'y 

which  can  be  integrated  by  elementary  methods  (§  3)  by  the  substitution  y  —  tx. 
"We  can  integrate  it  in  a  more  symmetric  way  by  replacing  the  equation  (19)  by 
the  system 

(20)  **        =       dy      =  dt 
'        b'y      ax  -{-by 


where  t  is  an  auxiliary  variable  introduced  for  the  sake  of  symmetry.  We  have 
seen  above  (§  59)  that  this  system  can  be  reduced  to  a  simple  canonical  form 
by  replacing  x  and  y  by  two  linear  homogeneous  combinations  X  and  Fof  these 
variables.    In  this  case  the  characteristic  equation  is 
s'2  —  (a'  +  b)  s  +  W  —  ab'  =  0. 

This  equation  cannot  have  zero  for  a  root,  since  we  suppose  that  ab'  —  ba'  is 
not  zero.  Several  cases  are  now  to  be  distinguished  according  to  the  nature  of 
the  roots  : 

1)  If  the  characteristic  equation  has  two  real  and  distinct  roots  Si,  $2,  "we  can 
reduce  the  system  (20)  to  the  form 

dX      dY 

-^X=^Y=dt> 
and  the  given  equation  consequently  becomes 


The  general  integral  is  given  by  the  equation 

!? 
T=  CX\ 

If  Si  and  s2  have  the  same  sign,  Y  approaches  zero  with  JT,  and  all  the  integral 
curves  pass  through  the  origin,  which  is  a  node.  If  s-2/Si  is  negative,  there  exist 
only  two  integral  curves  passing  through  the  origin,  the  straight  lines  X  =  0, 
Y  =  0  ;  hence  the  origin  is  a  saddleback. 

2)  If  the  characteristic  equation  has  two  conjugate  imaginary  roots  a  +  /3i, 
.  a  —  /Si  (,8  ^  0),  we  can  reduce  the  system  (20)  to  the  form 

d  (X  +  Ft)  d(X-Yi)       =dt 

(a  +  /Si)  (X  +  Yi)       (a  -  fti)  (X  -  Fi) 

.where  X  and  F  are  linear  homogeneous  combinations  of  x  and  y  with  real 
coefficients.  We  can  then  write  these  equations  in  the  form 

&*     =dt 


aX-pY 
from  which  we  derive 

XdX  +  FdF  _  XdY-  YdX 

a(X*+  F2).  ' 
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The  general  integral  of  the  equation  (19)  is  therefore  represented  by  the 
equation 


If  a  is  not  zero,  all  these  curves  have  the  form  of  spirals  which  approach 
the  origin  as  an  asymptotic  point.  The  origin  is  said  to  be  a  focus. 

If  a  is  zero,  the  general  integral  is  represented  by  concentric  conies.  The 
origin  is  called  a  center,  but  this  case  must  be  considered  as  exceptional,  since  it 
occurs  only  when  a  satisfies  an  equality. 

3)  If  the  characteristic  equation  has  a  double  root  s,  that  root  is  real  and 
different  from  zero,  and  the  system  (20)  reduces  to  the  form 

$*=       dY       =dt 
sX 


The  equation  (19)  itself  becomes  dY/dX  =  1  +  Y/X,  and  the  general  integral  is 
Y  =  CX  +  X  Log  X.  In  order  to  construct  these  curves,  we  can  express  X  and 
Y  in  terms  of  an  auxiliary  variable  by  putting  X=  e*,  which  gives  Y=  Ce9  +  Oe*. 
When  6  approaches  —  oo,  X  and  Y,  and  consequently  x  and  T/,  approach  zero, 
and  the  origin  is  again  a  focus. 

The  preceding  classification  is  due  to  Poincare",  who  has  extended  the  dis 
cussion  to  equations  of  the  general  form  (14)  whose  coefficients  are  real. 


II.   A  STUDY  OF  SOME  EQUATIONS  OF  THE  FIRST  ORDER 

66.  Singular  points  of  integrals.  The  developments  in  series  by 
which  we  have  established  the  existence  of  analytic  integrals  of  a 
system  of  differential  equations  enable  us  to  calculate  these  inte 
grals  only  in  the  interior  of  the  circle  of  convergence ;  but  the 
knowledge  of  these  developments  suffices,  as  we  have  noticed  in 
general  (see  II,  Part  I,  §  86),  to  virtually  determine  these  functions 
in  the  whole  domain  of  their  existence.  Let  us  consider,  for  defi- 
niteness,  an  algebraic  differential  equation  of  the  first  order, 

(21)  F(x,y,y')  =  0, 

where  F  is  a  polynomial  in  x,  y,  y'.  Let  (#0,  y0)  be  a  pair  of  values 
for  which  the  equation  F(xQ,  yQ,  y')  —  0  has  a  simple  root  y'0.  When 
x  and  y  approach  XQ  and  yQ  respectively,  the  equation  (21)  has  one 
and  only  one  root  approaching  ?/0',  and  that  root,  y'=f(x,  y),  is  a 
regular  function  in  the  neighborhood  of  the  point  (XQ,  yQ).  The 
equation  (21)  has  therefore  an  analytic  integral  which  reduces  to 
y0  for  x  =  XQ,  and  whose  derivative  takes  on  the  value  y'0  for  x  =  XQ. 
This  integral  is  defined  by  its  power-series  development  only  in  the 
interior  of  a  circle  CQ  about  XQ  as  center,  whose  radius  is  in  general 
finite.  But  this  function,  whose  analytic  extension  may  be  followed 
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outside  of  the  circle  C0,  satisfies  the  equation  (21)  in  its  whole  domain 
of  existence.  Let  us  observe  that  we  may  make  use  of  the  equation 
(21)  itself  to  calculate  the  coefficients  of  the  different  series  which 
we  use  in  the  method  of  analytic  extension.  If  at  a  point  xl  in  the 
circle  C0  the  integral  considered  is  equal  to  y^ ,  its  derivative  is  equal 
to  one  of  the  roots  y{  of  the  equation  F(xv  yv  y')  =  0,  and  we  shall 
be  able  to  derive  the  values  of  the  other  derivatives  at  the  point  xl 
by  successive  differentiations  of  (21). 

It  follows  that  every  differential  equation  of  the  first  order  defines 
an  infinite  number  of  analytic  functions,  depending  upon  one  arbi 
trary  constant.  These  are  in  general  transcendental  functions  which 
cannot  be  expressed  in  terms  of  the  classic  transcendentals,  and  the 
same  thing  is  true  a  fortiori  of  the  functions  defined  by  algebraic 
differential  equations  of  the  second,  or  higher,  order.  The  study 
of  the  properties  of  these  new  transcendentals  and  their  classifi 
cation  constitutes  the  object  of  the  analytic  theory  of  differential 
equations. 

We  may  be  guided  in  this  study  by  two  different  motives :  we 
may  seek  the  necessary  and  sufficient  conditions  that  equations  of  a 
given  sort  may  be  integrated  by  means  of  functions  already  known ; 
or,  on  the  other  hand,  we  may  propose  to  ourselves  the  problem  of 
discovering  the  algebraic  differential  equations  that  define  transcen 
dentals  not  reducible  to  the  classic  transcendentals,  and  possessing 
certain  remarkable  properties,  such  as  being  single-valued  and  ana 
lytic,  or  analytic  except  for  poles,  etc.  Whatever  may  be  the  object 
that  we  have  specially  in  view,  the  investigation  of  the  possible 
singularities  of  the  integrals  is  an  essential  question.  While  the 
singular  points  of  the  integrals  of  a  linear  equation  are  fixed,  the 
singular  points  of  the  integrals  of  non-linear  equations  vary  in  gen 
eral  with  their  initial  values.  For  example,  the  integral  of  the  equa 
tion  x  +  yy'  =  0  which  takes  on  the  value  yQ  for  x  =  0  is  y  =  Vy*  —  x2. 
This  function  has  the  two  critical  points  -f-  yQ)  —  y0,  which  depend 
upon  the  initial  value.  Similarly,  the  integral  of  the  equation  y'  =  y3 
which  takes  on  the  value  yQ  for  x  =  0  is  2/0/(l  —  xyQ)  ;  this  solu 
tion  has  the  pole  x  =  l/yQ.  We  are  therefore  led  to  distinguish  two 
classes  of  singular  points  for  a  differential  equation :  the  fixed  sin 
gular  points  which  do  not  depend  upon  the  chosen  initial  values 
(not  being  necessarily  singular  points  for  all  the  integrals),  and 
the  movable  singular  points,  poles,  or  critical  points  which  depend 
upon  the  initial  values.  A  differential  equation  may  have  both  kinds 
of  singular  points. 
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67.  Functions  defined  by  a  differential  equation  y'  =  R(x,  y).    We 

shall  study  in  particular  the  differential  equation 


where  P(x,  y)  and  Q(x,  y}  are  two  polynomials  in  x  and  y  which 
have  no  common  polynomial  divisor.  The  pair  of  simultaneous 
equations  P(x,  y)  =  0,  Q(x,y)  =  0  has  a  certain  number  of  solutions 
(alt  6j),  •  •  •,  (an}  bn).  Let  us  mark  the  points  al9  «2,  •  •  •,  an  in  the 
aj-plane. 

The  transformation  y  =  1/z  reduces  the  equation  (22)  to  an  equa 
tion  of  the  same  form, 


and  the  pair  of  equations  P^x,  «)  =  0,  Q^(x,  z)  =  0  has  a  certain 
number  of  systems  of  solutions  (a{,  £J),  •  •  .,  (a^,  b'm).  Let  us  mark 
the  points  a{,  a'2,  •  •  .,  am  in  the  x-plane.  The  points  ai}  a'k  are  in  gen 
eral  singular  points  for  some  of  the  integrals  of  the  equation  (22), 
but  they  are  known  a  priori  ;  that  is,  they  are  the  fixed  singular 
points. 

Let  now  (se0,  ?/0)  be  any  pair  of  values  such  that  Q(xQ9  y0)  is  not 
zero.  Then  by  Cauchy's  fundamental  theorem  the  equation  (22)  has 
an  analytic  integral,  in  the  neighborhood  of  the  point  XQ,  which 
takes  on  the  value  yQ  for  x  =  XQ.  Suppose  that  we  make  the  variable 
x  describe  any  path  L  proceeding  from  the  point  #0  and  not  passing 
through  any  of  the  points  ai}  ak.  We  can  continue  the  analytic 
extension  of  this  integral  along  L  so  long  as  we  do  not  encounter 
any  singular  point.  But  it  may  happen  that  we  are  stopped  by  the 
presence  of  such  a  point;  let  a  be  the  first  singular  point  which 
we  encounter.  The  integral  considered  is  analytic  in  the  neighbor 
hood  of  every  point  X  of  the  path  L  included  between  XQ  and  a,  but 
the  circle  of  convergence  of  the  power  series  which  represents  it, 
and  whose  center  is  at  X,  never  contains  the  point  a  in  its  interior, 
however  small  \X  —  a\  may  be.  The  equation  Q(a,  y)  =  0  has  a  cer 
tain  number  of  roots  pv  £2,  .  .  .  ,  /?^.  Let  us  mark  the  points  &  in 
the  y-plane.  The  equation  Q(a,  y)  =  0  has  only  a  finite  number  of 
roots,  for  otherwise  the  polynomial  Q(x,  y)  would  be  divisible  by 
(x  —  a)  and  the  point  a  would  be  included  among  the  points  af1  a'k. 
For  the  same  reason  it  is  seen  that  the  two  equations  P  (a,  y)  =  0, 
Q  (a,  y)  =  0  have  no  common  root. 
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There  are  now  several  possible  cases  to  be  examined.  Let  Y  be 
the  value  of  the  integral  in  terms  of  .Y ;  we  cannot  suppose  that  Y 
approaches  a  finite  value  /?  different  from  ft,  /?2,  •  •  • ,  ftv  as  X  ap 
proaches  a,  for  R  (x,  y)  is  a  regular  function  f or  x  =  a,  y  =  ft.  Now, 
by  Cauchy's  fundamental  theorem,  there  would  then  exist  a  single 
integral  approaching  ft  as  x  approaches  a,  and  that  integral  would 
be  analytic  at  the  point  a,  contrary  to  hypothesis.  Let  us  suppose 
next  that  Y  approaches  the  value  ft  when  \X  —  a\  approaches  zero. 
The  function  R  (x,  y)  is  infinite  f  or  x  =  a,  y  —  ft,  but  its  reciprocal 
is  a  regular  function,  since  we  cannot  have  P  (#,  ft)  =  0.  We  have 
seen  in  §  63  that  the  equation  (22)  has  one  and  only  one  integral 
which  approaches  ft  as  X  —  a  \  approaches  zero,  and  which  has  the 
point  a  as  an  algebraic  critical  point.  Similarly,  if  Y  becomes 
infinite  as  |  X  —  a  |  approaches  zero,  the  equation  (23)  has  an  integral 
which  approaches  zero  with  \X  —  a\.  We  cannot  have  simultane 
ously  Pl  (a,  0)  =  0,  Q1  (a,  0)  =  0,  since  the  point  a  is  not  contained 
among  the  points  a'k.  If  ^(tf,  0)  is  not  zero,  z  is  analytic  in  the 
neighborhood  of  the  point  a,  which  is  a  pole  for  the  integral  con 
sidered.  If  Q1(<r,  0)  =  0,  the  point  a  is  an  algebraic  critical  point 
for  z  and  thus  also  for  y. 

We  have  not  yet  exhausted  all  the  possibilities.  Might  it  not  hap 
pen,  for  example,  that  Y  does  not  approach  any  limit,  although  |  Y  \ 
does  not  become  infinite  as  \X  —  a\  approaches  zero?  Painleve  has 
shown,  in  the  following  way,  that  this  is  not  possible.  Previously 
this  had  been  assumed  without  adequate  proof.  About  the  point  a 
as  a  center  let  us  describe  a  circle  C  with  a  very  small  radius  r.  The 
roots  of  the  equation  Q  (X}  y)  =  0  which  approach  respectively 
ft,  /32,  •  •  • ,  ftv  as  X  —  a  approaches  zero  remain  respectively  con 
tained  in  the  interior  of  the  circles  y1?  y2,  •  •  • ,  yN  about  the  points 
ft>  A2>  •  •  •  j  ftv  as  centers  with  radii  pv  /o2,  •  •  • ,  pv.  We  can  take  the 
radius  r  so  small  that  all  these  radii  pi  are  themselves  smaller  than 
any  given  positive  number  e.  Let  us  consider  at  the  same  time  a 
circle  T  with  a  very  large  radius  7?,  described  in  the  plane  of  the 
variable  y  about  the  origin  as  center,  and  let  (E)  be  the  portion  of 
the  ?/-plane  exterior  to  the  circles  y,-  and  interior  to  the  circle  F.  WTe 
shall  show  that  when  \X  —  a  approaches  zero,  the  corresponding 
point  Y  finally  remains  constantly  in  the  interior  of  one  of  the  cir 
cles  yt-  or  exterior  to  the  circle  T.  If  this  were  not  the  case,  we 
should  always  find  on  the  path  L  certain  points  X  such  that  X  —  a\ 
is  less  than  any  given  number  and  for  which  Y  would  be  in  the 
region  (E).  Suppose  now  that  we  have  \X  —  a\<  r/2,  for  example, 
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while  only  values  of  Y  in  the  region  (E)  are  considered.  We  shall 
show  that  there  is  a  positive  minimum  for  the  radius  of  the  circle  of 
convergence  of  that  integral  of  the  equation  (22)  which  is  equal  to  Y 
for  x  =  X.  In  fact,  there  is  evidently  a  maximum  for  R  (X,  F)  |  when 
the  points  X,  Y  remain  respectively  in  the  preceding  regions,  while 
there  is  a  positive  minimum  for  the  numbers  a  and  b  (see  §  22).  Let 
rj  be  the  minimum  of  the  radius  of  this  circle  of  convergence.  We 
could  find,  by  hypothesis,  a  point  X'  on  the  path  L  whose  distance 
from  the  point  a  would  be  less  than  17  and  such  that  the  correspond 
ing  point  Y'  would  be  in  the  region  (E).  Since  the  circle  of  conver 
gence  of  the  series,  which  represents  the  integral  which  takes  on  the 
value  Y'  for  x  =  X',  has  a  radius  at  least  equal  to  rj,  the  point  a 
would  be  in  the  interior  of  this  circle,  which  is  evidently  impossible, 
since  a  is  a  singular  point. 

The  point  Y,  therefore,  finally  remains  constantly  in  the  interior 
of  one  of  the  circles  7,  or  outside  of  the  circle  F  as  \X  —  a\  approaches 
zero.  Since  the  radius  pt  can  be  taken  as  small  as  we  please  and  the 
radius  R  as  large  as  we  please,  this  means  that  Y  approaches  one  of 
the  values  (3t  unless  |  Y\  becomes  infinite.  We  have  just  examined 
what  happens  in  these  two  cases.  It  follows  that  the  point  a  is  either 
a  pole  or  an  algebraic  critical  point.  Hence  we  can  avoid  the  singular 
point  by  replacing  the  portion  of  the  path  L  near  the  point  a  by  an 
arc  of  a  circle  of  infinitesimal  radius  described  about  this  point 
as  center,  and  we  shall  be  able  to  continue  the  analytic  extension 
beyond  this  point  until  we  meet  a  new  singular  point.  We  shall 
show  that  on  a  path  L  of  finite  length  there  are  never  more  ^than 
a  finite  number  of  poles  or  of  algebraic  critical  points.  In  fact,  with 
each  of  the  points  a{,  a'k  as  centers  let  us  describe  a  very  small  circle 
in  the  plane  of  the  x's,  and  let  us  describe  also  a  circle  of  very  large 
radius  about  the  origin  as  center,  so  that  all  of  the  path  L  shall  lie 
in  the  region  (E')  of  the  axplane  bounded  by  these  circumferences. 
Let  xl  be  any  point  of  (E').  Then  the  integral  whose  absolute  value 
becomes  infinite  as  |  x  —  xl  \  approaches  zero  is  equal  to  a  polynomial 
in  (x  —  x^~l  plus  a  power  series  in  (x  —  x^)  which  converges  in 
a  circle  of  radius  pr  Similarly,  the  different  integrals  which  have 
the  point  xl  as  an  algebraic  critical  point  are  represented  by  series 
arranged  according  to  fractional  powers  of  x  —  xr  Let  p2  be  the 
smallest  of  the  radii  of  convergence  of  these  different  series.  It  is 
clear  that  these  numbers  pl  and  p2  vary  continuously  with  the  position 
of  the  point  xj  hence  they  have  a  minimum  A  >  0,  and  the  distance 
between  two  neighboring  singular  points  on  the  path  L  is  of  necessity 
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greater  than  X.*  We  can  therefore  encounter  on  this  path  only  a 
finite  number  of  poles  or  of  algebraic  critical  points.  Consequently, 
the  only  movable  singular  points  of  the  integrals  of  the  equation  (22) 
are  poles  or  algebraic  critical  points.  These  integrals  cannot  have 
movable  essentially  singular  points,  and  consequently  they  can  have 
no  natural  boundaries. 

The  preceding  arguments  can  be  extended  without  difficulty  to 
equations  of  the  form  (22),  where  P(x,  ?/),  Q(x,  y)  are  polynomials 
in  y  whose  coefficients  are  analytic  functions  of  x.  We  have  only  to 
add  to  the  points  a{,  ak,  which  are  defined  as  above,  the  singular 
points  of  all  these  coefficients.  If  the  path  described  by  the  variable  x 
remains  in  a  region  not  containing  any  of  the  points  ait  a'k  or  any 
of  the  singular  points  of  the  coefficients  of  the  various  powers  of  y, 
the  only  singular  points  which  the  integrals  can  have  are  poles  or 
algebraic  critical  points. 

As  an  application,  let  us  consider  the  question  of  finding  the 
equations  of  the  form  (22)  which  have  no  movable  critical  points. 
In  order  that  this  may  be  true,  the  denominator  must  not  contain  y. 
In  fact,  let  a  be  any  value  of  x,  and  ft  a  corresponding  value  of  ?/, 
for  which  Q  (a,  ft)  =  0,  while  the  numerator  P  (a,  ft)  is  not  zero.  The 
integral  of  the  equation  (22)  which  approaches  ft  when  \x  —  a\ 
approaches  zero  has  this  point  as  a  critical  point,  and  it  is  clear 
that  it  is  not  a  critical  point  for  all  the  integrals.  Hence  the  desired 
equation  must  be  of  the  form 

~;=pmym  +  pm-iym-l  +  --; 

where  Pm,  Pm_i,  •  •  -  are  functions  of  x.  Moreover,  the  equation 
obtained  by  putting  y  =  1/2  must  be  of  the  same  form,  so  that  m 

*  It  should  be  noticed  that  an  integral  can  have  an  infinite  number  of  critical  points, 
and  even  an  infinite  number  of  them  in  the  neighborhood  of  any  value  of  x.  Consider, 
for  example,  the  equation 


where  R  (x)  is  a  rational  function  ;  the  general  integral  of  this  equation  is 


J+  f 

JX 


Let  us  suppose  that  the  definite  integral/7?  (x)  dx  has  the  four  periods  1,  a,  i,  /Si, 
where  a  and  j3  are  two  real  irrational  numbers.  In  the  interior  of  a  circle  c  described 
with  any  point  a^  as  center  and  with  an  arbitrary  radius,  it  is  easy  to  prove  (see  II, 
Part  I,  §  53,  Note)  that  we  can  find  an  infinite  number  of  roots  of  ?/2  by  suitably 
choosing  the  paths  of  integration,  and  each  of  these  roots  is  a  critical  point.  But 
a  path  of  finite  length  described  by  the  variable  never  contains  an  infinite  number 
of  them. 
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cannot  be  greater  than  2.  It  follows  that  the  most  general  equation 
which  satisfies  the  given  conditions  is  a  Riccati  equation.  It  is 
easily  verified  that  the  condition  is  satisfied  by  any  Riccati  equa 
tion.  If  we  take,  for  example,  the  expression  in  (26)  (§  40)  which 
represents  the  general  integral,  it  is  clear  that  that  integral  can  have 
for  singular  points,  besides  the  singular  points  of  the  functions  yv 
y^  only  poles  resulting  from  the  roots  of  the  denominator  yl  +  C?/2, 
that  is,  poles  which  vary  with  the  constant  C. 

Similarly,  we  may  consider  the  question  of  determining  the  equations  of  the 
form  (22)  whose  integrals  have  no  movable  poles.  Let  m  and  n  be  the  degrees 
of  P  (x,  y)  and  of  Q  (x,  y)  with  respect  to  y  ;  the  equation  obtained  by  putting 
y  =  \/z  is  of  the  form 

(24)  gf  =  g.  +  «  —  Pi  (*•'), 

dx  Q^z) 

where  Pl  and  Ql  are  two  new  polynomials  in  z.  Let  x  =  a  be  any  value  of  x 
not  contained  among  the  fixed  singular  points.  The  equation  (24)  has  an  inte 
gral  which  approaches  zero  as  \x—  a\  approaches  zero.  It  would  seem  from 
this  that  the  equation  (22)  always  has  an  integral  whose  absolute  value  becomes 
infinite  as  |  x  —  a  \  approaches  zero,  but  this  conclusion  is  incorrect  if  the  inte 
gral  of  the  equation  (24)  reduces  to  z  =  0.  It  is  necessary  and  sufficient  for 
this  that  m  <  n  +  2  ;  hence  this  is  the  condition  that  there  shall  be  no  movable 
poles.  It  follows  that  the  only  type  of  equation  which  has  no  movable  singular 
point  of  any  kind  is  the  linear  equation. 

Application.  The  preceding  result  enables  us  to  determine  whether  the  gen 
eral  integral  of  a  differential  equation  of  the  first  order  is  a  rational  function 
of  the  constant  of  integration,  when  that  constant  is  suitably  chosen.  Let 


be  a  rational  function  of  the  parameter  (7,  where  the  coefficients  of  the  two 
polynomials  in  C,  P(x,  C)  and  Q(x,  (7),  are  any  functions  of  x.  It  is  clear  that 
the  derivative  y'  is  also  a  rational  function  of  C, 

?/'  =  K'(x,  C). 

The  elimination  of  the  parameter  C  leads  to  a  relation  of  the  form 
(E)  F0/,y-;x)  =  0, 

where  F  is  a  polynomial  in  ?/,  y'  whose  coefficients  may  be  any  functions  of  x. 
From  the  manner  in  which  this  equation  is  obtained  we  see  that  it  is  of  defi 
ciency  zero  in  y  and  y'  ',  regarding  x  as  a  parameter. 

Conversely,  let  us  consider  a  differential  equation  of  the  first  order  (E),  in 
which  the  left-hand  side  is  a  polynomial  in  y  and  y'  whose  coefficients  are  any 
analytic  functions  of  x.  In  order  that  such  an  equation  have  a  general  integral 
of  the  form  (A),  it  must  first  of  all  be  of  deficiency  zero  in  y  and  y'.  When 
this  is  the  case,  we  can  express  y  and  y'  as  rational  functions  of  a  parameter  M, 

y  =  r(x,  M),        y'  =  r^(x,  u), 
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in  such  a  way  that  we  have,  conversely,  u  =  s(x,  y,  y"),  where  the  functions  r 
and  r1  are  rational  in  w,  and  where  s  is  a  rational  function  of  y  and  y'  '.  Hence 
the  given  differential  equation  (E)  may  be  replaced  by  the  equation 

dr      dr  du 
--  1  ---  =  T-t  (x.  u). 
dx      dudx        1V  '    '' 
which  is  of  the  form 

(EX)  g  =  F(x,u), 

where  F  is  a  rational  function  of  u.  If  the  general  integral  of  the  equation  (E) 
is  y  =  #(£,  C),  the  general  integral  of  the  equation  (Ex)  is,  according  to  the 
above, 

u  =  s[x,R(x,  C),  R'(x,  C)]; 

that  is,  it  is  a  rational  function  of  C.    But  the  only  singular  points  of  such  an 
expression  which  vary  with  C  are  evidently  poles.    The  only  movable  singular 
points  that  the  equation  (Ex)  can  have  are  therefore  poles  ;  consequently  the 
equation  (Ej)  must  be  a  Riccati  equation.* 
Let  us  consider,  for  example,  the  equation 


where  P  and  Q  are  functions  of  x,  and  where  a  and  6  are  two  constants.  This 
relation  is  of  deficiency  zero  in  y  and  y',  and  in  order  to  express  y  and  y'  as 
rational  functions  of  a  parameter,  we  need  only  set  (y  —  b)/(y  —  a)  =  £2,  which 

glV6S  ^(1  -  t*)*  =  (b-a)  [P(bt  -  at*)  +  Q(t  -  ««)], 

and  the  equation  (Ej)  is  the  Riccati  equation 


68.  Single-valued  functions  deduced  from  the  equation  (y')m  = 

Let  us  now  consider  the  integrals  of  the  differential  equation 

(25)  (yr 

where  m  is  a  positive  integer  and  where  P(y)  and  Q(y)  are  two 
mutually  prime  polynomials  in  y  with  constant  coefficients.  We  shall 
now  propose  to  determine  all  the  equations  of  this  kind  whose  gen 
eral  integrals  are  single-valued  and  in  general  analytic.  Let  XQ  be 
any  value  of  x,  and  yQ  an  arbitrary  value  of  y  which  does  not  cause 
either  of  the  polynomials  P(y),  Q(y)  to  vanish.  The  equation  (25), 
after  y  has  been  replaced  by  y^  has  m  distinct  roots  in  y1.  Let  us 
choose  one  of  these  roots,  y'Q.  The  equation  (25)  has  an  analytic 


*  The  converse  is  immediate.  If  (Ej)  is  a  Riccati  equation,  the  general  integral  u 
is  a  linear  function  of  the  arbitrary  constant  (7,  and  consequently  y=r(z,  u)  is  a 
rational  function  of  C. 
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integral  in  the  neighborhood  of  the  point  XQ,  which  takes  on  the  value 
2/0  at  this  point  and  whose  derivative  is  equal  to  y'Q  for  x  =  XQ.  We 
can  extend  this  integral  analytically  along  the  whole  of  any  path 
starting  from  the  point  XQ,  so  long  as  we  do  not  encounter  any  singu 
lar  points.  Let  a  be  the  first  singular  point  encountered,  let  X  be  a 
point  of  the  path  L  lying  between  XQ  and  a,  and  let  Y  be  the  corre 
sponding  value  of  the  integral  at  the  point  X.  The  arguments  of 
the  preceding  paragraph,  which  apply  here  without  essential  modi 
fication,  show  that  as  |  X  —  a  approaches  zero,  Y  approaches  a  root 
of  one  of  the  equations 


or  else  |  Y  \  becomes  infinite  ;  but  it  can  never  happen  that  Y  does 
not  approach  any  limit. 

Let  us  examine  the  different  possible  cases.  Suppose  first  that  b 
is  a  q-i  old  root  of  the  denominator  Q  (y)  =  0.  From  the  equation  (25) 
we  have 

(26)  dx  =  (y  -  by*  [>0  +  el  (y  -  1)  +  -  -  •]  dy.  (c0  *  0) 

If  y  describes  a  path  from  yQ  to  b  in  the  plane  of  the  y's,  the  vari 
able  x  describes  a  path  starting  from  XQ  and  ending  at  a  point  which 
we  shall  call  a  in  the  finite  portion  of  the  cc-plane.  Conversely,  if  x 
goes  from  XQ  to  a  along  this  path,  y  goes  from  yQ  to  b.  Putting 
y  —  b  =  tm,  we  derive  from  the  equation  (26)  a  development  of 
x  —  a  in  powers  of  t  beginning  with  a  term  of  degree  m  +  q. 
Conversely,  we  have  for  t  a  development  according  to  fractional 
powers  of  x  —  a  beginning  with  a  term  in  (x  —  a)1/(m  +  9),  and  there 
fore  a  development  of  y  —  b  of  the  form 


y  _  b  =  (x  _  ayi  fo  +  a^x  -  «)-+*  +  •••]•       («0*  0) 

Since  q  is  positive,  m  -f-  £  is  greater  than  m,  and  the  point  x  =  a  is 
an  algebraic  critical  point  for  the  integral  considered.  In  order  that 
the  general  integral  of  the  equation  (25)  may  be  a  single-valued  func 
tion,  it  is  necessary  that  the  polynomial  Q(y)  shall  reduce  to  a 
constant,  or  that  the  equation  shall  be  of  the  form 

(27)  (yy  =  P(y), 

where  P  (y)  is  a  polynomial.  Since  the  equation  z  1m  =  (—  l)m  z2  mP  (l/«), 
obtained  by  the  transformation  y  =  1/z,  must  also  be  of  the  same 
form,  the  degree  of  the  polynomial  P(y)  cannot  be  greater  than  2m. 
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Finally,  we  may  suppose  that  P(y)  is  of  degree  2m.  In  fact,  if 
P  (y)  is  of  degree  2  m  —  q,  putting  y  =  a  -f  1/z,  where  a  is  not  a 
root  of  P(y),  we  are  led  to  the  equation 


where  the  right-hand  side  is  now  a  polynomial  of  degree  2  m. 

Conversely,  given  an  equation  of  the  form  (27),  where  P(y) 
is  a  polynomial  of  degree  2?^,  if  b  is  a  root  of  that  polynomial 
the  substitution  y  =  &  -f-  1/s  leads  to  an  equation  in  z  of  the 
same  kind,  where  the  right-hand  side  is  a  polynomial  of  degree 
less  than  2m. 

Let  us  suppose,  then,  that  P  (y)  is  a  polynomial  of  degree  2  m,  and 
let  a  be  the  first  singular  point  that  we  find  on  the  path  L  starting 
from  XQ.  If  |  Y\  becomes  infinite  when  X  approaches  a,  the  equation 
in  «,  obtained  by  putting  y  =  l/«,  has  an  analytic  integral  which  is 
zero  for  X  =  a.  The  point  a  is  therefore  a  pole  for  y. 

There  remains  the  case  where  Y  approaches  a  root  b  of  P  (y)  as  X 
approaches  a.  This  can  happen  only  in  case  the  order  of  multi 
plicity  of  that  root  is  less  than  m.  For  let  us  suppose  that  P(y) 
is  divisible  by  (y  —  ft)7,  where  q  ^  m.  From  the  equation  (27)  we 
obtain,  according  to  the  initial  conditions, 


where  <$>(y)  is  regular  in  the  neighborhood  of  the  point  6,  and  we 
see  that  \X  becomes  infinite  as  Y  approaches  b.  It  follows  that 
q  <  m,  and  the  given  equation  can  again  be  written  in  the  form 

(28)  dx  =  (y-  b)~™[cQ  +  Gl(y  -*)  +  •-  •]%,  (*0  *  0) 

whence  we  may  derive  a  development  of  x  —  a  in  powers  of  (y  —  &)Vm 
beginning  with  a  term  of  degree  m  —  q.  Conversely,  we  may  derive 
from  (28)  a  development  f  or  y  —  b  according  to  fractional  powers  of 
x  —  a  beginning  with  a  term  in  (x  —  a)m/(m-q\  The  point  a  is  there 
fore,  in  general,  an  algebraic  critical  point.  In  order  that  it  may  be 
an  ordinary  point,  m/(m  —  q)  must  be  an  integer  i ;  that  is,  we  must 
have  q  =  m  (1  —  1/i),  where  i  is  an  integer  greater  than  unity.  This 
condition  is  also  sufficient,  for  if  it  is  satisfied,  we  may  derive  from 
the  equation  (28)  a  development  of  the  form 

x-a  =  kfy  -  b)*+  k£y  -  bf+l+  •  • .,  (k,  *  0) 
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and,  conversely,  we  have  for  (y  —  b)l/i  a  development  according  to 
integral  powers  of  x  —  a. 

In  order  that  the  integrals  of  the  equation  (27)  shall  have  no 
critical  points,  where  P  (?/)  is  a  polynomial  of  degree  2  ra  it  is  neces 
sary  and  sufficient,  by  what  precedes,  that  the  order  of  multiplicity 
of  each  root  of  P  (?/)  =  0  be  equal  to  or  greater  than  ra,  or  of  the  form 
ra  (1  —  1/i),  where  i  is  an  integer  greater  than  unity.  If  all  these 
conditions  are  satisfied,  the  general  integral  of  the  equation  (27)  is 
a  single-valued  function  whose  singular  points  in  the  finite  portion 
of  the  plane  can  only  be  poles. 

To  complete  the  discussion,  we  shall  distinguish  several  cases  : 
First  case.    There  is  one  linear  factor  in  P(y)  whose  exponent  is 
greater  than  m  (evidently  there  can  be  only  one).    If  there  are  also 
p  linear  factors  distinct  from  this  one,  the  sum  of  the  exponents  of 
these  factors  is  less  than  ra : 

ra(  1  -  -  H h  m(l  -  -)  <  ra. 

\/ 


v  2, 


Hence  we  have  p  —  1  <  l/^  4-  •  •  •  4-  l/tp  and,  since  i^ 
each  greater  than  unity,  p  —  1  <  p/2,  or  p  <  2.  We  have  therefore 
p  =  1,  and,  extracting  the  rath  root  of  the  two  sides,  we  may  write 
the  equation  (27)  in  the  form 

(I)  y'  =  A(y-a)l  +  i(y-b)l~i. 

The  case  where  i  =  1  should  not  be  excluded,  for  it  corresponds  to 
an  hypothesis  which  we  have  not  examined  —  that  of  a  single  linear 
factor  in  P(y). 

Second  case.  The  equation  P  (?/)  =  0  has  an  ra-f old  root.  If  it  has 
two,  the  equation  (27)  becomes,  after  extracting  the  rath  root  of  the 
two  sides, 

(II)  y'  =  A(y-a)(y-b-). 

If  the  equation  P(y)  =  0  has  only  one  root  of  multiplicity  ra,  it  has 
p  (p  =  2)  roots  whose  order  of  multiplicity  is  less  than  ra,  and  we 
have  a  relation  of  the  form 


ra(  l  —  - 
or 

whence  we  derive  p  ^  2. 
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Since  p  is  greater  than  unity,  we  have  necessarily  p  =  2,  ^  =  i2=  2  ; 
the  number  m  is  an  even  number,  and  the  equation  (27)  reduces 
to  the  form 


(III)  y-=*<y-<»)i(y 

a,  b,  c  being  three  different  numbers. 

Third  case.  The  equation  P(y)  =  0  has  only  roots  whose  order  of 
multiplicity  is  less  than  m.  Let  p  be  the  number  of  these  roots  ;  the 
sum  of  the  orders  of  multiplicity  being  equal  to  2  m,  we  have  a 
relation  of  the  form 


-       =  2m, 

\  v 


Hence  j9  ^  4,  and  since  p  >  2,  we  can  have  only  jp  =  4  or  p  =  3.  If 
p  =  4,  the  sum  l/^  -f-  l/ia  +  l/ig  -f  l/£4  must  be  equal  to  2  ;  and 
since  each  of  the  denominators  is  equal  to  at  least  2,  we  must  have 


If  p  =  3,  it  is  a  question  of  finding  three  integers,  ilt  ia,  ig,  each 
greater  than  unity,  such  that  the  sum  of  their  reciprocals  is  equal 
to  1.  If  none  of  these  numbers  is  equal  to  2,  each  must  be  equal  to 
3.  If  one  of  them,  i^  is  equal  to  2,  the  sum  of  the  reciprocals  of  the 
other  two  must  be  equal  to  1/2  ;  if  the  two  are  equal,  each  of  them 
is  equal  to  4.  If  they  are  unequal,  the  smaller  must  be  less  than  4  ; 
it  is  therefore  equal  to  3,  and  the  greater  is  then  equal  to  6.  We 
have,  then,  in  all  only  four  possible  combinations,  and  the  equation 
(27)  may  be  reduced  to  one  of  the  following  forms  : 

(IV)  y'2  =  .4  (//  -  a)  (u  -*»)&-  c)  (y  -  d), 

(V)  y^Adf-a^^-l^^-c^ 

(VI)  y  "  =  A  (y  -  a)^  (y  - 

(VII)  y'6  =  A  (y  -  a}\y  - 

where  a,  b,  c,  d  are  different  numbers.  If,  in  the  equation  (27),  the 
polynomial  P  (y)  is  of  degree  2  m,  and  if  the  general  integral  is  a 
single-valued  function,  the  equation  (27)  has  one  of  the  forms  which 
we  have  just  obtained.  Conversely,  every  integral  of  any  one  of 
these  equations  is  a  single-valued  function,  since  on  any  path 
described  by  the  variable  we  cannot  encounter  any  other  singular 
points  than  poles. 
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It  is  convenient  to  add  to  the  types  'which  we  have  just  enumer 
ated,  in  order  to  have  all  the  equations  of  the  form  (25)  whose 
general  integral  is  single-valued,  the  types  which  are  obtained  by  a 
transformation  of  the  form  y  —  a  =  1/z,  where  a;  is  a  root  of  the 
polynomial  P(y)-  The  new  types  of  equations  thus  obtained  are 

(I)'  y<  =  A(V-a?-\ 

(I)"  y>  =  A(y-a)l  +  t, 

(II)'  y'  =  A(y-a\ 

(III)'  y"  =  A(y-ay(y-b), 

(III)"  yn  =  A(y-b)(y-c), 

(ivy  y'2  =  ^<j/-00-£)(y-0, 

(V)'  y«  =  A(y-ay(y-l)\ 

(VI)'  y*  =  A(y-af(y-Vf, 

(VI)"  y^  =  A(y-a)\y-l))\ 

(VII)'  y«  =  A(y-ay(y-by, 

(VII)"  y^A(y-a)\y-b)\ 

(VII)'"  y«=A(y-af(y-V)*. 

The  equations  (I),  (I)',  (I)",  which  are  transformable  one  into  the 
other,  have  a  rational  function  for  their  general  integral,  as  we  see 
immediately  from  the  equation  (I)',  for  example.  It  is  easy  to  show 
that  the  equations  (II),  (II)',  (III),  (III)',  (III)"  have  a  simply 
periodic  function  for  their  general  integral.  Finally,  the  general 
integral  of  the  equations  (IV)  and  (IV)'  is  an  elliptic  function. 
There  remain,  then,  as  new  types  of  differential  equations  of  the 
form  (25)  whose  general  integral  is  single-valued,  only  the  equations 
(V),  (VI),  (VII),  and  those  which  reduce  to  these  forms.  These 
equations  separate  into  three  groups,  and  it  is  sufficient  to  integrate 
one  equation  from  each  of  the  groups,  for  example,  the  equations 
(V)',  (VI)",  (VII)'". 

If,  in  the  equation  (VI)",  we  put  y  =  a  +  z*  and  extract  the  square 
root  of  the  two  sides,  it  becomes 


and  the  general  integral  in  z  is  an  elliptic  function.  Similarly,  if  in 
the  equation  (VII)'"  we  put  y  =  a  -f  z*  and  extract  the  cube  root 
of  the  two  sides,  it  becomes 


which  is  an  equation  of  the  form  (IV)'. 
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In  order  to  integrate  the  equation  (V)',  we  observe  that  that  rela 
tion  between  y  and  y'  is  of  deficiency  one.  We  can  therefore  express 
y  and  y'  rationally  in  terms  of  the  coordinates  of  a  point  of  a  cubic 
or  in  terms  of  a  parameter  t  and  the  square  root  of  a  polynomial  of 
the  third  degree.  In  fact,  if  we  put  y'  =  At2,  we  derive  from  the 
equation  (V)'  ,  ,  -, 


and  the  relation  dy  =  y'dx  leads  to  the  new  equation 


- 
ax 

The  general  integral  of  this  equation,  t  =  f(x  -\-  C),  is  an  elliptic 
function.  Hence  the  general  integral  of  the  equation  (V)'  is  of  the 
form  .  a 


It  follows  that  the  general  integral  of  every  equation  of  the  form 
(25),  if  it  is  a  single-valued  function,  is  a  rational  function  of  x  or 
of  the  exponential  function  e0*,  or  is  an  elliptic  function. 

Except  in  the  cases  which  have  just  been  enumerated,  the  general 
integral  of  the  equation  (25)  is  never  a  single-valued  function.  For 
example,  the  inverse  function  of  a  hyperelliptic  integral  of  the  first 
kind  cannot  be  a  single-valued  function.  In  fact,  let  P  (y)  be  a  poly 
nomial  prime  to  its  derivative  and  of  degree  greater  than  4.  The 
differential  equation  y'2  =  P  (y)  cannot  have  a  single-valued  integral. 
Let  (xp  y0)  be  the  initial  values  of  the  two  variables  x  and  y.  As 
\y\  becomes  infinite,  x  approaches  a  finite  value  a\  and,  conversely, 
when  x  goes  from  XQ  to  a,  \  y  \  becomes  infinite.  The  point  x  =  a  is 
an  algebraic  critical  point,  as  we  have  just  seen,  for  the  integral  of 
the  equation  z'2  =  z*P(\/z)  which  approaches  zero  when  x  approaches 
a,  since  the  degree  of  P(y)  is  greater  than  4.* 

•  *  In  one  of  their  papers  Briot  and  Bouquet  set  for  themselves  the  problem  of  de 
termining  all  the  equations  F  (y,  y')  =  Q,  where  F  is  a  polynomial,  whose  general  inte 
gral  is  a  single-valued  function  (Journal  de  VEcole  Poly  technique,  Vol.  XXI).  From 
the  conditions  found  by  them  Hermite  proved  that  the  relation  between  y  and  y'  is 
of  deficiency  zero  or  one  (Cours  lithographic  de  VEcole  Poly  technique,  1873)  ;  hence 
we  can  apply  the  method  of  §  11  in  integrating  them.  If  the  relation  is  of  deficiency 
zero,  we  can  express  y  and  yf  as  rational  functions  of  a  parameter  t.  In  order  that 
the  integral  of  the  given  equation  be  a  single-valued  function,  the  variable  x,  which 
is  obtained  by  a  quadrature,  must  be  a  linear  function  of  t,  x=(at  +  b)/(ct  +  d),  or 
else  the  logarithm  of  such  a  function,  x=  A  Log  [(at  +  b)/(ct  +  <?)].  If  the  relation  is 
of  deficiency  one,  we  can  express  ?/  and  ?/'  as  elliptic  functions  of  a  parameter  u,  and 
dx/du  =  (I/?/7)  dy/du  must  reduce  to  a  constant.  The  problem  of  Briot  and  Bouquet 
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69.  Existence  of  elliptic  functions  deduced  from  Euler's  equation.  The  reasoning 
of  the  preceding  paragraph  proves,  in  particular,  that  the  general  integral  of 
the  equation  y'2  =  R  (y),  where  R  (y)  is  a  polynomial  of  the  third  or  of  the  fourth 
degree,  prime  to  its  derivative,  is  a  single-valued  function  analytic  except  for 
poles  in  the  whole  plane.  On  the  other  hand,  the  inverse  function,  which  is  an 
elliptic  integral  of  the  first  kind,  has  two  periods  whose  ratio  is  imaginary  (see 
II,  Part  I,  §  56).  This  single-valued  function  is  therefore  doubly  periodic,  and 
we  thus  demonstrate  the  existence  of  elliptic  functions  by  means  of  the  integral 
calculus  alone. 

The  preceding  proof  of  the  single-valued  property  of  the  inverse  function  of 
the  elliptic  integral  of  the  first  kind  is  distinct  from  the  one  which  has  been 
given  in  §  78  of  Vol.  II,  Part  I,  in  which  we  make  use  of  the  properties  of  the 
function  p(u).  We  shall  also  show  in  brief  how  we  can  take  as  our  point  of 
departure  the  theory  of  the  integration  of  Euler's  equation,  which  will  give  an 
idea  of  the  method  pursued  by  the  originators  of  the  theory. 

Let  us  first  consider  the  differential  equation 


whose  general  integral  is  x  Vl  —  y'2  +  y  Vl  —  x'2  =  C  (§  14).   It  is  also  clear  that 
the  general  integral  is  given  by  the  equation 

arc  sin  x  +  arc  sin  y  =  C', 

and  therefore  that  we  have  between  the  two  a  relation  of  the  form 
arc  sin  x  +  arc  sin  y  =  F(X  Vl  —  y'2  +  yVl  —  x'2). 

In  order  to  determine  the  function  F,  let  us  suppose  y  =  0  ;  there  results  the 
definite  relation 


(30)  arc  sin  x  +  arc  sin  y  =  arc  sin  (x  Vl  —  y'2  +  y  Vl  —  x2). 

This  relation  is  equivalent  to  the  addition  formula.    For  let  us  take  two  angles 
u  and  v  determined  by  the  conditions 


x  =  sinw,         Vl  — x2  =  cosw,        ?/  =  sinu,         Vl—  y2  = 

where  the  radicals  have  the  same  values  as  in  the  preceding  equations.  The 
relation  (30)  gives 

x  Vl  —  y2  +  y  Vl  —  x2  =  sin  (u  +  «), 
or 

sin  (u  +  v)  =  sin  u  cos  v  +  sin  u  cos  u. 

However,  to  see  in  this  work  only  an  ingenious  proof  of  the  addition  formula 
for  the  sine  function  would  be  to  overlook  entirely  its  broad  significance. 
Indeed,  we  shall  show  that  it  leads  to  a  very  simple  proof  of  the  existence  of  a 
single-valued  integral  function  which  satisfies  the  differential  equation 
(31)  y'2  =  l_y^ 

has  been  generalized  by  Fuchs,  who  formulated  the  necessary  and  sufficient  condi 
tions  that  the  general  integral  of  an  equation  of  the  first  order  F(x,  y,  2/0  =  0>  alge 
braic  in  y  and  ?/',  may  have  only  fixed  critical  points.  Poincare  has  since  shown  that 
when  these  conditions  are  satisfied,  we  are  led  to  quadratures  or  to  Riccati  equations. 
(Acta  mathematicat  Vol.  VII). 


IV,  §69]       SOME  EQUATIONS  OF   THE   FIRST   ORDER  195 

and  which  reduces  to  zero  for  x  =  0,  while  y'  is  equal  to  +  1  f  or  x  =  0.  Cauchy's 
general  theorem  shows,  indeed,  that  there  exists  an  analytic  function  0  (x)  satis 
fying  these  conditions  and  analytic  in  the  neighborhood  of  the  origin,  but  it  does 
not  give  the  radius  of  convergence  of  the  power  series  which  represents  0  (x) . 
Let  R  be  this  radius  of  convergence.  The  circle  C  of  radius  R  about  the  origin 
as  center  is  the  greatest  circle  described  about  the  origin  as  center  within  which 
the  function  0  (x)  is  analytic.  The  derivative  0'(x)  is  analytic  in  the  same  circle, 
and  we  have  0/2(x)  =  1  —  02(x).  Let  us  now  return  to  the  equation  (29),  and  let 
us  make  the  change  of  variables  x  =  0(u),  y  =  0(u),  where  u  and  u  are  the  two 
new  variables  and  0  the  function  which  has  just  been  defined.  If  we  choose 
the  determination  of  the  radicals  in  a  suitable  way,  we  have  also 

Vl  —  x2  =  0'(w),         Vl  —  y2  =  0'(v), 

and  the  equation  (29)  becomes  du  +  dv  =  0.  The  general  integral  of  this  equa 
tion  can  therefore  be  written  in  two  different  ways : 

u  +  v=C,        xVl-?/2  +  yVl-x2=  C' 
or 

(v)  =  C'. 


Hence  it  follows,  as  before,  that  we  have   a  relation  between  u  +  v  and 
0(w)  0'(u)  +  0'(w)  0(r).    Putting  v  =  0,  the  relation  is  determined,  and  we  have 

(32)  0(M  +  v)  =  0(u)  0'(v)  +  0»  0(r). 

This  relation  holds,  provided  \u\<R,  |«|<H,  \u  +  v\  <#,  which  will  surely 
be  true  if  we  have  |u|<jR/2,  \v\<R/2.  Let  us  put  v  =  u  and  |u|<E/2;  then 
the  equation  (32)  becomes 

(33)  0(2u)  =  20(u)0». 

Let  0x(u)  be  the  function  2  0  (u/2)  <f>'(u/2).  This  function  0x(u)  is  analytic  in 
the  circle  of  radius  2  R  about  the  origin  as  center,  and,  by  (33),  it  is  identical 
with  the  analytic  function  0(u)  in  the  circle  C  of  radius  R.  These  two  func 
tions,  0(u),  0x(w),  form  therefore  only  a  single  analytic  function,  which  is  ana 
lytic  outside  of  the  circle  C.  It  is  therefore  impossible  that  the  radius  R  of  this 
circle  of  convergence  has  a  finite  value  ;  consequently  the  function  0  (u)  is  an 
integral  function  of  u. 

Let  us  now  consider  the  differential  equation 

(34)  y*  =  (1  -  y2)  (1  -  *V), 

adopting  for  the  right-hand  side  Legendre's  normal  form,  and  let  us  study  the 
integral  X  (x)  of  this  equation  which  is  zero  for  x  =  0  and  whose  derivative  is 
equal  to  +  1  f  or  x  =  0.  This  function  X  (x)  is  analytic  in  the  neighborhood  of 
the  origin.  Let  C  be  the  greatest  circle  about  the  origin  as  center  in  the  inte 
rior  of  which  the  function  X  (x)  is  analytic  except  for  poles,  and  let  R  be  its 
radius.  If  the  nearest  singular  point  of  X  (x)  to  the  origin  were  not  a  pole,  we 
should  take  for  C  the  circle  through  this  singular  point,  and  the  function  X  (x) 
would  then  be  analytic  in  this  circle. 
Let  us  now  consider  Euler's  equation 

(35)  d*i  -4-      ,  **   =  0. 
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Multiplying  the  numerator  and  the  denominator  of  the  right-hand  side  of  the 
equation  (66)  (p.  29)  by  the  conjugate  of  the  denominator,  and  suppressing 
the  common  factor  x2  —  xf,,  we  have  for  its  general  integral 


-  x        - 

(  OD  I  -  =  —  (_/  . 

1  -  Wxlxl 

On  the  other  hand,  choosing  the  sign  of  the  radicals  suitably,  the  change 
of  variables  x1  =  X(w),  x2  =  X(v)  reduces  the  equation  (35)  to  the  equation 
du  +  dv  =  0,  whose  general  integral  is  u  +  v  =  C'.  If  we  make  the  same  sub 
stitution  in  the  formula  (36),  we  have  a  relation  of  the  form 


We  can  determine  the  form  of  the  function  F,  as  before,  by  supposing  u  =  0, 
which  gives  F(u)  =  \(u);  and  we  have  the  definite  relation 

^= 

Putting  v  =  w,  we  find 

(38)  X(2u)  = 

a  formula  which  holds  true  whenever  [u\  <  E/2. 
Let  us  consider  the  function 


This  function  is  analytic  except  for  poles  in  the  circle  of  radius  2  ft  about  the 
origin  as  center,  since  it  is  the  quotient  of  two  such  functions.  Moreover,  it 
coincides  with  X(w)  in  the  interior  of  the  circle  C,  by  the  relation  (38).  Hence 
the  two  functions  X  (u)  and  4>  (it)  form  a  single  analytic  function,  and  X  (u)  is 
analytic  except  for  poles  in  a  larger  circle  than  C.  It  is  therefore  impossible  to 
suppose  that  the  radius  E  of  this  circle  has  a  finite  value,  and  consequently  the 
function  X  (u)  is  analytic  except  for  poles  in  the  entire  plane. 

The  equation  (37)  constitutes  the  formula  for  the  addition  of  the  arguments 
of  the  function  X(it).  When  k  approaches  zero,  we  find  again  at  the  limit  the 
addition  formula  for  sin  u.  The  function  sin  u  can,  in  fact,  be  considered  as  a 
degenerate  case  of  X(M),  obtained  by  letting  k  approach  zero. 

70.  Equations  of  higher  order.  The  study  of  the  properties  of  the  functions 
defined  by  differential  equations  of  higher  order  presents  much  more  serious 
difficulties  than  those  which  arise  in  studying  equations  of  the  first  order.  These 
difficulties  result  in  a  great  measure  from  the  possible  presence  of  movable 
essential  singularities.  These  singularities  may  be  at  the  same  time  essentially 
singular  points  and  transcendental  critical  points,  as  in  the  following  example, 
due  to  Painleve".  The  function 

(39)  y  =  p  [Log (Ax  +  B) ;  gr2,  grg], 
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where  A  and  B  are  two  arbitrary  constants,  is  the  general  integral  of  the  equa 
tion  of  the  second  order, 


(40)  y"  = 


V4  y3  —  g2y  — 


In  the  neighborhood  of  every  value  of  x  different  from  —  B/A  this  function 
(39)  is  analytic  or  analytic  except  for  poles. 

When  x  turns  around  the  point  —  B/A,  the  function  has  an  infinite  number 
of  different  values,  unless  2  irl  is  an  aliquot  part  of  one  of  the  periods  of  the 
function  p(u;  02,  03).  On  the  other  hand,  when  the  variable  x  describes  any 
sort  of  curve  such  that  \Ax  +  B\  approaches  zero,  the  point  which  represents 
the  quantity  u  =  Log  (Ax  +  B)  describes  a  curve  with  an  infinite  branch.  This 
curve  therefore  crosses  an  infinite  number  of  parallelograms  of  periods  of 
the  function  p(w),  and  consequently  y  does  not  approach  any  finite  or  infinite 
limit.  Thus,  although  the  general  integral  of  the  equation  (40)  presents  neither 
fixed  critical  points  nor  movable  algebraic  critical  points,  we  cannot  conclude 
from  this  that  it  is  single-valued.  This  is  on  account  of  the  presence  of  the 
movable  transcendental  critical  point,  x  =  —  B/A. 

Beginning  'with  equations  of  the  third  order,  the  movable  transcendental 
singular  points  may  form  lines.  It  is  easy  to  see  how  an  analytic  function  hav 
ing  natural  boundaries  may  not  have  any  critical  points  in  its  whole  domain  of 
existence  withoivtTBeing  orf  thatTaccount  single-valued.  Consider,  for  example, 
a  f  unction  /(z)  analytic  in  IlT^Tmg^n^cluTe^'^elweelirThe  two  circles  C  and  C' 
described  about  the  center  a  and  having  C  and  C"  as  natural  boundaries 
(II,  Part  I,  §  87).  The  function  F(x)  =f(x)  +  Log  (x  —  a)  has  the  same  circles 
C  and  C'  as  natural  boundaries,  and  it  is  analytic  at  every  point  between  C 
and  C'.  Nevertheless  it  has  an  infinite  number  of  determinations  for  every 
value  of  x  in  this  domain. 

For  a  long  time  these  difficulties  arrested  the  progress  of  this  theory,  but 
Painle've,  in  recent  investigations,  has  obtained  algebraic  differential  equations 
of  the  second  order  which  are  integrable  by  means  of  essentially  new  single- 
valued  transcendentals.  We  shall  cite  only  one  of  the  equations  given  by 

Painleve*. 

y"  =  ay2  +  /3x, 

where  a  and  /3  are  constants  (or/3  ^  0).  The  general  integral  of  this  equation  is 
a  transcendental  function  analytic  except  for  poles.*  (Bulletin  de  la  Society 
Mathematique,  Vol.  XXVIII.) 

*  Starting  with  linear  equations,  it  is  easy  to  form  systems  of  differential  equa 
tions  which  generalize  Riccati's  equation,  and  whose  integrals  have  no  other  movable 
singular  points  than  poles.  Consider,  for  example,  a  system  of  three  linear  equations 
of  the  first  order, 


(a) 

If  we  put  y  =  u  Y,  z=  uZ,  Y  and  Z  are  integrals  of  the  system  of  equations 

xgx  f  T+aY+bZ+c-  r(a2r+62Z  +  c2)  =  0, 

\Z'+al  T+  b-iZ  +  c,.  -  Z  (a2  3'+  b.2  Z  +  c2)  =  0, 

and  it  is  clear  that  the  only  movable  singular  points  of  the  integrals  are  poles.   But 
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III.   SINGULAR  INTEGRALS 

71.  Singular  integrals  of  an  equation  of  the  first  order.  We  have 
already  remarked  on  several  occasions  (§§  10,  14)  that  a  differential 
equation  of  the  first  order  may  have  certain  integrals  which  it  would 
be  impossible  to  obtain  by  assigning  a  particular  value  to  the  arbi 
trary  constant  which  appears  in  the  general  integral.  This  result 
appears  to  contradict  the  theorem  of  §  26,  from  which  we  deduced  a 
precise  definition  of  the  general  integral.  This  leads  us  to  consider 
again  Cauchy's  fundamental  theorem  and  to  determine  by  a  closer 
examination  whether  or  not  the  hypotheses  of  that  theorem  are 
necessarily  fulfilled  for  all  integrals.  Let  us  consider,  for  definite- 
ness,  an  equation  of  the  first  order, 

(41)  F(x,  y,  y')  =  0, 

where  F  is  an  irreducible  polynomial  in  x,  y,  y1  of  the  rath  degree 
in  y'.  To  every  system  of  values  (XQ,  ?/0)  the  equation 

(41 ')  F(xt,  ya,  y')  =  0 

determines  in  general  m  corresponding  distinct  and  finite  values 
y'\->  2/2>  •  •  '•>  y'm  f°r  y''  Let  us  suppose  first  that  this  is  actually  true 
at  a  given  point  (XQ,  ?/0).  Then,  as  x  —  XQ  and  y  —  y0  approach  zero, 
the  m  roots  of  the  equation  (41)  approach  respectively  y(,  y'^,  •  •  •,  y'm, 
and  each  of  them  is  an  analytic  function  in  the  neighborhood  of  the 
point  (a;0,  ?/0).  The  root  which  approaches  y/,  for  example,  is  repre 
sented  by  a  power-series  development  of  the  form 

(42)  y  =  yj  +  «,.(*  -  XQ)  +  ft(y  -  y0)  +  .  . .. 

We  can  apply  Cauchy's  theorem  to  the  equation  (42),  and  we  con 
clude  from  it  that  that  equation  has  one  and  only  one  integral  which 
approaches  ?/0  as  \x  —  XQ\  approaches  zero.  This  integral  is  analytic, 
and  the  development  of  y  —  ?/0  begins  with  the  term  y\(x  —  je0).  To 
each  root  of  the  equation  (41')  corresponds  thus  an  integral  of  the 
given  equation. 

it  is  to  be  noticed  that  this  is  not  the  most  general  system  of  differential  equations 
of  the  form 

(7)  Y'=  R  (x,  Y,  Z),        Z'=  7?!  (x,  Y,  Z), 

where  R  and  Rl  are  rational  functions  of  Y  and  Z,  which  possess  this  property. 
In  fact,  let  Y=<p(Yl,  ZJ,  Z  =  ^(Y1,  Zt)  he  relations  defining  a  Cremona  trans 
formation,  such  that  we  can  derive  from  them  the  inverse  relations  Y1  =  <f>l  (Y,  Z), 
Zi  =  ^i  (Y,  Z),  where  <f>,  ^,  <f>lt  ^  are  rational  functions.  If  we  apply  this  trans 
formation  to  the  system  (/3),  we  are  led  to  a  system  having  the  same  property,  which 
is  surely  of  the  form  (7)  hut  not  in  general  of  the  form  03). 
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The  equation  (41)  has  therefore  m  and  only  in  integrals  which 
take  on  the  value  yQ  for  x  =  XQ,  and  these  m  integrals  are  analytic 
in  the  neighborhood  of  the  point  XQ.  In  geometric  language  we  may 
say  that  through  the  point  MQ  whose  coordinates  are  (XQ,  y0)  there 
pass  m  integral  curves  with  m  distinct  tangents,  and  that  the  point 
MO  is  an  ordinary  point  on  each  of  them.  Besides,  all  the  integrals 
of  the  equation  (42)  which  for  x  =  XQ  take  on  values  differing  only 
slightly  from  yQ  satisfy  a  relation  of  the  form  <£(#,  ?/;  XQ,  yQ  +  C)  =  0 
(§  26),  and  the  integral  considered  corresponds  to  the  value  C  =  0 
of  the  arbitrary  constant. 

If  for  x  =  JPO,  y  =  yQ  a  root  of  the  equation  (41')  is  infinite,  it 
will  suffice  to  regard  y  as  the  independent  variable  and  x  as  the 
dependent  variable.  The  equation  (41)  is  replaced  by  an  equation 
of  the  same  form,  F^x,  y,  x'y)  =  0,  which  for  x  =  XQ,  y  =  yQ  has  a 
zero  root  x1  =  0.  If  this  is  a  simple  root,  we  derive  from  it  a  develop 
ment  for  x  —  XQ  in  powers  of  y  —  yQ  beginning  with  a  term  of  at  least 
the  second  degree.  Conversely,  the  point  XQ  is  an  algebraic  critical 
point  for  the  integral  which  approaches  yQ  when  \x  —  XQ\  approaches 
zero  (II,  Part  I,  §  100).  Through  the  point  (XQ,  yQ)  there  passes  an 
integral  curve  whose  tangent  at  that  point  is  the  straight  line  x  =  XQ. 

The  coordinates  (#0,  ?/0)  of  a  point  for  which  the  equation  (41) 
has  a  multiple  root  satisfy  the  relation 

(43)  *(*,y)  =  0, 

which  is  obtained  by  eliminating  ?/'  from  the  two  relations  F  =  0, 
cF/cy'  =  0.  The  equation  (43)  represents  a  certain  curve  (y),  and 
for  all  the  points  of  this  curve  the  equation  (41)  has  one  or  several 
multiple  roots.  Let  (#0,  yQ)  be  the  coordinates  of  an  ordinary  point 
Af0  taken  on  this  algebraic  curve.  We  shall  suppose,  in  order  to 
treat  the  simplest  possible  case,  that  the  equation 


has  a  double  root  y'Q  but  no  other  multiple  root  finite  in  value.  If 
this  double  root  were  infinite,  it  would  suffice  to  interchange  x  and 
y  in  order  to  pass  to  the  case  where  it  is  zero.  When  \x  —  XQ\  and 
\y  —  yQ  are  very  small,  the  equation  (41)  has  two  roots  which  differ  very 
little  from  y'Q.  These  roots  are  not,  in  general,  analytic  functions  of 
the  variables  x  and  y  in  the  neighborhood  of  the  point  (XQJ  y0),  but 
their  sum  and  their  product  are  analytic  functions,*  so  that  these  two 

*  The  proofs  of  these  properties  are  analogous  to  the  proofs  of  the  corresponding 
theorems  on  implicit  functions  of  a  single  variable  (II,  Part  I,  §  98). 
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roots  of  the  equation  (41),  which  approach  yj  as   x  —  XQ\  and  \y  —  y0| 
approach  zero,  are  also  roots  of  an  equation  of  the  second  degree, 

(44)  y'2  -  2  P  (x,  y)  y'  +  Q  (x}  y)  =  0, 

where  P(x,  y)  and  Q(x,  y)  are  analytic  functions  in  the  neighbor 
hood  of  (o50,  y0).    From  the  equation  (44)  we  rind 

(45)  y'  =  P  (a,  y)  ±  V/*(a, 


and  these  two  roots  are  equal  for  all  the  points  of  the  curve  (y^ 
whose  equation  is  P2  —  Q,  =  0.  This  curve  (ya)  is  necessarily  part  of 
the  curve  (y),  and  since  it  passes  through  the  point  (XQ)  y0),  it  coin 
cides  with  (y)  in  the  neighborhood  of  (OJQ,  y0).  In  order  to  study 
the  corresponding  integral  curve,  we  shall  suppose  that  the  origin 
has  been  transformed  to  the  point  MQ,  which  amounts  to  putting 
zo  =  yo  =  0.  Since  the  origin  is  a  simple  point  of  the  curve  (y),  if  we 
have  chosen  the  axes  of  coordinates  in  such  a  way  that  the  tangent 
at  the  origin  is  not  the  axis  Of/  itself,  the  equation  P2  —  Q  =  0  has  an 
analytic  root  y  =  y^(x)  which  approaches  zero  as  x  approaches  zero. 
In  general,  the  slope  of  the  tangent  to  the  curve  (y)  at  the  origin 
is  different  from  the  double  root  y'0  =  P  (0,  0)  of  the  equation  (45) 
for  x  =  y  =  0.  Let  us  first  assume  this  point,  which  is  almost  self- 
evident,  and  return  to  it  later.  Then,  if  we  put  y  =  yl  -f-  z  in  the 
equation  (45),  it  becomes 

y\  +  z'  =  P(x,  y:  +  z)  ±  V«*  (*,«), 

where  4>(#,  z)  is  a  power  series  in  x  and  «.  It  is  clear  that  z  must 
be  a  factor  under  the  radical  after  the  substitution  y  =  y1  +  z,  since 
y^  is  a  root  of  the  equation  P2  —  Q  =  0.  If  we  arrange  $  (x,  z)  in 
powers  of  z,  we  have  a  development  of  the  form 


where  \j/Q,  \f/l}  ^2  are  regular  functions  of  x  in  the  neighborhood  of 
the  origin.  The  function  i}/0(x)  cannot  be  zero  for  x  =  0,  for  other 
wise  the  development  of  £<J>  (x,  z)  would  contain  no  terms  of  the  first 
degree  in  x,  z  ;  whence  the  development  of  P2  —  Q  would  contain  no 
terms  of  the  first  degree  in  x,  y,  contrary  to  hypothesis.  Similarly, 
if  we  replace  y^  by  its  development  in  the  difference  P(xt  yl  +  z)  —  y{, 
we  have,  after  arranging  in  powers  of  «, 

P(x,  ft-M)-  ?/i  =  *„(*)  +  ^0)  +  •  VJ 

where  the  first  function  <f>0(x)  does  not  vanish  for  x  =  0,  since  by 
supposition  the  derivative  y\  is  different  from  P(0,  0)  at  the  origin. 
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The  equation  (45)  therefore  reduces  to  an  equation  of  the  form 
(46)       *'  =  ^0(ar)  +  ^0  +  -  -     ±  ^z  V^(o-)  +  *^(*)  +  •  •  •  , 

where  neither  of  the  functions  <£0(#)  and  ^0(#)  vanishes  for  x  =  0. 
In  this  last  equation  let  us  put  z  =  u2.    Selecting  a  determination 
of  the  radical  on  the  right,  we  find 


cl  ic  I  -  -  ---- 

(47)     2  u  —  =  ^(x)  4-  u^(x)  +  •  •  •  +  u  V^0(a:)+z^i(*)+---  • 

The  right-hand  side  is  analytic  in  the  neighborhood  of  the  point 
x  =  0,  u  =  0,  since  ^0(0)  is  not  zero.  Moreover,  this  right-hand  side 
is  not  zero  for  x  =  0,  u  =  0,  since  <#>0(0)  is  not  zero.  The  derivative 
du/dx  is  infinite  for  x  =  u  =  0.  Hence  the  equation  (47)  has  one 
and  only  one  integral  which  approaches  zero  as  x  approaches  zero 
(§  63),  and  for  which  the  origin  is  an  algebraic  critical  point. 

It  follows  that  the  given  equation  (44)  has  an  integral  y  =  y^  -f  u3 
which  approaches  zero  as  x  approaches  zero.  The  adoption  of  the 
opposite  determination  of  the  radical  in  the  equation  (47)  would 
amount  to  changing  u  to  —  u  in  that  equation,  and  we  should  obtain 
the  same  function  yl  -\-  u'2.  The  origin  is  an  algebraic  critical  point 
for  this  integral.  Let  aQ  be  the  term  independent  of  x  and  of  u  in 
the  development  of  the  right-hand  side  of  the  equation  (47),  and  let 
bQ  be  the  coefficient  of  u  in  the  same  development.  Developing  x  in 
powers  of  u,  we  find 


Conversely,  we  derive  from  this  a  series  for  u  in  powers  of 


and  the  development  of  yl  +  u2  contains  a  term  in  ccs/2.  The  origin 
is  therefore  a  cusp  for  the  integral  curve  which  passes  through  this 
point,  and  we  can  say  now  that  the  curve  (y),  represented  ly  the  equa 
tion  (43),  is,  in  general,  the  locus  of  the  cusps  of  the  integral  curves. 

Through  a  point  of  the  curve  (y)  there  passes,  in  general,  an  inte 
gral  curve  that  has  a  cusp  of  ffhe  first  kind  at  this  point,  and  the 
tangent  at  the  cusp  has  for  its  slope  the  double  root  y'Q.  If  the  equa 
tion  (41)  is  of  higher  degree  than  2,  there  pass  through  the  same 
point  other  integral  curves,  corresponding  to  the  simple  roots  of  the 
equation  F(xQ,  y0,  ?/')  =  0,  for  which  this  point  is  an  ordinary  point. 

The  discussion  is  entirely  different  when  for  every  point  (XQ,  yQ) 
of  the  curve  (y)  the  corresponding  double  root  y'Q  of  the  equation  (41) 
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is  equal  to  the  slope  of  the  tangent  to  the  curve  (y)  at  this  point. 
In  this  case  we  see  first  of  all  that  the  curve  (y)  is  an  integral  curve 
of  the  equation  (41).  Moreover,  it  is  an  integral  which  is  entirely 
unaccounted  for  in  Cauchy's  fundamental  theorem,  whatever  may 
be  the  point  chosen  on  the  curve  to  fix  the  initial  values  of  x  and  y. 
For  if  we  take  the  point  (XQ,  y0),  the  equation 


has  two  roots  which  approach  y'Q  as  \x  —  XQ\  and  \y  —  yj  approach 
zero  ;  but  these  two  roots  are  not  in  general  regular  functions  of  the 
variables  x  and  y  in  the  neighborhood  of  the  values  XQ,  y0,  and  we 
cannot  apply  Cauchy's  theorem.  The  integral  thus  obtained  is  said 
to  be  a  singular  integral.  The  investigation  of  singular  integrals 
does  not  offer  any  theoretical  difficulties,  since  it  is  evidently  suffi 
cient  to  determine  whether  the  curve  represented  by  the  equation 
(43)  satisfies  the  differential  equation  (41),  and  this  necessitates  only 
an  elimination.  It  may  happen  that  the  equation  (43)  represents  two 
distinct  curves,  one  of  which  is  a  singular  integral  curve  and  the 
other  the  locus  of  the  cusps  of  the  integral  curves. 

If  the  curve  (y)  is  a  singular  integral,  through  each  point  of  that 
curve  there  passes  in  general  another  integral  curve  tangent  to  (y). 
Let  us  take  for  origin  any  point  of  (y).  We  know  in  advance  an 
integral  yx  of  the  equation  (45),  namely,  the  singular  integral  for 
which  we  have  simultaneously 

(48)  y(  =  P  (x,  Vl\         P2  (x,  yx)  =  Q  (x,  y^. 

Putting  y  =  ijl  +  2,  as  above,  the  equation  takes  the  form  (46),  but 
in  this  case  the  function  <£0(#)  is  zero,  since  z  =  0  must  be  an  inte 
gral  of  this  new  equation.  Retaining  the  other  hypotheses,  the  func 
tion  ^0(aj)  is  not  zero  for  x  =  0,  and  if  we  next  put  z  =  u2  in  the 
equation  (46),  we  are  led  to  an  equation  all  of  whose  terms  are 
divisible  by  u.  Dividing  by  u,  there  remains  a  differential  equation 


(49)      2u'  =  u [^(a)  +  u*<t>2(x)  +  .  .  . 

to  which  we  can  apply  Cauchy's  general  theorem.  Since  the  func 
tion  ^0(aj)  is  not  zero  for  x  =  0,  the  two  determinations  of  the  radi 
cal  are  analytic  f or  x  =  0,  u  =  0.  The  equation  (49)  has  therefore 
two  analytic  integrals  in  the  neighborhood  of  the  origin  which  van 
ish  for  x  =  0,  and  it  is  easily  seen  that  these  two  integrals  are 
deducible  one  from  the  other  by  changing  u  to  —  u  It  follows  that 
the  equation  in  y  has  another  integral  curve 


=       u 
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which  is  tangent  to  the  curve  (y)  at  the  origin.  But  there  is  an 
essential  difference  between  these  two  integrals.  In  fact,  we  can 
apply  the  general  theorems  of  §  26  to  the  equation  (49),  and  the 
integral  of  this  equation  which  is  zero  for  x  =  0  belongs  to  a  family 
of  integrals  which  depend  upon  one  arbitrary  constant.  The  same 
thing  is  therefore  true  of  the  integral  curve  which  is  tangent  to  the 
singular  integral  curve  at  the  origin,  whereas  the  singular  integral 
itself  is  in  general  an  isolated  solution.  This  fact  is  easily  explained, 
since  we  cannot  apply  to  this  integral  the  reasoning  which  proves 
the  existence  of  a  general  integral  (§  21)  from  which  we  could 
obtain  the  former  by  giving  a  particular  value  to  the  constant 
which  appears  in  the  latter. 

The  singular  integral  is  therefore  in  general  the  envelope  of  the 
other  integral  curves.  Lagrange  had  already  noticed  that  the  enve 
lope  of  the  curves  represented  by  the  general  integral  of  a  differen 
tial  equation  of  the  first  order  is  also  an  integral  of  the  same  equation, 
which  is  almost  self-evident,  since  at  any  point  of  the  enveloping 
curve  the  slope  of  the  tangent  is  the  same  for  the  envelope  and  for 
the  particular  curve  enveloped  at  that  point.  We  can  also  find  in 
this  way  the  rule  which  enables  us  to  deduce  the  singular  integral 
from  the  differential  equation  itself.  In  fact,  let  us  first  take  a  point 
M  very  near  the  envelope.  Through  this  point  M  there  pass  two 
integral  curves  very  close  to  each  other.  Moreover,  the  slopes  of 
the  tangents  to  these  two  curves  differ  from  each  other  very  little. 
When  the  point  M  approaches  the  envelope,  these  tangents  approach 
coincidence,  and  the  equation  (41)  has  a  double  root  in  y1  (see  I, 
§  208,  2d  ed. ;  §  202,  1st  ed.). 

Summing  up,  we  see  that  for  an  equation  of  the  first  order  two 
entirely  distinct  cases  may  present  themselves,  according  as  the 
curve  (y)  is  a  singular  integral  curve  or  the  locus  of  the  cusps  of  the 
integral  curves.  It  is  natural  to  ask  which  of  these  two  cases  ought 
to  be  considered  as  the  normal  case.  A  little  attention  will  show  that 
it.  is  the  second.  In  fact,  the  curve  (y)  is  also  the  envelope  of  the 
curves  represented  by  the  equation  F(x,  y,  a)  =  0,  where  a  is  the 
variable  parameter.  If  the  differential  equation  (41)  had  a  singular 
integral,  whatever  the  polynomial  F  might  be,  we  should  be  led  to 
assert  a  consequence  which  is  manifestly  absurd  —  that  is,  that  at 
every  point  of  the  envelope  of  a  family  of  algebraic  curves  the  slope 
of  the  tangent  is  equal  to  the  value  of  the  parameter  for  the  corre 
sponding  curve  of  the  family  tangent  to  the  envelope  at  that  point. 
If  this  condition  is  satisfied  by  a  family  of  curves,  it  suffices  to 
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change  the  parameter  (putting,  for  example,  «  =  «'+£)  in  order 
that  this  condition  shall  cease  to  hold.  We  see,  therefore,  that  if 
we  start  from  an  equation  of  the  first  order  in  which  the  coeffi 
cients  of  F  are  taken  at  random,  rather  than  from  an  equation  fur 
nished  by  the  elimination  of  an  arbitrary  constant,  the  cases  where 
there  exists  a  singular  integral  must  be  considered  as  exceptional. 
If  this  result  formerly  appeared  paradoxical  to  some  mathemati 
cians,  that  was  no  doubt  because,  up  to  the  time  of  Cauchy's  work, 
the  equations  studied  had  been  principally  those  whose  general  inte 
gral  is  represented  by  algebraic  curves.  As  a  family  of  algebraic 
curves  has  in  general  an  envelope,  it  appeared  quite  natural  to 
extend  the  conclusion  to  the  integral  curves  of  any  differential 
equation  of  the  first  order.  We  have  just  seen  that  this  induction 
was  not  justified.*  Moreover,  even  in  the  case  where  a  family  of 
plane  curves  depending  upon  a  variable  parameter  has  an  envelope, 
the  method  which  enables  us  to  find  that  envelope  gives  also,  as 
we  have  seen  (I,  §§  207,  208,  2d  ed.  ;  §§  201,  202,  1st  ed.),  the  locus 
of  singular  points. 

72.  General  comments.    Example  1.  Let  us  take  the  equation 
(50)  2/'2 


The  two  values  of  y'  are  equal  for  all  the  points  of  the  parabola 
y  -f-  xz  =  0,  and  the  double  root  is  equal  to  —  x,  while  the'  slope  of 
the  tangent  to  the  parabola  is  —  2  x.  This  curve  is  therefore  not  a 
singular  integral  curve.  We  shall  show  that  it  is  the  locus  of  the 
cusps  of  the  integral  curves.  The  equation  (50)  is  a  Lagrange 
equation.  Applying  to  it  the  general  method  of  §  9,  we  find  that  the 
coordinates  x  and  y  of  a  point  of  an  integral  curve  are  expressed  in 
terms  of  a  parameter  p  by  means  of  the  equations 

C       2p  2C      p* 

-"          =s~ 


*  In  the  theory  of  envelopes  we  suppose  tacitly  that  in  the  neighborhood  of  a 
system  of  solutions  (XQ,  T/O.  «o)  of  the  two  equations  f(x,  y,  a)  =  0,  df/da=  0  the 
functions /and  df/da,  together  with  their  partial  derivatives,  are  continuous,  so  that 
we  can  apply  to  the  functions  x  and  y  of  a  denned  by  these  two  equations  the  reason 
ing  which  we  apply  to  implicit  functions.  Now,  given  a  differential  equation  of  the 
first  order,  we  know  certainly  that  it  has  an  infinite  number  of  integrals  depend 
ing  upon  an  arbitrary  constant  and  represented  in  a  certain  region  by  an  equation 
<f>  (x,  y,  C)  =  0,  but  there  is  nothing  to  prove  a  priori  that  this  function  0  (x,  y,  (7) 
satisfies  the  conditions  which  we  have  just  mentioned.  We  may  even  assert  that  it  is 
not  true  in  general. 
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It  follows  that  these  integrals  are  represented  by  unicursal  curves  of 
the  fourth  degree.  For  the  values  of  the  parameter  which  are  roots 
of  the  equation  j->3  +  3  C  =  0  we  have  dx/dp  =  dij/dp  =  0.  Each  of 
these  curves  has  therefore  three  cusps,  and  the  locus  of  these  points 
can  be  found  by  eliminating  p  and  C  from  the  equations  (51)  and 
the  relation  %P  =  —  3  C,  which  gives  the  parabola  y  +  xz  =  0. 

Example  2.  Let  us  again  consider  Euler's  equation  Xy™  =  Y.  The 
two  values  of  y'  are  equal  for  all  the  points  of  any  one  of  the  eight 
straight  lines  represented  by  the  equation  A'  Y  =  0.  These  eight 
lines  represent  the  singular  solutions,  and  form  the  envelope  of  the 
curves  represented  by  the  general  integral. 

Example  3.  We  can  use  the  following  method  to  determine  whether 
singular  solutions  exist.  From  what  we  have  seen,  such  an  integral, 
if  it  exists,  satisfies  the  equations 

dF 

F(x,y,y')=0,         —  =0, 

and  consequently  also  the  equation  dF/dx  +  dF/dy  y'  =  0  obtained  by 
differentiating  the  first.  Conversely,  suppose  that  for  all  the  points 
of  a  curve  (y)  the  three  equations 

(52)       F(WO=0,        g  =  0,        g  +  f™  =  0 

have  a  common  solution  in  m.  Along  the  curve  (y),  x,  y,  and  m  are 
three  functions  of  a  single  variable  satisfying  the  three  relations 
(52).  We  have  therefore  the  relation  between  their  differentials, 

dF  dF  dF 

-T—  dx  +  —  dij  -f  —  dm  =  0, 

ox  vy  cm 

which,  by  (52),  takes  the  form 


cy 

If  dF/dy  is  not  zero  at  all  the  points  of  the  curve  (y),  we  have 
therefore  y'  =  m,  and  this  curve  is  a  singular  integral  curve.*   If 
dF/dy  =  0,  we  must  also  have  dF/dx  =  0,  and  a  direct  verification  is 
necessary  to  determine  whether  the  curve  (y)  is  an  integral  curve. 
This  remark  applies  in  particular  to  Clairaut's  equation 


*  See   an   article   by   Darboux   in   the   Bulletin   des   Sciences    mathematiques, 
Vol.  IV,  1873,  pp.  158-176. 
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Putting,  for  the  sake  of  brevity,  u  =  y  —  xy\  the  three  equations 
which  are  to  be  compatible  are  here 


and  they  reduce  to  only  two  equations.   A  singular  integral  is  there 
fore  obtained  by  eliminating  ?/'  from  these  two  relations. 

Example  4.    Consider  the  equation 

X2  +  y2  _  2X(X  +  yy>)  +  _L  (X  +  yy>y  +  #  =  0, 

whose  general  integral  is  represented  by  the  circles  which  have  double  contact 
with  the  conic 


and  which  have  their  centers  on  the  x-axis.  This  conic  represents  a  singular 
solution.  Moreover,  the  two  values  of  y'  become  infinite  for  every  point  of  the 
axis  of  x.  This  straight  line  is  not,  however,  a  locus  of  the  cusps.  Through  any 
point  of  it  there  pass  two  integral  curves  tangent  to  each  other,  the  common 
tangent  being  parallel  to  the  axis  of  y. 

Example  5.  In  order  that  a  curve  C  represent  a  singular  integral,  it  is  not 
enough  to  require  that  at  all  the  points  of  that  curve  the  equation  (41)  shall 
have  a  double  root.  It  is  also  necessary  that  that  double  root  shall  be  precisely 
the  slope  of  the  tangent  to  C.  Let  us  consider,  for  example,  the  cissoids  repre 
sented  by  the  equation  (y  —  2  a)2  (x  —  a)  —  xs  =  0.  The  straight  line  x  =  0  is  the 
locus  of  the  cusps  of  these  curves,  and  it  represents  also  a  particular  integral 
obtained  by  supposing  a  =  0.  At  every  point  of  this  integral  curve  the  corre 
sponding  differential  equation  has  the  double  root  y'  =  0  and  an  infinite  root. 
It  is  therefore  not  a  singular  integral  curve. 

Example  6.  Let  S  be  a  surface  having  convex  regions  and  also  regions 
where  its  curvature  is  negative.  These  regions  are  separated  by  a  curve  F,  the 
locus  of  the  parabolic  points,  at  every  point  of  which  the  differential  equation 
of  the  asymptotic  lines  (I,  §  243,  2d  ed.  ;  §  242,  1st  ed.), 

Ddu?  +  2  D'du  dv  +  D'W  =  0, 

has  a  double  root  in  dv/du.  This  double  root  furnishes  the  direction  of  the 
single  asymptotic  tangent.  If  the  tangent  to  F  does  not  coincide  with  this 
asymptotic  tangent  (which  is  the  general  case),  the  curve  F  is  the  locus  of  the 
cusps  of  the  asymptotic  lines  ;  but  if  the  asymptotic  tangent  at  each  point  M 
of  T  coincides  with  the  tangent  to  r,  the  curve  is  the  envelope  of  the  asymptotic 
lines.  This  curve  F,  therefore,  is  at  the  same  time  an  asymptotic  line  and  a  line 
of  curvature,  since  the  tangent  is  also  an  axis  of  the  indicatrix.  The  normals 
to  the  surface  S  along  F  form,  therefore,  a  developable  surface,  and  since  the 
normal  to  S  is  the  binormal  to  the  curve  F,  it  follows  that  F  is  a  plane  curve 
(I,  §  235,  2d  ed.  ;  §  231,  1st  ed.)  and  the  given  surface  S  is  tangent  to  the  plane  P 
of  the  curve  F  along  the  entire  length  of  that  curve. 

Let  us  consider,  for  example,  a  surface  of  revolution.  In  order  that  one  of 
the  principal  radii  of  curvature  at  a  point  M  of  this  surface  be  infinite,  the 
radius  of  curvature  of  the  meridian  must  be  infinite  or  the  tangent  to  this 
meridian  must  be  perpendicular  to  the  axis.  In  the  first  case  the  curve  F  is  a 
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parallel  each  point  of  which  is  a  point  of  inflection  for  the  meridian,  the  asymp 
totic  tangent  is  perpendicular  to  the  tangent  to  r,  and  this  parallel  is  a  locus 
of  the  cusps  of  the  asymptotic  lines.  On  the  other  hand,  in  the  second  case  the 
curve  F  is  a  parallel  in  all  of  whose  points  the  surface  is  tangent  to  the  plane 
of  this  parallel,  as  in  an  anchor  ring.  It  is  also  the  envelope  of  the  asymptotic 
lines.  All  these  results  are  easy  to  verify  directly  from  the  differential  equation 
of  the  asymptotic  lines  in  polar  coordinates. 

73.  Geometric  interpretation.  The  preceding  discussion  may  be  presented  in  a 
somewhat  different  form,  which  we  shall  rapidly  indicate.  We  shall  continue 
to  employ  geometric  language,  although  the  reasoning  can  be  extended  without 
difficulty  to  the  domain  of  complex  variables. 

We  have  already  pointed  out  (§  8)  that  the  integration  of  a  differential 
equation  of  the  first  order  F(x,  y,  y')  =  0  is  equivalent  to  the  determination  of 
the  curves  T  which  lie  on  the  surface  S  whose  equation  is 

(53)  F(z,y,z)=0 

and  for  which  dy  —  zdx  =  0.  The  projection  c  on  the  zy-plane  of  a  curve  T  of  the 
surface  S  satisfying  the  preceding  conditions  is  an  integral  curve  of  the  given 
differential  equation,  and  conversely.  We  shall  suppose  in  the  discussion  that 
this  surface  5  has  no  other  singularities  than  the  double  curves  along  which  two 
sheets  of  the  surface  cross  with  distinct  tangent  planes.  Instead  of  studying 
the  curves  c  in  the  zy-plane,  we  shall  study  the  curves  r  on  the  surface  S. 

Let  us  consider  first  a  point  J\f0(a;0,  t/0,  z0)  of  the  surface  S  not  on  a  double 
curve  nor  where  the  tangent  plane  is  parallel  to  the  z-axis.  The  tangent  to  the 
curve  F  which  passes  through  3/0  lies  in  the  tangent  plane  at  this  point, 

<54>     (X- 

and  also,  since  we  must  have  dy  —  zdx  =  0,  in  the  plane 
(55)  Y-y0-z0(X-x0)=0. 

These  two  planes  are  distinct,  since  (cF/cz)0  is  not  zero ;  hence  they  intersect  in 
a  straight  line  not  parallel  to  Oz.  Through  the  point  3/"0  there  passes,  therefore, 
one  and  only  one  curve  r  whose  tangent  is  not  parallel  to  the  z-axis.  The 
projection  c  of  this  curve  on  the  jy-plane  passes  through  the  point  ra0,  the 
projection  of  3/0,  and  ra0  is  an  ordinary  point  for  c.  If  the  point  3f0  belongs 
to  a  double  curve  of  S,  the  preceding  reasoning  applies  to  each  of  the  two  sheets, 
provided  that  none  of  the  tangent  planes  at  JVf0  are  parallel  to  Oz.  Through  the 
•point  3f0  there  pass,  therefore,  two  curves  T  corresponding  to  the  two  sheets 
of  the  surface  £.  It  remains  to  find  out  what  happens  if  the  point  Jf0  lies  on 
the  curve  D  of  S,  the  locus  of  the  points  for  which  we  have  simultaneously 
F=  0,  dF/dz  =  0.  We  shall  suppose  that  this  curve  D  is  not  a  double  curve. 
It  is,  then,  the  locus  of  the  points  of  S  where  the  tangent  plane  is  parallel  to  Oz, 
and  one  at  least  of  the  partial  derivatives  dF/dx,  SF/?y  is  different  from  zero 
at  the  point  M0.  Hence  the  two  planes  (54)  and  (55)  are  parallel  to  the  z-axis, 
and  their  intersection  is  parallel  to  Oz  unless  these  two  planes  coincide,  that 
is,  unless  we  have 
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Let  us  first  discard  the  case  in  which  this  happens.  The  tangent  to  the 
curve  F  which  passes  through  3f0  is  parallel  to  Oz,  but  this  curve  itself  does 
not  present  any  singularity  at  the  point  JV/0.  To  assure  ourselves  of  this,  we 
shall  replace  the  system  of  the  two  equations 

(57)  F(x,  y,  z)  =  0,        dy  =  z  dx 

by  the  system  of  the  two  simultaneous  equations 
dx        dy  —  dz 


(58) 


dF         dF      dF         dF 

2 [    g 

dz          dz        dx         dy 


with  the  initial  conditions  x  =  x0,  y  =  T/O,  z  =  z0.  The  two  systems  are  equiva 
lent.  In  fact,  from  the  equations  (58)  we  derive  the  integrable  combination 
dF  =  0.  Hence  we  have  F(x,  y,  z)  =  F(xQ,  ?/0,  z0)  =  0.  Now,  since 


does  not  vanish  by  hypothesis,  we  derive  from  the  equations  (58)  the  develop 
ments  of  x  —  z0  and  of  y  —  yQ  in  powers  of  z  —  ZQ  beginning  with  terms  of  at 
least  the  second  degree, 

x  -  z0  =  a2(z  -  z0)2  •  •  •  ,         y-yQ  =  ^(z-  z0)2  .... 

The  point  M0  is  therefore  an  ordinary  point  for  the  curve  r  which  passes 
through  this  point,  but  the  projection  m0  of  M0  on  the  plane  xOy  is  a  cusp  (in 
general  of  the  first  kind)  for  the  curve  c,  the  projection  of  F.  This  results,  more 
over,  from  a  general  property,  which  is  easily  verified,  that  the  projection  of  a 
space  curve  on  a  plane,  in  a  direction  parallel  to  the  tangent  at  a  point  M  of 
the  curve,  has  a  cusp  at  the  point  m,  the  projection  of  M  (I,  Exercise  13,  p.  582, 
2d  ed.).  If  d  denotes  the  projection  of  the  curve  D  on  the  xy-plane,  it  follows 
that  the  curve  d  is  the  locus  of  the  cusps  of  the  integral  curves  c,  as  we  have 
shown  before.  The  preceding  method  has  the  advantage  of  showing  us  how  this 
singularity  disappears  when  we  pass  from  the  plane  to  the  surface  S. 

The  result  is  quite  different  when  the  relation  (56)  is  satisfied  at  all  the 
points  of  the  curve  D.  The  two  planes  (54)  and  (55)  are  then  coincident,  and 
we  have  the  case  in  which  there  exists  a  singular  integral.  Through  every  point 
of  D  there  pass  in  general  two  curves  F,  the  curve  D  itself  and  the  second  curve 
whose  projection  on  the  xy-plane  is  tangent  to  the  singular  integral  curve  d. 

74.  Singular  integrals  of  systems  of  differential  equations.  The  theory  of  the 
singular  integrals  may  be  extended  to  systems  of  differential  equations  of  the 
first  order,  and  therefore  also  to  equations  of  higher  order.  AVe  shall  study 
only  a  system  of  two  equations  of  the  first  order  (which  covers  also  the  case  of 
a  single  equation  of  the  second  order),  and  we  shall  employ  a  process  which  is 
the  reverse  of  the  preceding  —  that  is,  we  shall  consider  first  of  all  a  system 
obtained  by  the  elimination  of  the  constants.*  Let 

(59)  F(x,  y,  z  ;  a,  6)  =  0,        *(»,  y,  z  ;  a,  b)  =  0 

*  See  E.  GOURSAT,  Sur  les  solutions  singulieres  des  equations  differentielles 
simultanees  (American  Journal  of  Mathematics,  Vvjl.  XI). 
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be  the  equations  of  a  family  of  plane  or  skew  curves  which  depend  upon  two 
arbitrary  parameters  a  and  6.  Such  a  family  is  called  a  congruence  of  curves. 
Let  us  suppose,  for  simplicity,  that  the  functions  F  and  <f>  are  polynomials.  The 
curves  of  the  congruence  are  then  algebraic.  We  shall  first  generalize  the 
theorems  established  for  the  congruences  of  straight  lines  (I,  §  255).  If  we 
establish  a  relation  between  a  and  6  of  arbitrary  form  b  =  <f>  (a),  we  obtain  an 
infinite  number  of  curves  F  depending  upon  a  single  arbitrary  parameter  a. 
In  general  these  curves  do  not  have  an  envelope.  In  order  that  an  envelope 
exist,  it  is  necessary  that  the  four  equations  (59)  and  (60)  shall  have  a  system 
of  common  solutions  in  x,  y,  z  (I,  §  215,  2d  ed.  ;  §  223,  1st  ed.)  : 


,  . 

ca        cb  da  ca       cb  da 

The  elimination  of  x,  ?/,  z  from  these  four  equations  leads  to  a  relation 
between  a,  &,  and  db/da, 

(61) 

that  is,  to  a  differential  equation  of  the  first  order.  If  we  have  taken  for 
b  =  0  (a)  an  integral  of  this  equation,  the  curves  F  will  generate  a  surface  2 
and  will  be  tangent  to  a  curve  C  lying  on  2.  We  shall  call  this  curve  C  the  edge 
of  regression  of  2,  as  in  the  case  of  line  congruences.  If  the  equation  (61)  is  of 
degree  m  in  db/da,  every  curve  F  of  the  congruence  belongs,  in  general,  to  m 
surfaces  similar  to  2,  and  it  touches  the  corresponding  edge  of  regression  on 
each  of  these  surfaces  in  a  definite  point.  Thus  there  exist  m  remarkable  par 
ticular  points  on  each  curve  F  of  the  congruence,  which  we  call  the  focal  points. 
These  focal  points  can  be  obtained  without  integrating  the  differential  equa 
tion  (61),  for  we  need  only  solve  the  four  equations  (59)  and  (60)  for  x,  y,  z, 
db/da.  We  find  first  the  relation  (61),  which  gives  db/da,  and,  eliminating  db/da 
from  the  two  equations  (60),  we  have  a  new  relation, 

(62} 


D(a,  b)        ca    cb        cb    ca 

which,  together  with  the  two  equations  (59)  of  the  curve  F,  enable  us  to  calcu 
late  the  coordinates  of  the  focal  points. 

The  locus  of  the  focal  points  is  the  focal  surface  of  the  congruence.  We 
obtain  the  equation  of  this  surface  by  eliminating  a  and  6  from  the  three  rela 
tions  (59)  and  (62).  The  focal  surface  is  also  the  locus  of  the  edges  of  regres 
sion  C  of  the  surfaces  2.  In  fact,  any  point  of  the  curve  C  is  a  focal  point 
for  the  curve  of  the  congruence  which  is  tangent  to  C  at  that  point.  It  follows 
that  every  curve  F  of  the  congruence  is  tangent  to  m  sheets  of  the  focal  surface 
at  the  m  corresponding  focal  points,  since  at  each  of  these  points  it  is  tangent 
to  a  curve  C  lying  on  the  focal  surface.  All  these  properties  are  exactly  analo 
gous  to  the  properties  of  congruences  of  straight  lines.  In  general,  if  F  and  <£ 
are  any  polynomials,  the  m  sheets  of  the  focal  surface  are  represented  by  a 
single  equation,  but  it  may  also  happen  that  this  equation  breaks  up  into  sev 
eral  distinct  equations.  In  certain  particular  cases  it  may  also  happen  that 
some  of  the  sheets  of  the  focal  surface  reduce  to  curves.  In  such  a  case  the 
corresponding  edge  of  regression  C  reduces  to  a  point. 
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The  conclusion  which  we  can  derive  from  these  properties  with  respect  to 
differential  equations  is  as  follows  :  The  curves  F  are  the  integral  curves  of  a 
system  of  differential  equations  which  is  obtained  by  eliminating  the  constants 
a  and  b  from  the  equations  (59)  and  the  equations  obtained  by  differentiating 
them: 

(63)  8/  +  ^v'+^  =  0,        £  +  «*,  +  2*,  =  0. 

dx       dy  dz  dx       dy  dz 

Let 

(64)  <$  (x,  y,  z,  y',  z')  =  0,  ^  (x,  y,  z,  y',  z'}  =  0 

be  the  system  of  differential  equations  thus  obtained.  The  equations  (59)  rep 
resent  the  general  integral  of  this  system,  since  by  hypothesis  we  can  choose  the 
constants  a  and  b  in  such  a  way  that  the  curve  F  passes  through  any  point 
(x0,  y0,  z0)  of  space.  If  through  this  point  there  pass  n  curves  F,  the  equations  (59) 
determine  n  systems  of  values  for  a  and  b.  The  equations  (63)  determine 
y'  and  z',  and  we  see  that  for  the  point  (x0,  y0,  z0)  the  equations  (64)  determine 
n  systems  of  values  for  y'  and  z'.  But  the  edges  of  regression  C  are  also  integral 
curves  of  the  equations  (64),  since  in  a  point  of  C  the  values  of  x,  ?/,  z,  ?/',  z' 
are  the  same  for  C  and  for  the  curve  F  tangent  to  C  at  that  point.  The  equa 
tions  (64)  have,  therefore,  besides  the  integrals  represented  by  curves  F,  an 
infinite  number  of  other  integrals,  not  included  in  the  equations  (59),  which 
are  obtained  by  integrating  the  equation  of  the  first  order  (61)  ;  these  are  the 
singular  integrals  of  the  system. 

On  closer  examination  we  see  that  the  existence  of  the  focal  surfaces  does 
not  in  reality  require  that  the  curves  F  shall  be  algebraic.  It  is  sufficient  that, 
in  the  neighborhood  of  a  system  of  solutions  (x0,  2/0,  Z0,  a0,  60)  of  the  three 
equations 

(65)  F(x,  y,  z,  a,  6)  =  0,        $  (x,  y,  z,  a,  6)  =  0,        ^  •  ^  *>  -  0, 

the  implicit  functions  x,  ?/,  z  of  the  parameters  a  and  6,  defined  by  these  three 
equations,  which  reduce  to  x0,  T/O,  z0,  for  a  =  a0,  b  =  60,  shall  be  continuous 
and  have  continuous  derivatives  in  the  neighborhood.  In  fact,  let 

(66)  x=fl(a1b),        y=/a(o,&),        z=f3(a,b) 

be  these  three  functions.  The  sheet  of  the  focal  surface  which  passes  through 
the  point  (x0,  ?/0,  z0)  is  represented  in  the  neighborhood  of  this  point  by  the 
equations  (66),  where  the  values  of  the  parameters  a  and  6  are  near  a0  and  b0. 
It  is  easy  to  derive  from  this  the  equation  of  the  plane  tangent  to  the  focal  sur 
face.  In  fact,  when  the  point  x,  y,  z  describes  any  curve  on  this  surface,  x,  y, 
z,  a,  b  are  functions  of  a  single  independent  variable  which  satisfy  the  equa 
tions  (65)  ;  hence  the  differentials  of  these  functions  satisfy  the  two  relations 

dF          dF  dF          dF          dF 

-5x  +  —8y  +  —8z  +  --da+~db  =  0, 
dx  dy  dz          da  db 

d$  d$  d&  d&  d<& 

^Sx+^Sy+^Sz  +  ~Sa+^db  =  0. 

dx  dy  dz  da  db 

Making  use  of  the  last  of  the  relations  (65),  we  can  eliminate  da  and  56,  and 
we  find  the  new  relation 


(67)  .to+.  . 

D(x,b)  D(y,b)    V+  D(z,b) 
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We  have  only  to  replace  5x,  Sy,  5z  by  X  —  x0,  Y—  y0,  Z  —  z0,  respectively,  in 
order  to  have  the  equation  of  the  plane  tangent  to  the  focal  surface.  It  is  easy 
to  show  that  this  plane  passes  through  the  tangent  to  the  curve  T.  The  prop 
erties  of  the  focal  surface  suppose,  therefore,  only  that  we  can  apply  the 
theory  of  implicit  functions  to  the  equations  (65),  and  in  particular  that  the 
functions  .F,  4>,  together  with  their  partial  derivatives,  are  continuous  in 
the  neighborhood  of  a  system  of  solutions  x0,  y0,  z0,  <z0,  60.  This  is  certainly 
true  when  F  and  &  are  polynomials,  but  it  is  clear  that  it  is  also  true  for 
many  other  functions.  Let  us  also  observe  that  if  the  curves  T  have  singular 
points,  the  locus  of  these  singular  points  forms  a  part  of  the  focal  surface. 
This  is  shown  as  in  the  case  of  the  analogous  proposition  relative  to  plane 
curves  (I,  §  207,  2d  ed. ;  §  201,  1st  ed.). 

Let  us  now  examine  the  question  from  the  opposite  point  of  view.  Given  a 
system  of  two  differential  equations  of  the  first  order,  such  as  the  system  (64), 
let  us  propose  to  determine  whether  this  system  has  singular  integrals.  We 
shall  suppose  that  &  and  ^  are  polynomials.  Let  M0  be  any  point  (x0,  y0,  z0) 
of  space.  If  x,  y,  z  are  replaced  by  x0,  y0,  z0,  respectively,  in  the  equations  (64), 
these  equations  have  in  general  a  certain  number  of  systems  of  solutions.  Let 
2/o,  z'Q  be  one  of  these  systems.  Let  us  assume  first  that,  for  this  system  of  solu 
tions,  the  Jacobian  D(cP,  cF1)/-D(?//,  z')  is  not  zero.  From  the  equations  (64),  y' 
and  z'  can  be  found  as  regular  functions  in  the  neighborhood  of  the  point 

(*o>  y&  zo)> 

y'  =  y'Q  +  a(x  -  x0)  +  .  • .,        z'  -  z'Q  +  a^x  -  x0)  +  • . ., 

which  reduce  to  2/0  and  ZQ,  respectively,  forx=x0,  y=y0,z=z0.  The  equations  (64) 
have  therefore  an  integral  curve  passing  through  the  point  M0  tangent  to  the 
straight  line  whose  equations  are  Y  —  yQ  =  y'0  (X  —  x0),  Z  —  z0  =  z'Q  (X  —  x0). 
Moreover,  this  curve  forms  part  of  a  family  of  integral  curves  depending  upon 
two  arbitrary  parameters  (§26).  This  conclusion  does  not  hold  if  we  have 
D(cF",  <&i)/D(yo,  ZQ)  =  0;  but  this  can  occur  only  if  the  coordinates  (x0,  j/0,  z0) 
satisfy  the  relation 

(68)  fi(x,y,z)  =  0, 

which  is  obtained  by  eliminating  y'  and  z'  from  the  three  equations 

(68)  «*  =  «,         ^  =  0, 

The  equation  (68)  represents  a  surface  S,  and,  from  what  we  have  just  seen, 
an  integral  curve  which  does  not  lie  on  the  surface  S  cannot  be  a  singular 
integral  curve. 

If  the  point  M0  is  on  the  surface  S,  the  three  equations  (69)  have  for  this  point  a 
system  of  common  solutions,  y'  =  y'0,  z'  =  z'0.  If  the  straight  line  D  represented 
by  the  equations 

(70)  X-x0=Y-y0  =  Z-z0 

1  2/o  *o 

is  not  tangent  to  S  (which  is  the  general  case),  there  is  an  integral  curve  pass 
ing  through  the  point  3/0  and  tangent  to  the  straight  line  D.  It  has  been  shown 
that  the  point  M0  is  in  general  a  cusp  for  that  curve.  What  is  essential  for  us 
is  that  this  integral  curve  cannot  be  on  the  surface,  since  its  tangent  is  not  in 
the  tangent  plane.  In  order  that  singular  integrals  may  exist,  in  each  point  of 
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S  the  corresponding  straight  line  D  must  therefore  be  situated  in  the  plane 
tangent  to  the  surface.    This  condition  is  sufficient,  for  then  through  each  point 
of  S  there  passes  a  curve  lying  on  the  surface  and  tangent  to  the  line  D.  These 
curves  are  determined  by  a  differential  equation  of  the  first  order,  and  they  are 
indeed  singular  integral  curves,  for  at  each  of  their  points  the  values  of  y'  and 
of  z'  form  a  multiple  system  of  solutions  of  the  equations  (64). 
Example  1.  Consider  the  simultaneous  system  of  equations 
(71)  y  -  xy'  =  0,        xV2  =  x2  +  y*  -  1. 

The  two  values  of  z'  are  equal  for  all  the  points  of  the  cylinder  x2  +  y*  —  I  =  0, 
and  the  direction  corresponding  to  that  double  root  is  the  perpendicular  dropped 
from  the  point  (x,  y)  on  the  z-axis.  Since  this  perpendicular  is  not  in  the  tangent 
plane  to  the  cylinder,  there  cannot  be  any  singular  integrals.  In  this  example  it 
is  easy  to  verify  that  the  cylinder  is  the  locus  of  the  cusps  of  the  integral  curves, 
for  the  general  integral  of  the  system  (71)  is  represented  by  the  equations 


y  —  CjZ,        z  -  vx2  +  y2  —  1  —  arc  tan]Vx2  +  y2  —  1  +  C2. 
Example  2.  Every  system  of  differential  equations  of  the  form 
(72)     F(y-  xy',  z  -  xz',  y',  z')  =  0,        4>  (y  -  xy',  z  -  xz',  y',  z')  =  0, 

which  may  be  considered  as  a  generalization  of  Clairaut's  equation,  is  easily 
integrated  by  observing  that  the  preceding  relations  lead  to  the  equations 


dy'         du 


\Vy  VIA  I  \<Jf*  VU  I 

where  u  =  y  —  xy',  v  =  z  —  xz' .  These  last  equations  are  satisfied  by  assuming 
that  y"  —  0,  z"  —  0,  or  by  supposing  that  we  have 

/^\    T7T  *\TTT\         /-SJ1L  ^  JTA  /  ^    T71  *\    T7T\         /^z  -*  -x.\ 


/  73\        / . g.  _ .  j  /  _2_ £  :_2_  \ [  i_:_ ,£  :ii_  \  /  :i_i ^  ^_  \  __  Q 

\3j^  du/\cz'          dvj      \dz'  dv  /  \3y'         du/ 

Under  the  first  supposition,  y'  and  z'  are  constants  a  and  6 ;  whence  we  see 
that  the  curves  which  correspond  to  the  general  integral  are  the  straigM  lines 
of  the  congruence  represented  by  the  two  equations 

F(y  —  ax,  z  —  bx,  a,  b)  —  0,        $  (y  —  ax,  z  —  bx,  a,  b)  =  0. 

There  are  also  singular  integrals,  since  the  straight  lines  of  the  congruence 
are  tangent  to  the  two  sheets  of  a  focal  surface.  These  singular  integrals  are 
the  edges  of  regression  of  the  developables  of  the  congruence,  and  are  obtained 
by  the  integration  of  a  differential  equation  of  the  first  order.  The  equation  of 
the  focal  surface  is  obtained  by  eliminating  y'  and  z'  from  the  relations  (72) 
and  (73). 

EXERCISES 

1.  Examine  the  following  differential  equations  for  singular  solutions  : 


+    x  +         y'  -  (1  +  x2)  y  -       =  0.  [SERRET.] 

Xy2y'2  —  ysy'  +  a2X  =  0.  [SCHLOMILCH.] 

y"1—  2x  ^/yy'  +  4y  V?/  =  0.  [BOOLE.] 

(xy'  -  yY  -  2x?y  (1  +  y'*)  =  0.  [HOUEL.] 

2  xy  (1  +  y'2)  -  (xy'  +  y)2  =  0.  [Moioxo.] 
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2*.  The  equation  H(x,  y}  =  0,  obtained  by  eliminating  y'  between  the  two 
relations  F(x,  y,  y')  —  0,  dF/dx  +  cF/cyy'  =  0,  represents  the  locus  of  the 
points  of  inflection  of  the  integral  curves. 

Deduce  from  this  the  theorem  of  §  72,  in  regard  to  the  locus  of  the  cusps  of 
the  integral  curves,  by  means  of  a  transformation  of  reciprocal  polars. 

[DARBOUX,  Bulletin  des  Sciences  matJiematiques,  Vol.  IV,  1873.] 

3.  Determine  the  singular  integrals  of  the  system  of  differential  equations 

y  =  xy'  +  y'2  +  z',        z—  z'x  +  y'z'.  [SERRET.] 

4.  Determine  whether  the  differential  equation  of  the  second  order, 


has  singular  integrals,  and  find  any  that  exist.  [LAGRANGE.] 

[Replace  this  equation  by  a  system  of  two  equations  of  the  first  order.] 

5*.  Given  a  differential  equation  of  the  second  order, 

**(*,  y,  y',  y"}  =  o, 

by  eliminating  y"  between  this  equation  and  the  relation  3F/cy"  =  0  we  obtain 
a  differential  equation  of  the  first  order  P(x,  ?/,  y'}  =  0,  whose  integrals  have 
in  general  the  following  property  :  Through  each  point  M  of  one  of  these  inte 
gral  curves  C  there  passes  an  integral  curve  of  the  equation  F  =  0,  which  has  a 
cusp  of  the  second  kind  at  3/,  and  whose  cuspidal  tangent  is  the  tangent  to  the 
curve  C  at  this  point.  [American  Journal  of  Mathematics,  Vol.  XI,  p.  364.] 

6.  Establish  the  properties  of  &  by  starting  with  the  general  -integral  of  the 
differential  equation  dx/x  +  dy/y  =  0,  written  in  the  algebraic  form  xy  =  C. 

Consider  the  same  question  for  the  function  tanx,  finding  first  the  general 
integral  in  algebraic  form  of  the  differential  equation 

dx  dy 


l  +  x2      1  + 

7*.  Let  y'  =  R(x,  ?/),  where  R(x,  y)  is  a  rational  function  of  y  whose  coeffi 
cients  are  analytic  functions  of  jc,  be  a  differential  equation  of  the  first  order 
having  a  general  integral  of  the  form 


(1)  o  »       =  F(x     }=c 

- 


Prove  that  this  equation  can  be  reduced  to  a  Riccati  equation  by  a  substitution 
of  the  form  u  =  J?1(x,  y),  where  El  is  a  rational  function  of  y.         [PAINLEVK.] 

Note.  It  will  be  noticed  that  the  equation  (1)  can  be  written  in  the  form 

y»  +  [^(z)  +  B1(aOM]y"-1  +  '  '  '  +  [A-ifc)  +  3,-i(*)*]y  +  u  =  0, 
where  u  —  (0B  —  C^n)/(00  —  Cty0),  and  that  u  satisfies  a  Riccati  equation,  while 
the  functions  .4,-,  B{  are  known. 

8.  If  we  seek  to  determine  the  function  f(a)  so  that  the  envelope  of  the 
straight  lines  x  cos  a  +  y  sin  a  =  f(a)  shall  be  a  given  curve  C,  we  are  led  to 
a  differential  equation  whose  general  integral  is  represented  by  the  straight 
lines  which  pass  through  a  fixed  point  of  C.  The  true  solution  is  furnished  by 
the  singular  integral. 


CHAPTER  V 
PARTIAL  DIFFERENTIAL  EQUATIONS  OF  THE  FIRST  ORDER 

This  chapter  is  devoted  to  the  theory  of  partial  differential  equa 
tions  of  the  first  order.  We  shall  consider  for  the  most  part  the 
reduction  of  the  integration  of  an  equation  of  this  type  to  that  of  a 
system  of  ordinary  differential  equations.  Although  this  reduction  is 
not,  in  many  cases,  of  any  practical  utility,  it  nevertheless  possesses 
great  theoretical  interest,  for  it  enables  us  to  determine  just  how 
difficult  the  problem  is.  Although  not  all  the  arguments  require 
that  the  integrals  considered  shall  be  analytic,  we  shall  restrict  our 
selves  to  that  case  unless  the  contrary  is  particularly  stated. 

I.   LINEAR  EQUATIONS  OF  THE  FIRST  ORDER 

75.  General  method.  We  have  already  seen  that  the  integration 
of  the  homogeneous  equation 


where  Xv  X^  -  -  •  ,  Xn  are  functions  of  xv  x2,  •  •  •,  xn,  and  the  integra 
tion  of  the  system  of  differential  equations 


dx1  _dx2_          _  dxn 


are  equivalent  problems  (§  31).  If  fv  /2,  •  •  •,  fn_l  are  (n  —  1)  inde 
pendent  first  integrals  of  the  system  (2),  the  general  integral  of  the 
equation  (1)  is  an  arbitrary  function, 

*(/!,/*  -••,/»-!), 

of  these  (n  —  1)  integrals. 

We  can  obtain  the  integral  satisfying  the  Cauchy  condition  as 
follows  :  Suppose  that  the  coefficients  X{  are  analytic  in  the  neighbor 
hood  of  a  particular  system  of  values  aj,  x%,  •  •  •,  orj,  and  that  the  first 
coefficient  (X^)Q  does  not  vanish  at  that  point.  Solving  equation  (1) 
with  respect  to  df/dxl9  we  can  apply  to  it  the  general  theorem  of 
§  25.  Hence  there  exists  an  analytic  integral  in  the  neighborhood 
mentioned,  which  reduces,  for  xl  =  #°,  to  a  given  analytic  function 

214 
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<f>(x.2,  a-3,  •  •  -,  xn)  of  the  (n  —  1)  variables  #2,  xz,  •  •  •,  xn.  In  order 
to  obtain  this  integral,  let  us  write  the  system  (2)  in  the  form 

dx2      X2  dxn  _  Xn 

dx~=='xi9  "'         'dx~l~~Xl' 

where  the  right-hand  sides  are  analytic  in  the  neighborhood  of  the 
point  (x0l}  x%,  •  •  •,  arj).  There  exists  a  system  of  analytic  integrals 
reducing  to  given  values  Ca,  Cg,  •  •  •,  Cn  for  xl  —  x\,  provided  that 
each  of  the  absolute  values  |  Ct  —  x°f  \  is  less  than  a  certain  limit,  and 
these  integrals  are  analytic  functions  of  xl  and  of  the  parameters  C2, 
C3,  •  .  •,  Cn  (§  26),  which  are  represented  by  developments  of  the  form 

(4)  Xi  =  Ct-  +  (x,  -  *!)  P.-  fo,  C2,  C8,  -  •  •  ,  Cn).     (i  =  2,  3,  -  .  •  ,  n) 
Solving  these  (n  —  1)  equations  for  the  C/s,  we  obtain  a  system  of 
(n  —  1)   first   integrals    of   the  equations   (2),  represented  by   the 
developments 

(5)  Cf  =  x(  +  (x,  -  a-5)  Qi  (xlf  x.2,  •  •  •  ,  xn\     (i  =  2,  3,  .  .  .  ,  ») 
where  the  Q/s  are  analytic  functions.    It  is  clear  that  the  function 
<£(C2,  C8,  •  ••,  Cn)  of  these  (/i  —  1)  first  integrals  is  analytic  in  the 
neighborhood  of  the  point  (a;{,  •••,«£)  and  reduces  to  <£  (x2,  xs,  •  •  -,  xn) 
for  ^  =  0:5. 

Let  us  now  consider  any  linear  equation 


where  P^  Pa,  •  •  -,  Pn,  ^  may  depend  both  upon  the  independent 
variables  xlt  x2,  •  •  -,  o*n  and  upon  the  dependent  variable  z.  We 
shall  reduce  this  equation  to  the  form  (1)  by  means  of  a  device 
very  often  used  in  the  study  of  partial  differential  equations. 
Instead  of  trying  to  find  the  unknown  function  z  directly,  we  shall 
try  to  define  it  by  means  of  an  equation  not  solved  for  z, 

(7)  V(z,  x^Xtf  -  •  -,£„)=  0, 

where  the  function  V  of  the  (n  •+•  1)  variables  z,  xl9  rea,  •  •  •,  xn  is 
now  the  unknown  function.  From  this  relation  we  derive,  by 
differentiation, 

dV      dV  dz  aF,^F^_A. 

*0  I  --  O         ^          -    ^>  **">  Q  '00  -    ^5 

dxl      dz  dxl  dxn       dz  dxn 

and,  replacing  dz/dxv  •  •  •,  dz/dxn  by  the  values  derived  from  the 
preceding  relations,  the  equation  (6)  becomes 
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The  new  equation  is  of  the  form  (1),  and  its  integration  is  equiva 
lent  to  that  of  the  system 

dx1==dx2==dxji  =  dz_m 

hence  we  may  state  the  following  proposition : 

If  uv  u2,  •  -  •,  un  are  n  independent  first  integrals  of  the  system  (9), 
every  function  z  of  the  n  variables  x^  #2,  •  •  •,  xnj  defined  by  a  relation 
of  the  form 

where  &  indicates  an   arbitrary  function   of  u^  u2,  •  •  •,   un)  is  an 
integral  of  the  equation  (6). 

We  cannot  conclude  from  this  that  we  obtain  all  the  integrals  of 
the  equation  (6)  in  this  way.  In  fact,  in  order  that  the  implicit 
function  defined  by  the  relation  (7)  be  an  integral,  it  is  not  neces 
sary  that  we  have  identically  F(  V)  =  0 ;  it  is  sufficient  that  the 
equation  F(  V)  =  0  be  a  consequence  of  the  equation  V  =  0.  If,  for 
example,  we  take  for  V  an  integral  of  an  equation  of  the  form 
F(V)  =  KV,  where  K  indicates  a  constant  different  from  zero,  the  re 
lation  V  ==  0  still  defines  an  integral  of  the  equation  (6).  It  is  quite 
in  order,  therefore,  to  determine  whether  or  not  the  relation  (10) 
gives  all  the  integrals  of  the  given  equation.  In  order  to  prove 
that  this  is  really  the  case,  with  certain  exceptions  which  we  shall 
state,  let  us  suppose  that  in  the  n  functions  uv  u2,  •••,?*„  we  replace 
z  by  an  integral  of  the  equation  (6).  The  resulting  expressions  are 
n  functions  Uv  U^  -  -  .,  Un  of  the  n  variables  xv  a?2,  •  •  •,  xn.  If  we 
prove  that  the  Jacobian  of  these  n  functions  is  identically  zero,  it 
will  follow  that  we  have  a  relation  of  the  form 


and  consequently  that  the  integral  considered  satisfies  a  relation  of 
the  form  (10)  in  which  the  function  <£  is  replaced  by  ^.  This  Jaco 
bian  is  of  the  form 


A  = 


du^  du-L  dul 

dz  dxn  dz 

du.,  du. 
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Noting  that  certain  determinants  in  the  development  of  A  have  two 
columns  identical  and  therefore  vanish,  we  may  write 


A  = 
-    ~ 


-,  XH) 


But,  since  uv  u2,  -  -  -,  un  are  w  first  integrals  of  the  system  (9),  we 
have 


hence,  by  the  theory  of  linear  homogeneous  equations,  we  have 

7?  J-* 

D(ult  u.2,  -  -  .,  un)       _  D(UU  u-2,  '  '  ',  un) 
D(xv  x2,  •  .  .,  xn)        D(xv  .  .  -,  *,._!,  z,  xi  +  l,  •  -  -,  xn) 
(i  =1,2,.*.,  n) 

where  M  is  a  function  of  xlt  x2,  •  •  •,  xn,  z  which  we  can  always  cal 
culate  when  we  know  the  first  integrals  uv  w2,  •  •  •,  un.  Substituting 
in  (11)  the  values  of  the  determinants  deduced  from  (12),  we  find 

(12')  J/A  =  R  -  PlPl  -  PA  -----  PnPn. 

If  z  is  an  integral  of  the  equation  (6),  the  right-hand  side  is  zero; 
hence  this  integral  satisfies  either  the  condition  A  =  0  or  else  M  =  0. 
In  the  first  case,  as  we  have  just  shown,  this  integral  is  defined  by 
a  relation  of  the  form  (10).  As  for  the  relation  M  =  0,  it  can  define 
only  one  or  more  completely  determined  implicit  functions.  Hence, 
except  for  certain  exceptional  integrals  which  do  not  depend  upon 
any  arbitrary  constant,  all  the  integrals  of  the  equation  (6)  satisfy  a 
relation  of  the  form  (10).  We  shall  hereafter  say  that  the  relation  (10) 
represents  the  general  integral  of  the  equation  (6). 

To  see  if  an  integral  can  satisfy  the  relation  31  =  0,  let  us  consider  any  point 
of  that  integral,  (x},  x%,  •  •  -,  arj,  z0),  and  let  us  suppose  that  all  the  coefficients 
Pj,  P2,  •  •  •,  Pn,  E  are  analytic  in  the  neighborhood  of  this  system  of  values 
without  being  all  zero  simultaneously  for  zt-  =  sr?,  z  =  z0.  Let  us  assume,  for 
example,  that  Pl  is  not  zero  for  this  system  of  values.  We  can  then  solve  the 
equation  (8)  for  dV/Sx^  and,  by  Cauchy's  theorems  (§  25),  we  can  take  for  u^ 
M2,  .—,un  functions  analytic  in  the  neighborhood  of  this  system  of  values.  Now 
one  of  the  equations  (12)  can  be  written  in  the  form 


_  p    _ 


Since  the  determinant  on  the  right  is  analytic,  and  since  Pl  is  not  zero  for 
z,  =  x^,  z  =  z0,  it  follows  that  this  system  of  values  cannot  make  M  zero.   Since 
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the  point  (x$,  •  •  •  ,  x£,  z0)  is  any  point  of  the  integral,  we  see  that  there  cannot 
exist  integrals  satisfying  the  relation  M  =  0  except  in  the  two  following  cases  : 

1)  There  exists  a  function  F(xx,  x2,  •••,  xn,  z)  such  that  every  system  of 
values  of  the  variables  X;,  z  that  makes  the  function  V  vanish,  also  causes  Px, 
P2,  -  •  •,  Pn,  and  E  to  vanish.    All  these  coefficients  are  therefore  divisible  by 
the  same  factor,  and  it  is  clear  that  by  equating  this  factor  to  zero  we  obtain 
an  integral.   This  trivial  case  is  of  slight  interest. 

2)  The  reasoning  would  again  be  faulty  if  the  integral  defined  by  the  rela 
tion  V  =  0  were  such  that,  in  the  neighborhood  of  every  system  of  values 
satisfying  that  relation,  some  of  the  coefficients  P^,  R  ceased  to  be  analytic. 
This  case  can  actually  occur,  as  we  shall  show  presently. 

76.  Geometric  interpretation.  The  preceding  general  method  is 
susceptible  of  a  simple  geometric  interpretation  in  the  case  of  an 
equation  in  three  variables,  which  we  shall  write  in  the  customary 
notation, 

(13)  Pp  +  tto  =  R,         p  =  £,          ?  =  g, 

where  P,  Q,  R  are  functions  of  the  three  variables  x,  y,  z.  Let  S  be 
any  integral  surface.  Since  the  equation  of  the  plane  tangent  to  this 
surface  is 


the  relation  (13)  expresses  the  fact  that  this  tangent  plane  passes 
through  the  straight  line  D  represented  by  the  equations 

(14) 

Hence  the  problem  of  the  integration  of  the  equation  (13)  may  be 
stated  in  geometric  language  as  follows  : 

To  each  point  M  of  space,  whose  coordinates  are  (x,  y,  z),  there 
corresponds  a  straight  line  D  through  that  point,  represented  by  the 
equations  (14).  A  surface  S  is  to  be  determined  so  that  the  tangent 
plane  at  each  of  its  points  passes  through  the  straight  line  associated 
with  that  point. 

The  surfaces  possessing  this  property  constitute  the  general  inte 
gral  of  the  linear  equation  (13).  The  three  functions  P,  Q,  R  deter 
mine  the  law  according  to  which  the  straight  line  D  moves  when  the 
point  M  changes  its  position.  These  three  functions  are  usually 
analytic  functions  of  x,  y,  z,  but  it  is  sufficient  for  the  argument 
that  they  satisfy  the  conditions  stated  in  our  previous  study  of 
differential  equations  (§§  27  ff.). 
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The  preceding  statement  leads  us  to  seek  the  curves  T  which  are 
in  each  of  their  points  tangent  to  the  corresponding  straight  line  D. 
We  shall  call  these  the  characteristic  curves.  We  shall  first  show 
that  every  integral  surface  is  generated  by  characteristic  curves. 
Consider,  in  fact,  such  a  surface  S.  In  each  point  M  of  that  surface 
the  corresponding  straight  line  D  lies  in  the  tangent  plane.  We  can 
therefore  propose  to  determine  the  curves  on  that  surface  which  are 
tangent  at  each  of  their  points  to  the  corresponding  straight  line  D. 
These  curves  may  be  obtained  by  the  integration  of  a  differential 
equation  of  the  first  order  (§  17).  Through  each  point  of  S  there 
passes  in  general  one  and  only  one  curve,  possessing  this  property, 
which  lies  entirely  on  the  surface.  It  is  clear  that  these  curves  are 
characteristic  curves,  which  proves  the  proposition. 

The  converse  is  almost  self-evident.  If  a  surface  is  a  locus  of 
characteristic  curves,  the  tangent  plane  at  any  one  of  its  points  con 
tains  the  tangent  to  the  characteristic  curve  lying  upon  the  surface 
and  passing  through  that  point  —  that  is,  the  straight  line  D.  The 
given  problem  is  therefore  reduced  to  the  determination  of  the 
characteristic  curves. 

The  differential  equations  of  these  curves,  by  their  very  definition, 
are  of  the  form 

(15)  dx  =  dy  =  dzf 
P         Q        R 

Through  each  point  of  space  there  passes,  therefore,  in  general  one  and 
only  one  characteristic  curve  tangent  to  the  corresponding  straight 
line  D.  Suppose  that  we  have  integrated  these  equations  (15). 
Let  u  and  v  be  two  independent  first  integrals  of  this  system. 
The  general  integral  is  represented  by  the  equations 

(16)  u  (x,  y,  z)  =  a,         v  (x,  y,  z]  ==  b, 

where  a  and  b  are  two  arbitrary  constants.  The  characteristic  curves, 
which  depend  upon  two  parameters,  therefore  form  a  congruence.  In 
order  to  obtain  a  surface  generated  by  the  curves  of  this  congruence, 
we  must  establish  between  the  two  parameters  a  and  b  an  arbitrary 
relation,  say  <£  (a,  b)  =  0,  and  the  corresponding  integral  surface  will 
have  for  its  equation  <f>  (u,  v)  =  0.  This  is  exactly  the  result  to  which 
the  general  method  of  the  preceding  paragraph  would  lead  us,  for  u 
and  v  are  here  two  independent  integrals  of  the  equation 


ex          cy          cz 
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Example  1.    Consider  the  equation  px  +  qy  =  mz.   The  differential  equations 
of  the  characteristic  curves, 

dx  _  dy  _  dz 
x  ~  y  ~  mz  ' 

have  the  two  first  integrals  y/x  =  a,  z/xm  ==  6,  and  the  general  equation  of  the 
integral  surfaces  is  z  =  xmf(y/x).  If  m  =  1,  the  characteristic  curves  are  straight 
lines  passing  through  the  origin,  and  the  integral  surfaces  are  cones  having  their 
vertices  at  the  origin.  If  m  =  0,  the  characteristic  curves  are  straight  lines  par 
allel  to  the  zy-plane  and  meeting  the  z-axis.  The  integral  surfaces  are  conoids. 
Example  2.  Consider  the  equation  py  —  qx  +  a  =  0.  The  differential  equa 
tions  of  the  characteristic  curves, 

dx  _  dy  _  dz 

y  ~  —  x  ~  —  a' 

give  the  two  integrable  combinations 


and  the  characteristic  curves  are  represented  by  the  equations 

x2  +  y2  =  Cj,         z  —  a  arc  tan  -  =  C2. 

X 

These  are  helices  with  the  pitch  2  rra  lying  upon  cylinders  of  revolution  hav 
ing  Oz  for  axis,  and  the  general  integral  is  represented  by  helicoids  (the  axes  of 
coordinates  being  supposed  rectangular).  In  the  particular  case  where  a  =  0, 
the  characteristic  curves  are  circles  having  their  centers  on  the  z-axis  and  their 
planes  parallel  to  the  zy-plane.  The  integral  surfaces  are  surfaces  of  revolution 
about  the  z-axis. 

Example  3.    Orthogonal  trajectories.   Let 

(17)  F(x,  y,  z)  =  C 

be  the  equation  of  a  family  of  surfaces  S  which  depend  upon  an  arbitrary 
parameter  C  in  such  a  way  that  through  every  point  of  space  (or  at  least  of  a 
portion  of  space)  there  passes  one  and  only  one  of  these  surfaces.  Let  us  con 
sider  the  problem  of  finding  another  surface  S,  represented  by  the  equation 

z  =  0  (x,  y), 

which  cuts  orthogonally  at  each  of  its  points  the  surface  S  through  that  point. 
Since  the  direction  cosines  of  the  normals  to  the  two  surfaces  are  respectively 
proportional  to  dF/8x,  dF/dy,  dF/dz  for  S,  and  top,  q,  —  1  for  S,  the  condition 
of  orthogonality  leads  to  the  linear  equation 

>£<-f- 

The  characteristic  curves,  whose  differential  equations  are 

(19)  dx==djL  =  dz_ 

dF      dF      dF 
dx       dy       dz 

are  the  curves  tangent  at  each  of  their  points  to  the  normal  to  the  surface  S 
through  that  point. 
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Suppose,  for  example,  that  we  have  -F(x,  y,  z)  =  zf(x,  y),  where /(z,  y)  is  a 
homogeneous  function  of  the  rath  degree.  The  differential  equations  of  the  char 
acteristic  curves  are  here 

ax  _  ay  _  z  dz 

7x=7y~^T' 

By  Euler's  relation,  we  have  the  integrable  combination 
x  dx  +  y  dy  —  mz  dz  =  0, 

from  which  we  derive  the  first  integral  x2  +  y2  —  mz2  =  a.  On  the  other  hand, 
dy/dx  is  a  homogeneous  function  of  degree  zero  in  the  variables  z,  y.  Hence 
we  can  obtain  a  new  first  integral  by  a  quadrature  (§  3). 

Example  4.  It  is  sometimes  possible  to  determine  the  characteristic  curves 
without  any  calculation,  merely  from  their  geometric  definition.  Let  it  be  re 
quired,  for  example,  to  determine  the  surfaces  S  such  that  the  tangent  plane  at 
any  point  3f  of  one  of  these  surfaces  meets  a  fixed  straight  line  A  in  a  point  T, 
equally  distant  from  the  point  M  and  from  a  fixed  point  O  on  the  straight  line  A. 

Let  M  be  a  point  in  space ;  there  exists  on  the  straight  line  A  one  and  only 
one  point  T  such  that  TO  =  TJf,  and  this  point  is  the  intersection  of  A  with 
the  plane  perpendicular  to  the  segment  Olf  at  its  middle  point.  Let  JD  be  the 
straight  line  through  the  two  points  3f  and  T.  The  tangent  plane  to  every  sur 
face  satisfying  the  given  condition  and  passing  through  the  point  3f  therefore 
contains  this  straight  line  JD.  Consequently  these  surfaces  are  obtained  by  the 
integration  of  a  linear  equation.  Since  the  tangents  to  the  characteristic  curves 
all  meet  the  straight  line  A,  these  curves  are  plane  curves,  lying  in  planes  pass 
ing  through  A.  The  characteristic  curves  lying  in  one  of  these  planes  are  the 
integral  curves  of  a  differential  equation  of  the  first  order,  and  it  is  easy  to  see, 
from  their  definition,  that  they  are  circles  tangent  to  the  straight  line  A  at  0. 
The  required  surfaces  are  therefore  generated  by  the  circles  tangent  at  0  to  the 
straight  line  A. 

We  can  dispose  of  the  arbitrary  function  <j>(u,  v)  in  such  a  way 
that  the  integral  surface  passes  through  a  given  curve  F;  we  shall 
obtain  that  surface  by  taking  the  locus  of  the  characteristic  curves 
passing  through  the  different  points  of  the  given  curve.  If  F  is 
represented  by  the  system  of  two  equations 

(20)  *(a;,y,«)=0,         ^(a,  y,  «)=  0, 

the  whole  question  reduces  to  finding  the  relation  which  must  hold 
between  the  parameters  a  and  b  in  order  that  a  characteristic  curve 
shall  meet  the  curve  F.  It  is  clear  that  that  relation  may  be  found 
by  eliminating  x,  ?/,  z  between  the  equations  (20)  and  the  equations 
u  =  a,  v  =  b  of  the  characteristic  curve.  The  problem  has  only  one 
solution,  unless  the  curve  F  is  itself  a  characteristic  curve.  In  this 
singular  case  it  suffices,  in  order  to  obtain  an  integral  surface  pass 
ing  through  F,  to  consider  the  surface  generated  by  a  family  of 
characteristic  curves  which  depend  upon  an  arbitrary  parameter,  and 
of  which  the  curve  F  is  a  member. 


222  PARTIAL  DIFFERENTIAL  EQUATIONS  [V,  §  77 

77.  Congruences  of  characteristic  curves.  To  every  linear  equation 
of  the  form  (13)  there  corresponds  a  congruence  of  characteristic  curves 
formed  by  the  characteristic  curves  of  that  equation.  Conversely, 
every  congruence  of  curves,  that  is,  every  family  of  curves  depending 
upon  two  arbitrary  parameters  a  and  5,  is  the  congruence  of  charac 
teristic  curves  for  an  equation  of  the  form  (13).*  Suppose,  in  fact, 
that  the  equations  which  define  that  congruence  are  solved  for  the 
two  parameters  a  and  b  : 


Every  surface  S  generated  by  the  curves  of  this  congruence,  associated 
according  to  an  arbitrary  law,  is  represented  by  an  equation  of  the 
form  v  =  ir(u).  Taking  the  partial  derivatives  with  respect  to  x 
and  to  y,  we  find 

dv      dv  s  /du      du    \  dv  ,  dv 

^-  +  -^-p  =  JrWl'aT  +  -5-  P  '          o-  -HaT 
ox       oz  '\cx       cz     J  vy       cz 

The  elimination  of  TT'(%)  leads  to  a  linear  equation 


s  ,  .  /du  ,  du    \ 

+  -^-p  =  JrWl'aT  +  -5-  P  '          o-  -HaT?  =  ""Wl  aT'TarS 

'  \cy       oz    J 


for  which  the  given  congruence  is  evidently  the  congruence  of 
characteristic  curves. 

Let  us  now  consider  the  general  case  of  a  congruence  defined  by 
two  equations  of  any  form  whatever, 

(21)  U(x,  y,  z,  a,  b)  =  0,          V(x,  y,  z,  a,  b)  =  0. 

If  we  set  up  an  arbitrary  relation  <£  (a,  b)  =  0  between  the  two 
parameters  a  and  b,  we  shall  have  the  equation  of  a  surface  S  gener 
ated  by  the  curves  F  of  the  congruence  by  eliminating  a  and  b  from 
the  equations  (21)  and  the  relation  <£  —  0.  All  these  surfaces  again 
satisfy,  whatever  may  be  the  function  <f>,  the  same  partial  differen 
tial  equation  of  the  first  order.  To  obtain  this  equation  we  may 
proceed  as  follows  :  The  three  equations 

(22)  U  =  0,          V  =  0,         <j>(a,b)  =  0 

define  three  implicit  functions  2,  a,  b  of  the  independent  variables 
x  and  ?/,  and  the  last  contains  only  a  and  b.  Hence  we  have 


g#  We  suppose,  in  addition,  that  through  any  point  of  space  (or  of  a  portion  of  space) 
g.     ,passes  one  of  these  curves,  which  would  not  happen  if  they  were  all  situated 
'-he  same  surface. 
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On  the  other  hand,  if  we  differentiate  the  first  two  of  the  equa 
tions  (22)  with  respect  to  x  and  to  y,  we  can  derive  from  the  result 
ing  relations  expressions  for  da/dx,  db/dx,  da/dy,  db/dy  in  terms  of 
x,  y,  z,  p}  q,  a,  b,  and,  by  replacing  these  derivatives  in  the  determi 
nant  (23)  by  their  values,  we  obtain  a  new  relation, 


We  need  only  eliminate  a  and  b  from  this  relation  and  the  two  rela 
tions  (21)  in  order  to  obtain  an  equation  containing  only  a*,  y,  z,  p,  q, 

(24)  F(x,  y,z,p,q)  =  V, 

which  applies  to  all  the  surfaces  generated  by  the  curves  of  the 
congruence.  It  is  easy  to  show,  from  the  very  way  in  which  this 
equation  has  been  obtained,  that  it  breaks  up  into  a  system  of  linear 
equations  in  p  and  q.  The  same  fact  results  from  its  meaning.  Let 
us  suppose,  for  defmiteness,  that  through  a  point  M  of  space  there 
pass  m  curves  of  the  congruence,  and  let  Dv  Z>2,  •  •  •,  Dm  be  the  m 
tangents  to  these  curves  at  the  point  M.  Every  surface  through  the 
point  M  generated  by  the  curves  of  the  congruence  must  contain 
one  of  the  m  curves  of  this  congruence  which  pass  through  J/; 
hence  the  tangent  plane  at  the  point  M  must  pass  through  one  of 
the  straight  lines  Dv  D2,  -  -  •,  Dm.  Let  Pi}  Q,-,  R{  be  proportional 
to  the  direction  cosines  of  the  straight  line  Z>{.  Every  surface  gen 
erated  by  the  curves  of  the  congruence  must  therefore  satisfy  one 
of  the  m  equations, 

(25)  E,  =  PiP  +  Q#  -  R{  =  0,         (£  =  1,  2,  .  .  .,  m) 

and  the  left-hand  side  of  the  equation  (24)  is  identical,  except  for  a 
factor  independent  of  p  and  of  q,  with  the  product  of  the  m  linear 
factors  EV  E^  •  •  •,  Em.  It  should  be  noticed  also  that  it  would  be 
impossible,  in  general,  to  separate  these  m  factors  analytically. 

Similarly,  certain  problems  of  geometry  may  lead  to  partial  differ 
ential  equations  of  the  first  order  which  decompose  into  a  product  of 
linear  factors.  Let  us  consider  again,  for  example,  the  problem  of 
the  orthogonal  trajectories  to  a  family  of  surfaces  whose  equation 
F(x,  y,  z,  C)  =  0  is  of  degree  m  in  the  arbitrary  parameter  C.  r  'o 
obtain  the  partial  differential  equation  of  orthogonal  surfaces,  \  e 
must  again  eliminate  C  between  the  relation  F  =  0  and  the  c^nditi  n 

dF          dF      dF 

p  -5-  +  ?  o  --  ^~==0- 

2    dx  oy        cz 

Through  a  point  M  of  space  there  pass,  by  hypothesis,  m 
of  the  given  family.    Let  Dv  D^  •  •  -,  Dm  be  the  normals  to  t1 
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surfaces.  The  tangent  plane  to  an  orthogonal  surface  through  M 
must  contain  one  of  these  straight  lines.  Hence  the  partial  differen 
tial  equation  decomposes  into  a  system  of  m  equations  which  are 
linear  in  p  and  q. 

Conversely,  given  any  equation  of  this  type,  to  each  point  of 
space  there  correspond  m  straight  lines  DV  D2,  -  •  .,  Dm,  and  the 
plane  tangent  to  any  integral  surface  contains  one  of  these  straight 
lines.  If  we  give  the  name  characteristic  curve  to  every  curve  which, 
at  each  of  its  points,  is  tangent  to  one  of  the  corresponding  m  straight 
lines,  the  reasoning  employed  above  shows  again  that  every  integral 
surface  is  a  locus  of  characteristic  curves.  To  obtain  the  differential 
equations  of  these  curves,  we  are  not  compelled  to  carry  out  the 
decomposition  of  the  left-hand  side  of  the  equation  into  linear 
factors.  Indeed,  expressing  the  fact  that  the  left-hand  side  is  divisi 
ble  by  the  factor  Pp  -\-Qq-  R,  we  obtain  equations  of  condition 
homogeneous  in  P,  Q,  II,  which  furnish  m  systems  of  values  for  the 
ratios  of  these  coefficients  for  each  point  (x,  ?/,  z).  Replacing  P,  Q, 
R  in  these  conditions  by  the  proportional  quantities  dx,  d?j,  dz,  we 
obtain  the  differential  equations  of  the  characteristic  curves,  and 
the  integration  of  the  partial  differential  equation  is  reduced  to  the 
integration  of  a  system  of  ordinary  differential  equations. 

The  preceding  theory  explains  very  simply  how  a  linear  equation  may  have 
integrals  which  are  not  included  in  the  general  integral.  Consider  a  partial 
differential  equation  of  the  form 

(26)  F(z,  i/,  z,p,  ?)  =  <), 

whose  left-hand  side  is  the  product  of  a  certain  number  of  linear  factors  in  p 
and  q  that  are  not  analytically  distinct,  and  let 


(27, 

\  '  dx '  dx/  \  '      "'  dte '  dx 

be  the  differential  equations  of  the  characteristic  curves  of  this  system.  The 
curves  which  represent  the  general  integral  of  this  system  form  a  congruence, 
which  is  the  congruence  of  the  characteristic  curves  of  the  equation  (26),  and 
thie  general  integral  is  represented  by  the  surfaces  generated  by  the  curves  of 
ti,is  congruence  associated  according  to  an  arbitrary  law.  But  it  may  happen 
t1  at  the  equations  (27)  have  singular  integrals.  This  will  happen  if  the  con- 
(  uence  of  the  characteristic  curves  has  a  focal  surface  (S).  Then  through  each 
I  nnt  of  this  surface  there  passes  a  curve  of  the  congruence  of  characteristics 
ta  >gent  to  this  surface.  The  plane  tangent  to  (S)  contains,  therefore,  one  of 
tht  straight  lines  A  relative  to  the  point  of  contact,  and  consequently  (2)  is 
an  itegral  surface  of  the  equation  (26).  Moreover,  it  is  not  a  member,  at  least 

g~  neral,  of  the  surfaces  which  represent  the  general  integral ;  that  is,  it  is  a 

g-.  lar  integral  surface. 


I 
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Consider,  for  example,  the  equation 

(28)  p  (x2  -  z2)  +  q  (xy  ±  z  Vx2  +  ?/2-  z2)  =  0, 

which  in  reality  is  equivalent  to  two  linear  equations.    "We  can  write  the 
differential  equations  of  the  characteristic  curves  in  the  form 


dx 

The  integration  is  immediate,  and  the  congruence  of  characteristic  curves  is 
formed  by  the  straight  lines 


which  are  parallel  to  the  xy-plane  and  tangent  to  the  cone  x2  +  y2  =  z2.  The 
general  integral  is  represented  by  the  conoid  surfaces  generated  by  these  straight 
lines,  and  there  is  a  singular  integral,  the  cone  itself. 

The  coefficient  of  q  in  the  equation  (28)  is  not  analytic  in  the  neighborhood 
of  any  point  (x0,  T/O,  z0)  of  this  cone,  which  confirms  a  previous  remark  (§  75). 

II.    TOTAL  DIFFERENTIAL  EQUATIONS 

78.  The  equation  dz  =  Adx  +  Bdy.  The  existence  of  integrals  of  a 
completely  integrable  system  of  total  differential  equations  was  estab 
lished  in  §  24.  The  integration  of  such  a  system  reduces  to  the 
integration  of  several  systems  of  ordinary  differential  equations 
with  a  single  independent  variable.  The  method,  which  we  shall 
develop  only  in  the  simplest  case,  is  extensible  to  the  general  case. 

Let  the  equation  be 

(29)  dz  =  A  (x,  y,  z)  dx  +  £  (x,  y,  z)  dy, 

where  z  is  an  unknown  function  of  the  two  independent  variables  x 
and  y.  This  equation  is  equivalent  to  two  distinct  relations 

d  z  d  z 

/Q0\  -__  —  A  fr    11    *A  —  —  7?  (T    11    v\ 

\  *-*" )  o     —  ^*  v^j  aft  '* Ji  o     —  •"  \*^j  '/)  **}• 

dx  dy 

Every  integral  common  to  these  two  equations  satisfies  also  the  two 
new  equations 

L.    ,    I       T>  „„_    .  f       I  _      A 

dxdy       dy        dz  dydx       dx        dz 

and  consequently  the  relation 


. 

cy        cz  ox        dz 

If  this  relation  does  not  reduce  to  an  identity,  there  can  be  no  in 
tegrals  of  the  given  equation  (29),  except  possibly  one  or  more  of  the 
implicit  functions  denned  by  the  equation  (31).  Hence  in  this  case 
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we  can  always  determine  by  substitution  whether  the  equations  (30) 
have  a  common  integral.  On  the  other  hand,  in  order  that  these 
equations  may  have  an  infinite  number  of  integrals  depending  upon 
an  arbitrary  constant,  the  relation  (31)  must  be  satisfied  identically. 
If  it  is,  the  equation  (29)  is  said  to  be  completely  integrable. 

In  order  to  obtain  all  its  integrals,  let  us  first  disregard  the  second 
of  the  equations  (30),  and  consider  only  the  first.  If  we  regard  y 
as  a  parameter,  this  equation  is  a  differential  equation  of  the  first 
order  between  the  independent  variable  x  and  the  dependent  vari 
able  z  ;  hence  it  has  an  infinite  number  of  integrals  z  =  <£  (x,  ?/,  C) 
that  depend  upon  an  arbitrary  constant  C.  We  may  replace  this 
constant  C  by  any  function  u  (y)  of  the  variable  y,  since  the  expres 
sion  for  dz/dx  remains  the  same  when  we  replace  C  by  a  function 
of  y.  The  solution  of  the  problem  therefore  depends  upon  the  deter 
mination  of  this  function  u  (?/)  in  such  a  way  that  the  derivative  of 
the  function  z  =  <f>[x,  y,  u(y)~\  with  respect  to  y  shall  be  equal  to 
B(x,  y,  <f>).  This  leads  to  the  equation 


or 

du 


dy 


du 


We  shall  show  that  the  right-hand  side  of  this  equation  depends 
only  upon  the  variables  y  and  u.  It  is  sufficient  to  show  that  the 
derivative  with  respect  to  x  is  identically  zero,  that  is,  that  we  have 


(         )  Q       1     ~  '       3   i      C5  O       O~  )   "        I  •"  V^>    y)    *P )  O 

du\cx       d<j>  Ox       dxdy/       [  ^J       dy J 

From  the  very  manner  in  which  the  function  <j>(x}  y,  u)  has  been 
obtained,  we  have  the  relation 

which  is  satisfied  for  all  values  of  x,  y}  and  u.    It  follows  that  we 
may  write 

$2<£        d A      dA  d<j> 
dx  dy       dy        d<j>  dy 

dxdu      d<f>  du 
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Keplacing  d<f>/cx,  ff^/dxdy,  d2<f>/dudx  by  the  preceding  values,  the 
relation  to  be  verified  reduces  to  the  form 


The  second  factor  is  identically  zero  by  the  condition  of  integra- 
bility  (31).  The  equation  (32)  is  therefore  of  the  form 

(35)  •£  =  *•<*«>• 

Let  u  =  \f/(y,  C)  be  the  general  integral  of  this  equation,  where  C  is 
a  constant  independent  both  of  x  and  of  y.  Then  if  we  replace  u  by 
i/r(y,  C)  in  the  function  <£(#,  ?/,  u),  we  obtain  the  general  integral  of 
the  completely  integrable  equation  (29),  and  we  see  that  the  integra 
tion  of  this  equation  reduces  to  the  successive  integrations  of  two 
ordinary  differential  equations  (34)  and  (35). 

Example.  Consider  the  total  differential  equation 

(36)  - 


1  +  xy  l  +  xy 

which  is  equivalent  to  the  system 

Sz      1  +  yz          dz      x(z  —  x) 


(36') 


ex      l  +  xy          dy 


The  condition  of  integrability  is  verified,  and  the  first  of  the  equations  (360, 
which  is  linear  in  z  and  dz/dx,  has  for  its  general  integral 


where  u(y)  is  an  arbitrary  function  of  y.  Substituting  this  value  of  z  in  the 
second  of  the  equations  (36'),  it  becomes  du/dy  +  l/y2  =  0,  whence  we  derive 
u  (y)  =  l/y  +  C.  Hence  the  general  integral  of  the  equation  (36)  is 

.      (37)  z  =  x+C(l  +  *y), 

where  C  indicates  an  arbitrary  constant. 

The  preceding  problem  can  also  be  interpreted  geometrically. 
In  order  to  simplify  the  statement,  we  shall  again  call  an  integral 
surface  any  surface  represented  by  an  equation  z  =/(#,  y),  where 
the  function  /(«,  y)  is  an  integral  of  the  equation  (29).  The  two 
conditions  (30),  or 

p  =  A(x,  y,  *),         q  =  B(x,  y,  z), 
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express  the  fact  that  the  tangent  plane  to  the  integral  surface  S  at 
a  point  (x,  ?/,  z)  of  that  surface  coincides  with  the  plane  P  whose 
equation  is 

(38)  Z-z=A(X-x)  +  B(Y-y), 

so  that  the  problem  of  the  integration  of  the  equation  (29)  is 
equivalent  to  the  following  geometric  problem : 

To  each  point  of  space  (x,  y,  z)  there  corresponds  a  plane  P  through 
that  point,  which  is  represented  by  the  equation  (38).  It  is  required 
to  find  the  surfaces  S  whose  tangent  plane  at  each  point  (x,  y,  z)  is  the 
plane  P  associated  ivith  that  point. 

The  proposition  is  analogous  to  that  of  §  76.  But  in  the  present 
case  the  problem  does  not  always  have  a  solution.  If  the  condition 
of  integrability  (31)  is  satisfied,  there  exists,  in  general,  one  and 
only  one  integral  of  the  equation  (29)  which  takes  on  a  given  value 
ZQ  when  x  and  y  take  on  given  values  XQ  and  yQ.  Through  every 
point  in  space  there  passes,  therefore,  in  general,  one  and  only  one 
integral  surface. 

Let  us  consider,  for  example,  a  family  of  skew  curves  F  which 
depend  upon  two  arbitrary  parameters  a  and  b,  and  which  are  rep 
resented  by  a  system  of  two  equations 

(39)  u  (x,  y,  z)=a,         v  (x,  y,  z)=b 

such  that  through  every  point  of  space  (or  of  a  region  of  space) 
there  passes  one  and  only  one  curve  of  this  family.  There  does  not 
always  exist  a  family  of  surfaces  S  which  has  these  curves  F  for 
orthogonal  trajectories.  In  fact,  the  tangent  plane  to  the  surface  S 
passing  through  a  point  would  have  to  coincide  with  the  normal 
plane  to  the  curve  F  passing  through  the  same  point.  We  are  there 
fore  led  to  a  particular  case  of  the  preceding  problem,  which  proves 
that  the  curves  of  an  arbitrarily  assigned  congruence  of  curves  are 
not,  in  general,  the  orthogonal  trajectories  of  any  family  of  surfaces. 
The  plane  tangent  to  the  surface  S  through  the  point  (x,  y,  z)  must 
be  perpendicular  to  the  planes  tangent  to  the  two  surfaces  (39) 
which  pass  through  the  tangent  to  the  curve  F.  Hence  we  have,  in 
rectangular  coordinates,  the  two  conditions 

du         du         8u  dv         dv         dv       _ 

~z~P  +  a~~  y  ~~  ~o~~  =  0>          ~^~P  +  ~s~  <1  ~  "3"  —  0- 
cx^       dy  2       dz  dx          dy          dz 

From  these  equations  the  values  of  p  and  q  are  found  to  be 
p=A(x,y,z\          q~B (x,  y,  z), 
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and  the  condition  (31)  must  be  satisfied  identically  in  order  that  the 
problem  have  a  solution. 

Let  us  take,  for  example,  the  family  of  curves 
X=aZ,         Y=bZ, 

where  X  is  a  function  of  x  alone,  and  Y  and  Z  are  respectively  functions  of  y 
alone  and  of  z  alone.  The  preceding  method  gives  the  following  values  for  p 
and  5, 

XT.'  YZ' 

P=-JTZ'      q  =  -lrz' 

and  the  total  differential  equation  can  be  written  in  the  form 
Zdz      Xdx      Ydy 


It  is  clear  that  this  equation  is  completely  integrable,  and  the  general  integral 
is  obtained  by  quadratures 


79.  Mayer's  method.  The  preceding  method  requires  two  successive  integra 
tions.  "We  can  replace  these  two  integrations  by  a  single  integration,  as  follows : 
Let  us  suppose,  for  definiteness,  that  the  coefficients  A  (x,  y,  z)  and  B(x,  ?/,  z) 
are  analytic  in  the  neighborhood  of  the  point  (x0,  ?/0,  z0).  Then  there  exists  one 
and  only  one  integral  surface  S0  through  the  point  (x0,  ?/0,  z0)  if  the  condition  (31) 
is  satisfied.  Mayer's  method  for  obtaining  this  surface  reduces  to  determin 
ing  first  the  sections  cut  from  that  surface  by  the  planes  parallel  to  the  z-axis 
through  the  point  (x0,  ?/0,  z0).  Let  F  be  the  intersection  of  SQ  with  the  plane 

(40)  y-yQ  =  m  (x  -  x0), 

where  m  has  any  given  value.  Along  this  curve  F  we  have  dy  =  mdx,  and,  replac 
ing  y  anddy  in  the  equation  (29)  by  the  preceding  values,  we  obtain  the  relation 

(41)  dz  =  {A  [x,  y0  +m(x-  x0),  z]  +  mB  [x,  yQ  +  m  (x  -  x0),  z] }  dx, 

which  is  also  satisfied  along  the  whole  length  of  the  curve  F.  Now  this  is  a 
relation  containing  only  the  two  variables  x  and  z  ;  that  is,  it  is  a  differential 
equation  of  the  first  order,  the  integration  of  which  determines  the  curve  F.  Let 

(42)  z  =  0(x;  x0,  y0,  z0,  m) 

be  the  integral  of  this  equation  which  reduces  to  z0  for  x  =  x0.  The  curve  F  is 
represented  by  the  two  equations  (40)  and  (42).  Since  the  required  surface  S0 
is  the  locus  of  the  curves  F  as  the  parameter  m  varies,  the  equation  of  this  sur 
face  is  obtained  by  eliminating  m  from  the  equations  (40)  and  (42).  To  accom 
plish  this  it  is  sufficient  to  replace  m  in  the  equation  (42)  by  (y  —  y0)/(x  —  x0). 
This  method  presents  an  evident  analogy  with  the  one  which  has  been  indicated 
for  the  integration  of  the  total  differentials  P(x,  y)dx  +  Q(x,  y)dy  (I,  §  152). 
We  might  generalize  it  still  further  by  replacing  the  planes  parallel  to  the 
z-axis  by  cylinders  passing  through  a  given  point  (x0,  y0,  z0)  and  having  their 
generators  parallel  to  Oz. 
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For  example,  let  us  again  take  the  equation  (36),  and  let  us  suppose  x0  =  y0  =  0. 
Substituting  y  =  mx,  dy  =  mdx,  that  equation  becomes 

dz  _    2  mxz        1  —  mx2 
dx  ~  1  +  rax2      1  +  mx2 

This  is  a  linear  equation  which  is  readily  integrated,  and  the  integral  which  re 
duces  to  z0  for  x  =  0  has  the  form 


Hence  the  surface  S0  has  the  equation  z  =  x  +  z0(l  +  xy),  which  is  the  result 
obtained  by  the  first  method. 

80.  The  equation  Pdx  -f  Qdy  +  Rdz  =  0.  The  problem  of  the  inte 
gration  of  a  total  differential  equation  can  be  put  in  a  more  general 
and  more  symmetrical  form.  Let  P(x,  y,  z),  Q(x,  y,  z),  R(x,  ?/,  z)  be 
three  functions  of  the  variables  x,  y,  z.  To  integrate  the  equation 

(43)         P(x,  y,  z)dx  +  Q(OJ,  y,  z)dy  +  R(x,  y,  z)dz  =  0 

is  to  find  a  relation  F(x9  y,  z)  =  0  between  x,  y,  z  such  that  these 
three  variables  and  their  differentials  dx,  dy,  dz  satisfy  the  given  rela 
tion.  If  the  function  F  contains  the  variable  z,  we  may  regard  x  and 
y  in  it  as  two  independent  variables  and  z  as  a  function  of  these  two 
variables,  and  we  see  that  that  function  must  satisfy  the  equation 

d*~~"Rdx~~Hdy.' 

which  is  of  the  form  (29).  Replacing  A  by  —  P/R  and  B  by  —  Q/R, 
and  carrying  out  the  differentiations,  the  condition  of  integrability  (31) 
becomes 


(44) 

\fa       dy 

This  condition  remains  the  same  when  we  permute  x,  y,  z  and  P,  Q,  R 
circularly.  Hence  we  should  have  obtained  the  same  relation  if,  in 
stead  of  regarding  z  as  the  dependent  variable,  we  had  taken  one  of 
the  variables  x  or  y  for  the  unknown  dependent  variable.  The  prob 
lem  of  the  integration  of  the  equation  (43),  therefore,  does  not  differ 
essentially  from  the  problem  already  treated  ;  but  when  we  write 
a  total  differential  equation  in  this  way,  it  is  not  necessary  to 
specify  which  of  the  variables  have  been  chosen  as  the  independent 
variables. 

The  condition  (44)  arises  in  a  question  which  is  closely  connected 
with  the  preceding.    Given  an  expression 

P(x,  y)dx  -f  Q(x,  y)dy, 
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we  have  seen  (§§  12,  26)  that  there  always  exist  an  infinite  number 
of  factors  /*(#,  y)  such  that  the  product  i^(Pdx  -+-  Qdy)  is  the  total 
differential  of  a  function  of  the  two  variables  x  and  y.  When  we 
pass  from  two  to  three  variables,  this  does  not  remain  true  in  general. 
Let  us  consider,  in  fact,  three  functions,  P,  Q,  R,  of  the  variables 
x,  y,  z.  In  order  that  the  product  ^(Pdx  -f  Qdy  +  Rdz)  be  an  exact 
differential,  the  factor  fi(x,  y,  z)  must  satisfy  the  three  conditions 


dy  dx 

If  we  add  these  three  equations,  after  having  multiplied  them  by 
P,  Q,  R  respectively,  and  then  divide  by  /*,  we  find  again  the  con 
dition  of  integrability  (44).  This  condition  is  therefore  necessary 
in  order  that  the  trinomial  Pdx  -f-  Qdy  -f-  Rdz  have  an  integrating 
factor.  It  is  also  sufficient.  For  if  it  is  satisfied,  the  equation  (43) 
is  completely  integrable.  Let 

(45)  F(x,y,z)=C 

be  the  general  integral  of  this  equation.  The  values  of  dz/dx  and  of 
dz/dy  derived  from  the  equation  (45)  must  be  identical  with  the 
values  —  P/R  and  —  Q/R  obtained  from  the  equation  (43),  since  we 
can  choose  the  arbitrary  constant  C  so  that  the  integral  surface 
passes  through  any  point  of  space.  For  this  we  must  have 

v'       ~f?'       ff 

x  y  .       ~  z  __ 

P  ~  Q  ~  R  ~  ^ 
or 

dF=/Ji  (Pdx  +  Qdy  +  Rdz). 

The  factor  /*,  which  is  equal  to  the  common  value  of  the  preceding 
ratios,  is  therefore  an  integrating  factor.  Eepeating  the  reasoning 
of  §  12,  we  see,  in  a  similar  manner,  that  there  are  in  this  case  an 
infinite  number  of  integrating  factors,  which  are  of  the  form  fjLTr(F), 
where  TT  is  an  arbitrary  function. 

The  condition  of  integrability  (44)  is  invariant  with  respect  to  every  change 
of  variables.    Consider,  in  fact,  a  transformation  defined  by  the  equations 

(46)  x  =/(u,  v,  w),        y  =  $  (u,  v,  w),        z  =  t  (u,  v,  w), 

where  the  Jacobian  of  the  functions/,  0,  ^  with  respect  to  w,  v,  w  is  not  identi 
cally  zero.  This  transformation  carries  the  trinomial  Pdx  +  Qdy  +  Rdz  into  an 
expression  of  the  same  form,  P^du  +  Q^dv  +  R^w,  where  P1?  Q1?  Rl  are  func 
tions  of  w,  v,  w.  If  now  the  relation  (44)  is  satisfied,  the  analogous  relation 


(47)         P, /?£  _?«lU  «,  (£5 - 

Hew      »•/       \»« 
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is  also  satisfied  identically.  We  might  verify  this  by  a  direct  calculation 
(I,  Chap.  Ill,  Ex.  19,  2d  ed.  ;  I,  Chap.  II,  Ex.  19,  1st  ed.),  but  it  also  results 
from  the  meaning  of  the  condition.  In  fact,  if  the  relation  (44)  is  satisfied, 
there  exist  two  functions  /*(x,  y,  z)  and  -F(x,  y,  z)  such  that 

H  (Pdx  +  Qdy  +  Rdz)  =  dF. 

If  we  carry  out  the  change  of  variables  defined  by  the  equations  (46),  the 
functions  u.  and  F  change  into  two  functions  /t1(w,  v,  w),  F^(u,  v,  w)  of  the  new 
variables,  and  we  have  identically  dF  —  dF:.  Hence  the  preceding  identity 
becomes 

l  du  +  Ql  dv  +  #!  dw)  =  dF^ 


and  the  trinomial  Pl  du  +  Qx  dv  +  Rl  dw  has  an  integrating  factor.   This  shows 
that  P15  Q1?  R!  satisfy  also  the  relation  (47). 

This  remark  enables  us  to  present  the  method  of  integration  of  §  78  under  a 
more  general  form.  For  let  us  suppose  that  the  trinomial  Pdx  +  Qdy  +  Rdz  has 
been  converted  by  a  transformation  into  a  binomial  of  the  form  P1du  +  Qldv, 
containing  now  only  two  differentials  du  and  dv.  In  the  relation  (47)  we  must 
suppose  R1  =  0,  and  that  relation  reduces  to 


which  shows  that  the  ratio  of  the  two  coefficients  Pl  and  Qx  is  independent  of 
iv.  The  integration  of  the  given  total  differential  equation  is  therefore  reduced 
to  the  integration  of  an  equation  of  the  form  dv  +  TT  (w,  v)  du  =  0,  that  is,  to  an 
ordinary  differential  equation. 

Every  trinomial  Pdx  +  Qdy  +  Rdz  can  be  reduced  to  a  binomial  Pldu+  Q^dv 
in  an  infinite  number  of  ways.  For  example,  we  can  proceed  as  follows  :  "We 
determine  first  two  functions,  /*(x,  y,  z)  and  F(x,  y,  z),  such  that,  whatever  dx 
and  dy  may  be, 

fi  F  fiF 

°  A*  [P(«,  y,  z)dx  +  Q(x,  y,  z}dy]. 


This  amounts  in  reality  to  integrating  the  differential  equation  Pdx  +  Qdy  =  0, 
regarding  z  as  a  parameter.  Again,  we  may  write  the  preceding  equation  in 
the  form 

dF+  LR  -  —\dz  =  fji(Pdx  +  Qdy  +  Rdz). 

Then  if  we  select  a  new  system  of  independent  variables,  of  which  -F(x,  y,  z) 
and  z  are  two,  we  see  that  Pdx  +  Qdy  +  Rdz  is  actually  replaced  by  an  expres 
sion  in  which  there  appear  only  the  two  differentials  dF  and  dz.  This  procedure 
can  be  varied  in  many  ways.  It  is  clear,  for  example,  that  we  can  begin  by 
integrating  either  of  the  two  equations 

Qdy  +  Rdz  =  0,         Pdx  +  Rdz  =  0  ; 

this  last  method  is  in  reality  identical  with  the  method  of  §  78. 

We  can  also  connect  with  the  preceding  remark  an  elegant  method  due  to 
Joseph  Bertrand.    Assuming  that  the  equation  (43)  is  completely  integrable, 
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let  us  begin  by  integrating  the  linear  partial  differential  equation 

\  dz       dy/cx      \  ex        cz  J  cy      \  cy       ex  /  cz 

Let  u  and  v  be  two  independent  integrals  of  this  equation.   If  between  the  two 
relations 

and  the  condition  of  integrability  (44)  we  eliminate  the  three  differences 

dQ_d_R          ^_^          ^_^ 
dz        dy  '          dx        dz'          dy       dx ' 


we  obtain  the  equality 


ex       cz 

cu  du  cu 

ex  cy  dz 

dv  dv  dv 

dx  dy  dz 

P  Q  R 


=  0. 


There  exist,  therefore,  two  functions  X  and  /*  for  which  we  have 

i 


.du        dv 

=  \—  +  /*  — » 

dz         dz 


ex         ex  cy         cy 

and  we  can  write  the  given  equation  in  the  form 

\du  +  fjLdv  =  0. 

Now  we  have  seen  that  the  ratio  \//j.  can  depend  only  upon  the  variables  u  and 
v  ;  hence  this  equation  is  a  differential  equation  in  u  and  v. 

This  method  appears  to  be  more  complicated  than  the  preceding,  since  the 
integration  of  the  equation  (48)  requires  first  the  integration  of  a  system  of  two 
differential  equations  of  the  first  order.  But  it  is  more  symmetric,  and  it  may 
be  preferable  if  the  given  equation  is  itself  symmetric  in  x,  T/,  and  z. 

Consider,  for  example,  the  equation 


2  +  zx  +  xz)dy  +  (x2  +  xy  +  y2}dz  =  0. 
The  condition  (44)  is  satisfied,  and  the  linear  equation  (48)  is  here 


The  corresponding  system  of  differential  equations, 

-.  dx  dy          dz 

z  —  y      x  —  z      y  —  x 

gives  easily  the  two  integrable  combinations 

d(x  +  y  +  z)  =  0,        xdx  +  ydy  +  zdz  -  0. 

Hence  we  may  take 

u  =  x  +  y  +  z,        v  =  x2  +  y2  +  z2, 

and  the  values  of  the  factors  X  and  /u.  derived  from  the  equations  (49)  are 

u2  +  v  x  +  y  +  z          u 


X  = 


z2  +  xy  +  yz  +  zx  = 
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The  transformed  equation  in  u  and  v  is  therefore 

or 

udv  —  vdu       ,/v 

du  = =  dl- 

\u 

It  follows  that  the  general  integral  is  u  —  v/u  =  C,  or,  returning  to  the  vari- 
ables  *.  V»  z'  xy  +  yz  +  zx 


x  +  y  +  z 


=  C. 


81.  The  parenthesis  (i/,  v)  and  the  bracket  [z/,  i;].  Any  total  differ 
ential  equation  is  really  equivalent  to  two  simultaneous  equations 

p  =  A(x,  y,  z),          q  =  B(x,  y,  z). 
Let  us  now  consider  any  two  equations, 

(50)  F  (x,  y,  z,  p,  0)  =  0,          $  (x,  y,  z,  p,  q)  =  0, 

in  the  two  independent  variables  x  and  y,  the  unknown  dependent 
function  «,  and  its  two  partial  derivatives  p  and  q. 

If  we  can  solve  these  two  equations  for  p  and  q,  we  obtain  two 
equations,  p  =  f(x,  y,  z),  q  =  <£  (a;,  y,  z),  of  a  form  which  has  already 
been  studied,  and  it  will  be  possible  to  determine  whether  these  two 
relations  are  compatible.  But  we  can  determine  whether  the  condi 
tion  of  integrability  is  satisfied  without  first  solving  the  equations 
(50)  for  p  and  q.  We  have  only  to  apply  the  rules  for  the  calcula 
tion  of  the  derivatives  of  implicit  functions.  Let  us  consider,  in  fact, 
the  relations  (50)  as  defining  two  implicit  functions,  j?  =  f(x,  y,  z), 
q  =  </>  (x,  y,  z),  of  the  three  independent  variables  x,  y,  z.  Differen 
tiating  with  respect  to  x,  we  find 


^  _0  ,  =,0 

dx       dp  dx       dq  dx  dx       dp  dx       dq  dx 

and  consequently 

D(F,S)  dq      D(F,*)  = 

D(p,q)  dx^~  D(p,x) 
Similarly,  we  have 


D(p,  q) 


D(p,q)   dz        D(p,z) 

Substituting  the  values  of  9p/dy,  dp/dz,  dq/dx}  dq/dz  in  the  con 
dition  of  integrability 

dp      dp         dq      dq 

"o  —  1~  "o~  9  ==  75  —  I"  T~  Pt 
dy       dz  *       dx       dz^' 
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that  condition  becomes,  after  development, 


d$/dF         dF\       d<b/dF         d F\  _ 
"Q I  "5      r  p  ~5     I        o I  ~       r  q  ~TT~  I  —  v. 
Op  \cx  oz  I        Oq  \(/y  Cz  I 

In  general,  if  u  and  v  are  any  functions  of  x}  y,  z}  p,  q,  we  shall  set 

—  =  ^- -h^^-j  ~7~  =  5~  +  2  a~  » 

ace      (to          0*  dy      %         02 

_  du  dv      dv  du      du  dv      dv  du 
-^       dp  dx      dp  dx       dq  dy      dq  dy ' 

and  we  shall  call  the  expression  [w,  v~\  a  bracket.    The  preceding 
condition  can  then  be  written  in  an  abridged  form, 

(51)  [F,  <D]  =  0. 

In  order  that  the  two  equations  (50)  shall  form  a  completely  inte 
grable  system,  it  must  first  be  possible  to  solve  them  for  p  and  q ; 
that  is,  it  must  not  be  possible  to  derive  from  them  a  relation 
between  x,  y,  z  independent  of  p  and  of  q ;  and,  further,  the  con 
dition  [F,  <£]  =  0  must  be  a  consequence  of  the  two  relations  (50). 
If  the  bracket  [F,  <E>]  is  identically  zero,  the  two  equations  F  =  a, 
3>  =  b  form  a  completely  integrable  system  for  any  values  of  the 
constants  a  and  b.  If  the  relation  [F,  $>]  =  0  is  a  consequence  of  the 
single  equation  F  =  0,  independently  of  the  second  equation  $  =  0, 
the  two  equations  F  =  0,  $  =  b  form  a  completely  integrable  system 
for  any  value  of  the  constant  b. 

If  the  two  functions  F  and  3>  do  not  contain  z,  the  expression  for 
the  bracket  [F,  <£]  is  simplified.  The  following  expression,  where  u 
and  v  are  any  functions  of  x,  y,  p,  q, 

du  dv      dv  du      du  dv      dv  du 
cp  dx       dp  dx       dq  dy       dq  dy 

is  called  the  parenthesis  (u,  v).   The  condition  that  the  two  equations 


be  compatible  is,  by  what  precedes,  that  the  equation 

(F,  *)  =  0 

shall   be  satisfied,   either  identically  or  as  a  consequence  of  the 
relations  F  =  0  and  <I>  =  0  themselves. 
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III.   EQUATIONS  OF  THE  FIRST  ORDER  IN  THREE 
VARIABLES 

82.  Complete  integrals.  We  shall  now  consider  the  integration  of 
a  partial  differential  equation  of  the  first  order,  of  any  form  what 
ever  but  with  only  two  independent  variables,  and  we  shall  first 
present  some  very  important  results  obtained  by  Lagrange.  Let 

(52)  F(x,yt*,p,q)  =  Q 

be  the  given  equation.  The  fundamental  result  obtained  by  Lagrange 
is  the  following :  If  we  know  a  family  of  integrals  which  depend 
upon  two  arbitrary  parameters,  we  can  derive  all  the  other  integrals 
from  them  by  differentiations  and  eliminations.  Let 

(53)  V(x,  y,  z,  a,b)  =  Q 

be  a  relation  which  contains  two  arbitrary  constants  a  and  b,  and 
which  defines  an  integral  of  the  equation  (52)  for  any  values  of 
those  constants.  The  values  of  the  partial  derivatives  p  and  q  of 
that  integral  are  given  by  the  equations 

dV         dV  dV         dV 

(54)  ^-+^^-  =  0,         L!L  +  g".L«a, 

dx       ~    dz  dy  dz 

By  hypothesis,  the  function  z  always  satisfies  the  equation  (52)  for 
any  values  of  a  and  b ;  hence  the  elimination  of  the  two  parame 
ters  a  and  b  from  the  three  relations  (53)  and  (54)  will  lead  to  the 
equation  (52)  and  to  that  one  only* 

We  shall  now  show  that  this  equation  (52)  expresses  the  neces 
sary  and  sufficient  condition  that  the  three  equations  (53)  and  (54) 
be  satisfied  by  a  system  of  three  functions  z,  a,  b  of  the  two  varia 
bles  x  and  y,  where  p  and  q  denote  the  partial  derivatives  of  z  with 
respect  to  x  and  y  respectively.  When  this  has  been  proved,  it  will 
be  evident  that  the  problem  of  integrating  the  single  equation  (52) 
is  equivalent  to  the  following  problem :  To  find  three  functions  z,  a, 
b  of  the  two  independent  variables  x  and  y  which  satisfy  the  three 
equations  (53)  and  (54). 

If  z  =  f1(x,  ?/),  a  =  /2(cc,  y),  b  =  f2(x,  y)  form  a  system  of  solutions 
of  these  three  equations,  the  function  f^x,  y)  also  satisfies  the 
equation  (52),  which  is  a  consequence  of  these  three  relations. 

*  In  fact,  if  the  elimination  of  a  and  b  led  to  another  relation  4>  (z,  y,  z,  p,  q)  =  0 
different  from  F=Q,  the  two  simultaneous  equations  F=Q,  <i>  =  0  would  have  a  com 
mon  integral  V=0  depending  upon  two  arbitrary  parameters  a  and  b,  which  is 
impossible  (§  78).  The  given  integral  would  therefore  depend  in  reality  upon  only  a 
single  parameter. 
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Conversely,  if  ^(a*,  y)  is  an  integral  of  the  equation  (52),  the 
three  equations  (53)  and  (54)  are  consistent  when  we  replace  z, 
by  f^(x,  y),  and  p  and  q  by  the  partial  derivatives  of  f^x,  y).  Hence 
we  can  derive  from  them  as  values  for  a  and  b  two  other  functions 
a=M*>  y\  b=Mx>  y)»  which  form  with  f^x,  y)  a  system  of 
solutions  of  the  equations  (53)  and  (54). 

The  new  problem,  although  apparently  more  complicated  than  the 
original,  is  easily  solved.  In  fact,  if  we  differentiate  the  relation 
(53)  with  respect  to  x  and  to  y,  regarding  now  «,  a,  b  as  unknown 
functions  of  x  and  y,  the  relations  obtained  reduce,  by  (54),  to  the 
two  equations 


_n  _0 

fa  dx  +  ~db  dx  "     '          da  dy  +  cb  dy  ~    ' 

and  the  system  formed  by  the  equations  (53)  and  (55)  is  equivalent 
to  the  system  formed  by  the  equations  (53)  and  (54). 

We  see  at  once  that  this  system  is  satisfied  by  taking  for  the  un 
known  functions  a  and  b  any  two  constants.  This  gives  as  the  value 
of  z  the  integral  already  known,  which  Lagrange  called  the  complete 
integral.  In  order  to  treat  the  problem  in  a  general  way,  let  us 
observe  that  the  equations  (55)  are  linear  and  homogeneous  in 
d  V/da,  d  V/db.  Hence  the  three  equations  (53)  and  (55)  are  satisfied 
if  we  set 


If  these  three  equations  are  consistent,  they  define  three  functions 
2,  a,  b  of  the  two  variables  x  and  y.  This  gives  an  integral  z  =  f^x,  y) 
of  the  equation  (52)  which  does  not  depend  upon  any  arbitrary 
parameter,  and  which  is  commonly  called  the  singular  integral. 

If  dV/da  and  dV/db  are  not  zero  simultaneously,  the  equations 
(55)  give 

^o  =  0' 

which  proves  that  there  exists  between  the  functions  a  and  b  at  least 
one  relation  independent  of  x  and  of  y.  If  there  exist  two  relations 
of  that  kind,  a  and  b  reduce  to  constants,  which  gives  again  the  com 
plete  integral.  If  there  exists  only  one  relation  between  a  and  b,  at 
least  one  of  the  functions  a  and  b  does  not  reduce  to  a  constant. 
Assuming  that  a  is  not  constant,  we  can  write  the  relation  between 
a  and  b  in  the  form 

(57)  b  =  <j>(a), 
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and  the  two  equations  (55)  become 

|«r|E+g:     i        M|r+<^,(,,j  o. 

dx  L  da        dft  \  dy  L  da        db      ^  } 

Since  a  is  not  a  constant  by  hypothesis,  these  two  relations  reduce 
to  a  single  relation,  and  the  three  equations 

?>V       dV 
(58)     V(x,y,z,a,b)=0,         I  =  *(«),         ^  +  JL  ,£'(„.)  =0 

define  a  new  system  of  solutions  of  the  equations  (53)  and  (54).  In 
particular,  the  function  z  =  fl(x,  y)  defined  by  (58)  is  an  integral  of 
the  given  equation  (52).  It  is  evident  that  this  integral  depends  upon 
the  arbitrary  function  </>  («).  We  shall  call  it  the  general  integral. 

In  order  to  obtain  the  relation  between  x,  y,  z,  the  arbitrary 
parameter  a  must  be  eliminated  from  the  two  equations 

(58')       V[_x,  y,  »,  a,  *(,»)]  =  0,  +  —     *'(«)  =  0. 


Tliis  elimination  can  be  made  only  after  the  function  <£(a)  has  been 
chosen,  but  the  equations  (58')  always  enable  us  to  express  two  of 
the  coordinates  of  a  point  of  an  integral  surface  as  functions  of  a 
third  coordinate  and  of  a  parameter  a. 

The  preceding  method  is  related  in  a  very  simple  way  to  the 
theory  of  the  surface  envelopes.  Consider,  in  fact,  the  family  of  sur 
faces  S  which  represent  the  complete  integral  (53)  and  which  depend 
upon  two  constants  a  and  ft.  If  we  choose  an  arbitrary  relation  of 
the  form  ft  =  <£  (a)  between  the  two  parameters  a  and  ft,  we  obtain  a 
family  of  surfaces  which  depend  upon  only  one  parameter  a,  and  the 
envelope  of  this  family  of  surfaces  is  obtained  precisely  by  eliminat 
ing  a  from  the  two  equations  (58f).  The  process  by  which  we  deduce 
the  general  integral  from  the  complete  integral  consists,  therefore,  in 
taking  the  envelope  of  a  one-parameter  family  of  complete  integrals 
obtained  by  choosing  an  arbitrary  relation  between  the  two  param 
eters  a  and  ft.  Similarly,  the  singular  integral  is  obtained  by  taking 
the  envelope  of  all  the  complete  integrals,  as  the  two  parameters  a 
and  ft  vary  independently  *  (I,  §  212,  2d  ed.;  §  220,  1st  ed.). 


*  We  have  seen  above  (§  71)  that  all  considerations  founded  on  the  theory  of 
envelopes  in  the  study  of  differential  equations  are  quite  troublesome.  All  the  diffi 
culties  pointed  out  in  the  study  of  the  singular  solutions  of  an  ordinary  differential 
equation  of  the  first  order  arise  again  for  partial  differential  equations  of  the  first 
order.  The  final  conclusion  is  just  as  before:  a  partial  differential  equation  of  the 
first  order,  given  a  priori,  does  not  normally  have  any  singular  integrals.  This 
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It  would  seem  from  what  precedes  that  we  ought  to  distinguish 
three  categories  of  integrals  :  the  complete  integral,  the  general  inte 
gral,  and  the  singular  integral.  But  Lagrange's  theory  itself  shows 
that  there  exist  an  infinite  number  of  complete  integrals.  Indeed, 
if  we  establish  between  the  two  parameters  a  and  b  a  relation  of  a 
definite  form  b  =  7r(a,  a',  b'),  containing  two  constants  a'  and  b',  the 
corresponding  general  integral  will  depend  upon  these  two  constants 
a'j  b',  and  may  be  considered  as  a  new  complete  integral.  The 
original  complete  integral  will  now  be  included  in  the  general  inte 
gral,  and  will  correspond  to  the  relation  b  =  7r(a,  a',  b')  established 
between  the  two  parameters  a'  and  b1.  There  is,  therefore,  no  essential 
distinction  between  the  general  integral  and  the  complete  integral.  On 
the  contrary,  the  singular  integral,  as  can  be  seen  from  its  geometric 
meaning,  does  not  depend  upon  the  choice  of  the  complete  integral. 

Example  1.  Consider  the  generalized  Clairaut's  equation 


It  is  easily  seen  that  it  has  a  complete  integral  of  the  form 
z  =  ax  4-  by  +/('*,  b). 

This  complete  integral  is  represented  by  a  family  of  planes  which  de 
pend  upon  two  arbitrary  parameters  a  and  b.  These  planes  envelop 
a  non-developable  surface  2,  which  is  the  singular  integral  surface  of 
the  given  equation.  In  order  to  obtain  the  general  integral,  we  must 
choose  an  arbitrary  relation  between  a  and  b,  say  b  =  <£(«),  and  we 
must  find  the  envelope  of  the  planes  thus  obtained.  This  envelope, 
which  is  represented  by  the  two  equations 

z  =  ax  +  y$  («)  +  /[«,  <£(«)],       x  +  y*'(«)  +        +  *'(«)=  0, 


is  a  developable  surface  tangent  to  the  surface  2  all  along  a  curve  F. 
It  is  evident  that  we  can  choose  the  arbitrary  function  <£(«)  in  such 
a  way  that  the  curve  of  contact  T  shall  be  any  preassigned  curve  on  2. 
Example  2.  Consider  the  equation 


of  which  a  complete  integral  is 

z  =  ax  +f(a)y  +  b. 


conclusion  does  not  contradict  the  reasoning  of  the  text,  for  we  have  assumed  that 
we  can  apply  the  theory  of  implicit  functions  to  the  system  of  three  equations  (56), 
and  the  conclusions  are  correct  only  when  that  condition  is  satisfied.  (See  the  paper 
by  Darboux,  Sur  les  solutions  singulieres  des  equations  aux  derivees  partielles  du 
premier  ordre  (Memoires  des  Savants  etrangers,  Vol.  XXVII).) 
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This  equation  represents  a  plane,  and  the  general  integral,  which  is 
given  by  the  system  of  two  equations 

(59)      z  =  ax  +  yf(a)  +  <f>  (a),          0  =  x  +  yf(a)  +  <j>'(a), 

is  represented  by  developable  surfaces,  which  can  be  defined  geomet 
rically  in  a  very  simple  way.  Draw  through  a  fixed  point  of  space 
(for  example,  the  origin)  the  planes  parallel  to  the  planes  which  form 
the  complete  integral ;  these  planes  depend  only  upon  the  parameter 
a,  and  consequently  envelop  a  cone  (T)  whose  vertex  is  at  the  origin. 
It  follows  that  the  edge  of  regression  of  the  developable  surface  (59) 
has  its  osculating  plane  constantly  parallel  to  a  tangent  plane  of  the 
cone  (T).  Hence  the  generators  of  this  surface  are  parallel  to  the  gen 
erators  of  the  cone  just  mentioned  (I,  §  227,  2d  ed.;  §  224,  1st  ed.). 

The  equations  (56),  which  determine  the  singular  integral,  are  in 
this  case  inconsistent,  for  the  last  reduces  to  1  —  0.  There  is  there 
fore  no  singular  integral. 

Example  3.  Consider  a  family  of  spheres  with  a  given  radius  R, 
whose  centers  remain  in  a  fixed  plane.  These  spheres  depend  upon 
two  arbitrary  parameters,  and  if  we  take  a  system  of  rectangular 
axes  with  the  fixed  plane  for  the  ajy-plane,  they  are  represented  by 
the  equation 


The  corresponding  partial  differential  equation  is  obtained  by  elimi 
nating  a  and  b  from  this  equation  and  the  following  two, 

x  —  a  +  p%  =  0,         y  —  b  +  qz  =  0, 
which  gives  the  equation 


Geometrically  this  equation  expresses  the  fact  that  the  portion  of 
the  normal  included  between  any  point  of  the  surface  and  the  xy- 
plane  is  constant  and  equal  to  R.  The  general  integral  is  a  tubular 
surface,  the  envelope  of  a  sphere  of  radius  R  whose  center  describes 
an  arbitrary  curve  in  the  a-y-plane.  There  is  a  singular  integral 
surface  formed  by  the  two  planes  z  =  ±  R.  It  is  evident  that  these 
two  planes  are  tangent  to  all  the  other  integral  surfaces. 

83.  Lagrange  and  Charpit's  method.    To  sum  up  the  preceding,  in 
order  to  determine  all  the  integrals  of  an  equation  of  the  first  order, 

(60)  F(*,  y,  *,  P,  q)  =  o, 

it  is  sufficient  to  know  a  complete  integral,  that  is,  an  integral  depend 
ing  upon  two  arbitrary  constants,  In  order  to  determine  a  complete 
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integral,  let  us  suppose  that,  by  any  means  whatever,  we  have 
obtained  another  function  ®(x,  y,  z,p,  q)  such  that  the  two  equations 

(61)  F  =  0,  <!>  =  a 

can  be  solved  for  p  and  q,  and  form  a  completely  integrable  system, 
for  any  value  of  the  constant  a.  If  this  is  the  case,  then  by  solving 
the  two  preceding  equations  for  p  and  q,  and  substituting  these 
values  of  p  and  q  in  the  equation  dz  =pdx  +  qdy,  we  obtain  a  com 
pletely  integrable  total  differential  equation 

(62)  dz  =  f(x,  y,  z,  a)dx  +  <t>  (x,  y,  z,  a)  dy. 

The  integration  of  this  equation  introduces  a  new  arbitrary  constant 
by  and  in  this  way  we  obtain  an  integral  of  the  given  equation  which 
depends  upon  the  two  arbitrary  constants  a  and  b. 

Lagrange  and  Charpit's  method  of  integration  consists  precisely 
in  adjoining  to  the  equation  F=  0  another  equation  3>  =  a  such  that 
the  system  (61)  formed  by  these  two  equations  is  completely  inte 
grable.  For  this  it  is  necessary  and  sufficient  (§  81)  that  [F,  <J>]  =  0, 
that  is,  that 


where,  for  brevity,  we  have  set 

cF  dF  cF  dF  dF 

x  =  —>    r=Tr-,    ^=o-»    P  =  T->    Q  =  -a-- 

ox  cy  cz  Cp  cq 

The  auxiliary  function  $  (x,  y,  z,  p,  q)  must  therefore  satisfy  a  linear 
partial  differential  equation  in  five  independent  variables.  The  inte 
gration  of  this  linear  equation  reduces  in  turn  to  that  of  the  system 
of  ordinary  differential  equations 

/AI\  dx  =  dy=         dz  -dp  —dq 

P         Q        Pq  +  Qq       X+pZ       Y+qZ' 

But,  for  the  purpose  which  we  have  in  view,  it  is  not  necessary  to 
find  the  general  integral  of  this  system  (64)  ;  it  is  sufficient  to  know 
one  first  integral  $  =  a  of  this  system,  such  that  we  can  solve  the 
two  equations  F  =  0,  3>  =  a  for  p  and  q. 

We  can  therefore  state  the  following  general  rule  : 

To  obtain  a  complete  integral  of  the  equation  (60),  we  first  find  one 
first  integral  &  =  a  of  the  auxiliary  system  (64)  for  which  the  Jaco- 
bian  D(F^  $)/D(j&t  <?)  is  not  zero  ;  then  we  solve  the  two  equations 
F  =  0,  3>  =  a  for  p  and  q.  Substituting  the  expressions  obtained  for 
p  and  q  in  the  equation  dz  =  p  dx  -\-  q  dy,  we  obtain  a  completely 
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integrable  total  differential  equation.  The  general  integral  of  this 
equation  contains  a  second  arbitrary  constant  b}  and  is  a  coinplete  inte 
gral  of  the  equation  (60). 

We  know  in  advance  one  integral  of  the  equation  (63)  ;  that  is,  the 
function  F  itself.  This  integral  cannot  be  used  directly,  but  the 
knowledge  of  it  reduces  the  integration  of  the  system  (64)  to  the  inte 
gration  of  a  system  of  three  differential  equations  of  the  first  order. 
The  precise  nature  of  the  problem  to  be  solved  is  thus  made  clear. 

When  the  function  F  does  not  depend  upon  the  unknown  function 
«,  we  may  also  suppose  that  the  function  <E>  does  not  depend  upon  «, 
and  the  condition  that  the  system  (61)  be  completely  integrable 

isthen  (*•;*)=<>, 

or 


Cx  y  p  Oq 

Hence  the  auxiliary  system  (64)  takes  the  form 

,  dx  _dy  _—  dp        —  dq 

~P  "  ~Q  =  ~X~       ~T~ 

If  we  know  a  first  integral  <$  =  a  of  this  system  for  which 


,  q) 

is  not  zero,  we  are  led  to  a  total  differential  equation  of  the  form 
dz  =f(x,  y,  a)dx  +  <l>(x,  y,  a)dy, 

which  is  integrable  by  a  quadrature.  The  difficulty  of  the  second 
part  of  the  problem  is  therefore  diminished  in  this  case.  This  is  also 
true  of  the  first  part,  for  we  know  a  first  integral  F  =  C  of  the  sys 
tem  (64')  ;  we  can  therefore  replace  this  system  by  a  system  of  two 
differential  equations  of  the  first  order. 

Example  1.  Let  us  consider  an  equation  containing  only  one  of  the  three 
variables  x,  ?/,  z  (for  example,  the  variable  y)  : 

F(y,  p,  q)  =  0. 

In  this  case  X  =  Z  =  0,  and  the  equations  (64)  give  the  integrable  combination 
dp  =  0.  Hence  the  two  equations  F(y,  p,q)  —  Q,p  =  a  form  a  completely  inte 
grable  system,  as  is  easily  verified.  For  if  we  solve  the  given  equation  for  g, 
the  total  differential  equation  to  be  integrated  takes  the  form 

dz  =  adx  +/(y,  a)dy. 
Hence  we  obtain  a  complete  integral  by  a  quadrature  : 
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Example  2.  An  equation  of  the  form  F(z,  p,  q)  =  0  can  be  reduced  to  the 
preceding  form  by  taking  y  and  z  for  the  independent  variables,  but  we  can  dis 
pense  with  this  change  of  variables.  For  in  this  case  we  have  X  —  Y  =  0,  and 

the  equations  (64)  give 

dp  _  dq 

P        q  ' 
whence  a  first  integral  is  q  =  ap.   From  the  two  equations 

q  =  op,         F(z,  p,  q)  =  0 
we  then  derive 

p=/(z,  a),        q  =  af(z,a)t 

and  the  total  differential  equation 

dz=f(z,  a)(dx  +  ady) 
can  be  integrated  by  a  quadrature  : 


/cb 
=  X 
/(«, «) 


+  ay  +  6. 


Consider,  for  example,  the  equation  pq  —  z  =  0.  Adjoining  to  it  the  equation 
q  =  ap,  we  derive  from  them 


p  = 


=  a 


hence  a  complete  integral  is  given  by  the  equation 

4  az  =  (x  +  ay  +  &)2, 

which  represents  a  family  of  parabolic  cylinders  tangent  to  the  x?/-plane  along 
the  entire  length  of  a  generator.    The  xy-plane  represents  a  singular  integral. 

The  equations  (64),  in  the  case  where  F  =  pq  —  z,  have  also  the  first  integral 
p  —  y  =  a.  Starting  with  this  integral,  we  are  led  to  the  total  differential 
equation  ^  zdy 

y  +  a' 
which  can  also  be  written  in  the  form 

dx  = 


This  furnishes  a  new  complete  integral  z  =  (y  +  a]  (x  +  6),  which  represents  a 
family  of  hyperbolic  paraboloids  tangent  to  the  xy-plane. 

Example  3.  Let  the  equation  be  of  the  form/(x,  p)  —  f^y,  q)  =  0.    The  dif 
ferential  equations  (64') 

dx  _     dy          —  dp  _  dq 

!Z~H5~~!Z~~S 

dp  dq          ex         cy 

have  the  first  integral  /(x,  p)  =  a.    If  we  adjoin  this  equation  to  the  given  equa 
tion,  we  derive  from  the  two  relations 


the  values  for  p  and  7,  p  =  0(x,  a),  q  =  0t(y,  a),  and  the  total  differential 
equation 

dz  =  0(x,  a)dx  +  0t(y,  a)dy 
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can  be  integrated  by  two  quadratures  as  follows  : 

z  =     <Hx,  a)dx  +    *0i(y,  a)dy  +  6. 


When  an  equation  of  the  first  order  is  of  the  preceding  form,  we  say  that 
the  variables  are  separated.    For  example,  let  us  consider  the  equation 

pq-xy  =  0, 
which  can  be  written  in  the  form 


Equating  these  two  quotients  to  a  constant  a,  we  obtain  the  total  differential 
equation 

dz  =  axdx  +  -dy, 
whence  a  complete  integral  is 

z  =  ^+y^  +  b. 

2       2a 

Example  4.  Let  us  propose  to  find  the  functions  F(x,  y,  p,  q)  for  which  the 
equations  (64)  have  the  first  integral  py  -  qx  =  a.  For  this  it  is  necessary  and 
sufficient  that  the  relation  pdy  +  y  dp  —  qdx  —  xdq  =  0  shall  be  a  consequence 
of  the  relations  (64')  ;  that  is,  that  the  function  F  shall  itself  be  an  integral  of 
the  linear  equation 

cF        dF  ,      dF        dF 
P-  --  y  —  +  x  --  q  —  =  0. 
dq  dx          dy          dp 

The  corresponding  system  of  differential  equations 
dx   _dy  _  dp  _dq 

—  y       x        —  q~  p 
has  the  three  first  integrals 

x2  +  y2  =  c?        p2  +  q2  =  c^        py-qx=  C", 

and  the  function  F  is  therefore  of  the  form  F(py  —  qx,  x2  +  ?/2,  p2  +  q2).  The 
investigation  of  the  equation  F  =  0  f  or  a  complete  integral  is  therefore  reduced 
to  the  integration  of  two  simultaneous  equations  of  the  form 

p2  +  q2  =  f(x>*  +  ^  py  _  qx^        py_qx  =  a> 
Making  use  of  the  identity 

(P2  +  q2)  (X2  +  7/2)  =  (py  _  gX)2  +  (px  +  qy}^ 

we  derive  from  the  two  preceding  equations 


px  +  qy  =  V(x2  +  y2)  /(x2  +  y2,  a)  -  a2  =  0  (x2  +  y2,  a). 
Solving  for  p  and  q,  we  obtain  the  values 

ay  +  x<t>  (x2  +  y2,  a)  -  ax  +  y<f>  (x2  +  y2,  a) 

x2  +  y2  x2  +  y2 

whence  we  obtain  a  complete  integral  by  a  quadrature, 

*=-  a  arc  tan 
where  u  =  x2  +  y2. 
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It  is  sometimes  possible  to  find  a  priori,  by  geometric  considerations,  certain 
integrable  combinations  of  the  differential  equations  (64).  Suppose,  for  exam 
ple,  that  we  wish  to  find  the  surfaces  S  whose  tangent  plane  at  any  point  M 
meets  at  a  constant  angle  V  the  plane  passing  through  M  and  Oz.  It  is  clear 
that  if  a  surface  S  satisfies  this  condition,  all  the  surfaces  obtained  from  it  by 
a  helicoidal  movement  around  the  z-axis,  for  which  the  pitch  of  the  helix  is 
equal  to  A,  will  also  satisfy  the  condition.  Hence  the  surface  envelope  S  will 
also  be  an  integral  of  the  same  equation.  This  envelope  S  is  evidently  a 
helicoidal  surface  of  pitch  h.  Since  we  may  translate  it  any  distance  what 
ever  parallel  to  the  z-axis,  it  follows  that  the  partial  differential  equation  of 
the  problem  and  the  partial  differential  equation  of  the  helicoidal  surfaces 
py  _  qX  =  a  (§  72)  have,  for  any  value  of  a,  an  infinite  number  of  common 
integrals  which  depend  upon  an  arbitrary  constant.  Consequently  the  differ 
ential  equations  (64)  corresponding  to  the  partial  differential  equation  of  the 
surfaces  S  have  a  first  integral  py  —  qx  =  a,  and  the  complete  integral  can  be 
obtained  by  a  quadrature. 

Note.  It  should  be  noticed  that  it  is  not  necessary  that  the  relation  (63) 
shall  be  identically  satisfied  in  order  that  the  system  (61)  be  completely  inte 
grable  ;  it  is  sufficient  that  it  be  satisfied  by  virtue  of  the  relation  F  =  0  itself. 
We  can  sometimes  make  use  of  this  fact  in  the  search  for  the  function  $.  In 
fact,  the  problem  of  finding  an  integrable  combination  of  the  equations  (64) 
reduces  essentially  to  that  of  finding  five  functions  X*,  \yi  Xz,  Xp,  X3  of  the 
variables  x,  y,  z,  p,  q  such  that 

\xdx  +  \ydy  +  \zdz  +  \pdp  +  \qdq 
shall  be  an  exact  differential  d<i>  and  such  that  we  have  also 


Xy  +  (Pp  +  <&)X,  -  (X  +  pZ)\p  -(Y+qZ)\;  =  0. 

If  this  last  equation  is  not  satisfied  except  by  virtue  of  the  equation  F  =  0,  the 
function  4>  is  not,  properly  speaking,  a  first  integral  of  the  system  (64).  How 
ever,  since  the  multipliers  X*,  Xy,  •  •  •  are  equal  to  the  partial  derivatives  of  <£, 
the  two  equations  F  =  0,  $  =  a  still  form  a  completely  integrable  system,  for 
the  equation  (63)  is  then  a  consequence  of  F  =  0.*  A  similar  remark  applies  to 
the  sytem  (64'). 


*  When  the  equation  F=0  can  be  solved  for  one  of  the  variables  x,  y,  z,  p,  q,  we 
may  suppose  that  the  function  4>  does  not  contain  that  variable,  and  it  will  also  not 
appear  in  any  of  the  coefficients  X,  Y,  Z,  P,  Q.  For  definiteness,  let  us  take  an  equa- 
tionoftheform  p+f(x,V,z,q)-0. 

To  find  a  complete  integral,  we  need  only  adjoin  another  equation  <f>(x,  y,  z,  q)  =  a, 
which  forms  with  the  first  a  completely  integrable  system.  In  this  case  the  condition 
[P  +/,  0]  =  0  takes  the  form 


in  which  the  letter  p  does  not  appear. 

More  generally,  let  us  suppose  that  we  can  satisfy  the  relation  F=  0  by  putting 
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84.  Cauchy's  problem.    Given  an  equation 

(65)  p  =/(«,  y,  z,  q) 

in  which  the  right-hand  side  is  analytic  in  the  neighborhood  of  a 
system  of  values  (XQ,  yQ,  «0,  qQ),  and  a  function  <£(?/)  analytic  in 
the  neighborhood  of  the  point  yQ,  such  that  we  have  ^(y0)=«0, 
<£'(y0)  =  #0,  we  proved  in  §  25  that  this  equation  has  an  analytic 
integral  in  the  neighborhood  of  the  point  (jc0,  ?/0)  which  reduces  to 
the  given  function  <£(?/)  for  x  =  XQ.  Let  C  be  the  plane  curve  rep 
resented  by  the  two  equations  x  =  XQ,  z  =  <f>(y)-  Geometrically  this 
result  may  be  stated  as  follows  :  There  exists  one  and  only  one  ana 
lytic  integral  surface  of  the  equation  (65)  passing  through  the  curve  C. 
This  proposition  is  capable  of  generalization.  Let  us  first  consider 
an  equation  of  any  form, 

(66)  F(x,y,x,p,q)  =  0, 

and  let  us  propose  to  determine  an  integral  surface  passing  through 
a  plane  curve,  such  as  C,  which  lies  in  a  plane  x  =  XQ  parallel  to  the 
2/2-plane.  Let  z  =  <j>  (y)  be  the  equation  of  the  cylinder  which  pro 
jects  C  upon  the  yz-plane.  Since  the  function  <£  is  analytic  in  the 
neighborhood  of  the  point  yQ,  the  equation 

(67)  F(*0,  2/0,  *0,^,  ?0)  =  0, 


where  z0  =  ^(y0),  qQ  =  <£'(2/0)  an(^  wnere  we  regard^?  as  the  unknown, 
has  a  certain  number  of  roots.  Let  pQ  be  one  of  them.  If  the  func 
tion  F  is  analytic  in  the  neighborhood  of  the  system  of  values  (ajQ, 
y0,  «0,  pQ,  q0),  and  if  also  the  partial  derivative  (dF/dp)Q  is  not  zero 
for  this  system  of  values,  the  equation  (66)  has  a  root  p  =f(x,  y,  z,  q) 
which  is  analytic  in  the  neighborhood  of  the  system  of  values  (xQ9  y^ 
20,  fl0)  (I,  §  193,  2d  ed.  ;  §  187,  1st  ed.).  Hence  we  are  led  back  to 
an  equation  of  the  form  (65),  which  shows  that  the  equation  (66) 
possesses  an  integral  surface  through  C.  As  a  matter  of  fact,  the 
reasoning  proves  that  this  equation  has  m  integral  surfaces  which 
satisfy  the  conditions  if  the  equation  (67)  is  of  degree  m  with 
respect  to  p.  There  is  no  possible  exception  unless  one  of  the  roots 


where  X  denotes  an  auxiliary  parameter.  We  need  only  replace  X  by  a  function  of 
x,  ?/,  z  such  that  the  equation  dz=fdx  +  $dy  is  completely  integrable,  which  again 
leads  to  a  linear  equation  for  X  (x,  y,  z)  : 


dy     dz       c\\dy     dzJ     8x     dz        d\  \8x     dz 
(ANTOMARI,  Bulletin  de  la  Societe  Mathematique,  Vol.  XIX,  p.  154.) 
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of  the  equation  (67)  satisfies  also  the  relation  dF/dp  =  0  at  all  the 
points  of  C,  since  XQ,  yQ9  ZQ  are  the  coordinates  of  any  point  of 
this  curve. 

Let  us  consider  finally  any  curve  T,  represented  by  a  system  of 
two  equations 

(68)  x=\(y),         *  =  l*(y), 

and  let  it  be  required  to  determine  an  integral  surface  of  the  equa 
tion  (66)  which  passes  through  r.  This  problem,  in  turn,  can  be 
reduced  to  the  preceding  by  means  of  a  change  of  variables  ;  for  if 

wePut  x  =  X  +  X(Y),         y=Y, 

the  relation  dz  —pdx  +  qdy  becomes 


and  from  this  we  derive 


The  equation  (66)  is  then  replaced  by  the  equation 

(66') 


and  it  remains  to  find  an  integral  of  this  new  equation  which 
reduces  to  JJL  (  Y)  for  X  =  0.  Hence  we  see  that  in  general  an  inte 
gral  surface  of  an  equation  of  the  first  order  is  determined  if  we 
assign  a  curve  lying  on  that  surface.  There  may  be  several  integral 
surfaces  satisfying  this  condition  if  the  equation  similar  to  (67)  has 
several  distinct  roots,  just  as  an  ordinary  differential  equation  of  the 
first  order  and  of  degree  m  in  y'  has  in  general  in  integral  curves 
passing  through  a  given  point.  We  shall  return  later  to  the  excep 
tional  case  in  which  this  reasoning  fails. 

The  problem  of  determining  an  integral  surface  of  a  partial  differ 
ential  equation  of  the  first  order  through  a  given  curve  has  been 
called  Gawky**  problem.  This  name  is  used  to  remind  us  of  the 
close  relation  just  explained  existing  between  this  problem  and 
Cauchy's  general  theory.  We  shall  now  show  how  Cauchy's  problem 
can  be  solved  by  an  elimination  if  we  know  a  complete  integral,  and 
this  will  furnish  also  a  verification  of  the  preceding  results. 

Let  V(x,  y,  z,  a,  ft)  =  0 

be  a  complete  integral,  and  let  T  be  a  given  curve  not  situated  upon 
the  singular  integral  surface  nor  upon  one  of  the  integral  surfaces 
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obtained  by  giving  to  a  and  to  b  constant  values.  Cauchy's  problem 
reduces  to  determining  the  function  <j>  (a)  in  such  a  way  that  the  given 
curve  r  shall  lie  upon  the  surface  S  defined  by  the  two  equations 

(69)  ,,,,  , 

Let  us  suppose  that  the  coordinates  x,  y,  z  of  a  point  of  T  are 
expressed  as  functions  of  an  auxiliary  parameter  X, 

(70)  x=fl(\),        ?/=/2(X),        *=/,(A), 

and  let  £7  (A,  a,  b)  be  the  result  obtained  by  replacing  x,  y,  z  in 
V(x,  y,  z,  a,  b)  by  the  preceding  expressions.  The  two  simultaneous 
equations 

(71) 


determine  the  values  of  X  and  a  which  correspond  to  the  points  of 
intersection  of  the  curve  T  with  the  surface  S.  If  the  surface  S 
passes  through  the  curve  r,  these  two  equations  form  an  indeter 
minate  system.  Hence,  eliminating  X  from  these  two  equations,  we 
obtain  an  identity.  This  elimination  leads  to  a  relation  between  a, 

*(*),*'(«)> 

(72)  n[a,*(a),*'(a)]  =  0, 

that  is,  to  a  differential  equation  of  the  first  order  for  the  determina 
tion  of  <j>(a).  It  would  seem,  therefore,  that  the  problem  has  an 
infinite  number  of  solutions,  contrary  to  Cauchy's  result.  But  it  is 
easy  to  deduce  from  the  equations  (71)  another  relation  not  contain 
ing  <£'(«).  In  fact,  let  us  suppose  that  the  curve  T  lies  entirely  on 
the  surface  S.  When  a  point  moves  on  F,  a  is  a  function  of  X  which 
satisfies  the  two  equations  (71)  simultaneously.  Hence,  if  we  differ 
entiate  the  first  of  these  two  equations  with  respect  to  X,  it  follows 
from  this  result  and  the  second  that 


This  equation  contains  only  X,  a,  <f>  (a).  Eliminating  X  from  the  two 
equations  U  =  0,  dU/d\  =  0,  we  obtain  an  equation  which  determines 
the  function  <j>(a).  The  method  to  which  we  are  led  has  an  evident 
geometric  meaning.  In  fact,  the  equation  £7(X,  a,  b)=  0  determines 
the  values  of  X  which  correspond  to  the  points  of  intersection  of  the 
curve  r  with  the  complete  integral.  If  we  also  have  d  U/d\  =  0,  this 
equation  has  a  double  root,  and  the  complete  integral  is  tangent  to  F. 
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Eliminating  A  from  the  two  equations  U(X,  a,  &)=0,  dU/3\  =  0, 
the  condition  obtained,  <$(&,  b)=  0,  therefore  expresses  the  fact  that 
the  complete  integral  is  tangent  to  r,  and  the  desired  integral  surface 
through  T  may  be  defined  as  the  envelope  of  the  complete  integral 
surfaces  tangent  to  the  curve  T.  This  result  is  geometrically  almost 
intuitive.* 

85.  Characteristic  curves.  Cauchy's  method.  Cauchy's  method  is 
independent  of  the  theory  of  the  complete  integral.  We  shall  now 
present  it  in  a  geometric  form.  For  this  purpose,  let  us  first  consider 
the  meaning  of  a  non-linear  partial  differential  equation 

(74)  F(x,y,z,p,q)=0. 

This  equation  may  be  regarded  as  a  relation  between  the  direc 
tion  cosines  of  the  tangent  plane  to  an  integral  surface  S  through  a 
given  point  (a*,  y,  z)  of  space.  Hence  this  tangent  plane  cannot  be 
any  plane  passing  through  the  point  (x,  ?/,  z).  Since  the  possible 
tangent  planes  form  only  a  one-parameter  family,  they  envelop  in 
general  a  cone  (T)  whose  vertex  is  the  point  (x,  y,  z).  It  follows 
that  the  tangent  plane  at  any  point  M  of  space  to  each  integral  surface 
S  passing  through  this  po  int  is  also  tangent  to  a  certain  cone  (T7) 
whose  vertex  is  at  M. 

The  cone  (T)  depends,  of  course,  upon  the  function  F,  and  also 
upon  the  position  of  its  vertex.  In  order  to  obtain  the  equation  of 
the  cone  (T)  whose  vertex  is  (x,  y,  z),  we  must,  by  its  definition, 
find  the  envelope  of  the  planes 

(75)  Z  -  z  =p(X  -  x)  +  q(Y-  y\ 

where  the  parameters  p  and  q  are  connected  by  the  relation  (74).  We 
must  therefore  eliminate  p  and  q  from  these  two  equations  and  the 
new  relation  (I,  note,  §  208,  2d  ed.  ;  §  202,  1st  ed.) 

(76)  (r-D-Cr-d 


*  It  is  easy  to  obtain  the  general  integral  of  the  differential  equation  (72).   In  fact, 
if  \ve  replace  X  by  an  arbitrary  constant  X0,  the  function  0  (a)  defined  by  the  equation 

(e)  *7[\),  «,  0(«)]  =  0, 

also  satisfies  the  equation 

+ 


Hence  0(a)  satisfies  also  the  equation  obtained  by  eliminating  X0  from  (e)  and  (e')> 
but  the  resulting  equation  is  exactly  the  equation  (72).  The  relation  (e)  therefore 
represents  the  general  integral  of  the  equation  (72).  There  is  also  a  singular  inte 
gral,  which  is  indeed  precisely  the  desired  solution  of  the  given  problem. 
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The  two  equations  (75)  and  (76)  represent  the  characteristic  direc 
tion,  that  is,  the  generator  of  the  cone  (T)  which  is  the  line  of  con 
tact  of  the  tangent  plane.  If  we  suppose  that  the  axes  of  coordinates 
are  rectangular,  we  can  obtain  immediately  the  equation  of  the 
normal  cone  (TV),  which  is  generated  by  the  normals  to  the  different 
integral  surfaces  passing  through  the  point  M.  For,  since  the  equa 
tions  of  the  normals  are 

X  -  x  +p(Z  -  z)  =  0,          Y-  y  +  q(Z  -  z)  =  0, 

the  elimination  of  p  and  q  gives  the  equation  of  the  cone  (-/V)  in 
the  form 

(77) 


If  the  given  equation  (74)  is  linear  in  p  and  q,  the  cone  (N)  is  a 
plane  and  the  cone  (T7)  reduces  to  a  straight  line  A.  We  have  seen 
(§  76)  that  the  integration  reduces  in  this  case  to  the  search  for  the 
curves  which  are  tangent  in  each  of  their  points  to  the  correspond 
ing  straight  line  A.  We  are  led  to  Cauchy's  method  by  extending 
this  process  to  non-linear  equations. 

Let  S  be  an  integral  surface  represented  by  the  equation 

*  »/(*>?)• 

At  each  point  M  of  this  surface  the  tangent  plane  is  also  tangent 
to  the  cone  (T)  along  a  generator  (G).  We  shall  give  the  name  char 
acteristic  curve  to  every  curve  C  of  the  surface  S  which  is  tangent 
in  each  of  its  points  to  the  corresponding  generator  G.  Through 
each  point  of  S  (excepting  the  singular  points,  if  there  are  any) 
there  passes  one  and  only  one  curve  of  this  kind.  The  name  charac 
teristic  curves  will  be  justified  later  (§  86). 

The  key  to  Cauchy's  method  is  that  we  can  determine  these  curves 
by  a  system  of  ordinary  differential  equations  without  knowing  the 
function  f(x,  y).  In  the  first  place,  the  tangent  to  the  curve  C  coin 
cides  with  the  straight  line  G  represented  by  the  two  equations  (75) 
and  (76),  which  may  be  written  in  the  form 

X  —  x_Y—  y_     Z  —  z 
P  Q       =  Pp+Qq 

in  the  notation  of  §  83.  Along  a  characteristic  curve  x}  y,  z,  p,  q 
are  functions  of  a  single  independent  variable,  and  we  may  write  the 
relations  between  the  differentials  dx,  dy,  dz  in  the  form 

dx       dy  dz 

(  to)  —  =  —  —  =  -  =  du. 

P         Q        Pp  +  Qq  ' 
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where  u  is  a  conventional  auxiliary  variable  which  is  introduced 
merely  for  symmetry.  Along  this  curve  C  we  have  also 

dp  =  rdx  -f-  sdy,         dq  =  sdx  +  tdy, 

where  r,  s,  t  are  the  usual  second  derivatives  of  the  function  /(a*,  y). 
On  the  other  hand,  since  z  =  f(x,  y)  is  an  integral  of  the  given 
equation  (74),  the  partial  derivatives  r,  s,  t  also  satisfy  the  two 
relations 

X  +pZ  +  Pr  -f  Qs  =  0,          Y  +  qZ  +  Ps  -f  Qt  =  0, 

which  are  obtained  by  differentiating  (74)  with  respect  to  x  and 
with  respect  to  y.  Keplacing  the  differentials  dx  and  dy  by  Pdu  and 
Qdu  respectively,  the  expressions  for  dp  and  dq  become 

dp  =  (Pr  +  Qs)  du,         dq  =  (Ps  +  Q£)dw, 
or,  using  the  preceding  relations, 

dp  =  -  (X  +  pZ)  du,          dq  =-(Y+qZ)  du. 

Adjoining  these  equations  to  the  equations  (78),  we  arrive  at  a 
system  of  ordinary  differential  equations 

dx  _  dy  _         dz  —dp  —  dq 

~P==~Q~  Pp+Qq  ~  'X^Z  ~  Y+^qZ  ~ 

which  is  identical  with  the  system  (64)  to  which  we  are  led  by 
Lagrange's  method. 

This  system  of  differential  equations  is  absolutely  independent  of 
the  integral  considered.  We  derive  from  it  the  following  conclusions  : 
Let  (XQ,  2/0,  20)  be  the  coordinates  of  a  point  J/0  of  S,  and  let  pQ  and 
qQ  be  the  values  of  p  and  q  for  the  tangent  plane  at  this  point.  If 
the  function  F  is  analytic  in  the  neighborhood  of  this  system  of 
values,  and  if  not  all  the  denominators  of  the  quotients  (79)  vanish 
simultaneously  for  XQ,  yQ,  ZQ,  pQ,  qQ,  the  equations  (79)  have  one  and 
only  one  system  of  integrals  which  take  on  the  values  x0,  y0,  zQ,p0,  qQ 
for  u  =  0.  It  follows  that  if  two  integral  surfaces  are  tangent  at  a 
point  (XQ,  T/O,  2Q),  they  are  tangent  along  the  entire  length  of  a  common 
characteristic  curve  through  that  point. 

For  convenience  we  shall  call  every  system  of  values  assigned  to 
the  five  variables  x,  y,  z,  p,  q  an  element.  Thus,  an  element  may  be 
thought  of  as  consisting  of  the  set  of  a  point  whose  coordinates  are 
(x,  y,  z)  and  a  plane  through  that  point  whose  position  is  defined 
by  the  values  of  p,  q.  Along  an  entire  characteristic  curve,  x,  y,  z,p, 
and  q  are  functions  of  an  independent  variable  u.  To  each  point  of 
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a  characteristic  curve  there  corresponds,  therefore,  an  element  com 
posed  of  this  point  together  with  the  plane  through  this  point  defined 
by  the  values  of  p  and  q.  But  from  the  equations  (79)  we  have 

dz          dx         dy 

-j-=P^-  +  2  j    ' 
du         du         du 

so  that  this  plane  contains  the  tangent  to  the  curve  at  the  point 
(x,  y,  z).  When  the  point  (x,  y,  z)  describes  the  characteristic  curve, 
the  corresponding  plane  envelops  a  developable  surface  passing 
through  this  curve,  which  is  called  the  characteristic  developable 
surface.  Thus,  to  each  characteristic  curve  there  corresponds  a  char 
acteristic  developable  surface  through  that  curve.  We  shall  hereafter 
use  the  words  characteristic  strip  to  denote  the  combination  of  the 
curve  and  the  developable  surface,  and  we  shall  refer  to  the  curve 
as  the  characteristic  curve,  to  avoid  any  possibility  of  ambiguity. 
With  this  understanding,  a  characteristic  strip  is  composed  of  an 
infinite  number  of  elements  which  depend  upon  an  independent 
variable,  and  the  infinitesimal  variations  of  x,  y,  z,  p,  q  are  con 
nected  by  the  relations  (79).  A  characteristic  strip  is  therefore 
completely  defined  if  we  are  given  one  of  its  elements,  and  the 
theorem  stated  a  moment  ago  can  again  be  expressed  in  the  follow 
ing  exactly  equivalent  form : 

If  two  integral  surfaces  have  a  common  element,  they  have  in  com 
mon  all  the  elements  of  the  characteristic  strip  to  which  the  given 
common  element  belongs. 

The  totality  of  all  characteristic  strips  depends  upon  three  arbi 
trary  parameters.  In  fact,  a  characteristic  strip  is  determined  if  one 
of  its  elements  (XQ,  yQ,  «0,  pQ,  q0)  is  given.  One  of  the  coordinates, 
XQ  for  example,  may  be  assigned  a  given  numerical  value,  and,  more 
over,  by  definition  the  relation  F(xQ,  yQ,  ZQ,  pQ,  qQ)  =  0  is  satisfied. 
Hence  only  three  parameters  remain  arbitrary. 

In  order  to  determine  the  characteristic  strips,  let  us  observe  first 
that  .P  =  const,  is  a  first  integral  of  the  equations  (79).  Hence,  if 
F(xt  y,  z,  p,  q)  vanishes  for  the  initial  element  (XQ,  y0,  ZQ,  pQ,  qQ),  F 
vanishes  throughout  the  entire  length  of  the  characteristic  strip 
through  that  element,  as  we  see  also  from  the  derivation  of  the 
equations  (79).  In  order  to  find  the  characteristic  strips  of  the  given 
equation,  we  can  therefore  adjoin  to  the  system  (79)  the  relation 
F  =  0  itself,  which  reduces  that  system  to  one  of  three  differential 
equations  of  the  first  order. 
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Let  us  suppose  that  we  have  obtained  the  equations  of  the  charac 
teristic  strip  in  finite  terms  ;  and,  for  definiteness,  let 


(80) 

\P  =ft(x>  *o>  2/0' 

be  the  equations  of  the  characteristic  strip  through  the  element 


The  two  first  equations  of  (80)  represent  the  characteristic  curve 
itself,  and  every  integral  surface,  being  a  locus  of  the  characteristic 
curves,  will  be  obtained  by  supposing  that  ar0,  yQ,  ZQ,  p0,  q0  are  func 
tions  of  an  auxiliary  parameter  v.  We  are  therefore  led  to  investi 
gate  how  these  five  functions  of  v  may  be  chosen  in  order  that  the 
surface  generated  by  these  characteristic  curves  shall  be  an  integral 
surface.  We  shall  introduce  with  Darboux  an  auxiliary  variable  u, 
and  write  the  equations  in  a  symmetric  form.  Let 


r^  = 


be  the  equations  which  represent  the  integral  of  the  system  (79) 
which  takes  on  the  values  XQ,  ?/0,  «0,  p0,  </0  respectively  for  u  =  0. 
If  we  replace  XQ,  yQ9  zQ9  pQ,  qQ  in  these  expressions  by  functions  of  a 
second  auxiliary  variable  v,  the  equations  (81)  represent  in  general 
a  surface  S,  u  and  v  being  regarded  as  two  independent  variables. 
In  order  that  the  surface  S  be  an  integral  surface,  and  that  the 
curves  v  =  const,  be  the  characteristic  curves,  the  equations  (82) 
must  give  precisely  the  values  of  p  and  q  which  determine  the 
tangent  plane  to  that  surface  ;  and,  moreover,  the  relation  F  =  0 
must  be  satisfied  at  every  point  of  S.  Hence  the  five  functions 
x,  y,  z,  p,  q  of  the  two  variables  u  and  v  must  satisfy  the  three 
conditions 

(83)  F(x,y,*,P,2)=fy 

/<M\  dz          dx          dy 

(84>  --?     =  0' 


(85) 
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Since  the  five  functions  <£t-  are  integrals  of  the  system  (79),  we  have, 
as  remarked  above,  F(x,  y,  z,p,  q)  =  F(xQ,  y0,  SQ,/;O,  ?0).  Hence  the 
relation  (83)  will  be  satisfied  if 


The  relation  (84)  is  identically  satisfied,  for  it  is  a  consequence  of 
the  differential  equations  (79).  Cauchy  transforms  the  condition  (85) 
as  follows  :  Indicating  by  //  the  left-hand  side  of  (85),  and  differen 
tiating  with  respect  to  u,  we  find 

dH        d^z  32x  d~y        dx  dp       dy  dq 

du       dudv          dudv          dudv       cu  du       do  du 

On  the  other  hand,  differentiating  the  relation  (84)  with  respect  to  v, 
we  have  also 

dzx  d*y        dp  dx       dq  dy 


dudv         dudv         dudv       du  du      du  du' 
whence,  subtracting, 

dH  _  dp  dx      dq  dy      dx  dp      dy  dq 

du       dv  du      du  du       dv  du      dv  du 

or,  replacing   the   derivatives   with   respect  to  u  by  their  values 
obtained  from  the  relations  (79), 


cu  cv          cu  c 

Finally,  observing  that  the  five  functions  x,  y,  «,  p}  q  of  v  satisfy 

the  relation 

F(x,  y,  »,  p,  q)  =  0, 

and  that  we  therefore  have  also 

dx         d?/          dz          dp         dq 

dv          du          dv          dv          dv 

we  may  write  the  preceding  value  of  dH/du  in  the  form 

(87)  ?-*(*S?  +  ffe 

du          V  du       *  dv 

We  derive  from  this  relation  the  following  value  for  H, 

(88)  H  =  H0e-£Zdu, 

where  HQ  denotes  the  value  of  //  for  u  =  0,  that  is,  when  x,  y,  z>  p,  q 
reduce  respectively  to  XQ,  ?/0,  «0,  pQ,  qQ.  Since  the  function  F,  and 
consequently  also  the  partial  derivative  Z,  is  supposed  analytic 
in  the  neighborhood  of  the  system  of  values  XQ)  ?/Q,  ZQ,  p^  q^  the 
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necessary  and  sufficient  condition  that  //  be  zero  is  that  //0  be  zero, 
that  is,  that  (cz/dv\  =  p0(dx/dv\  +  qQ(fy/dv\. 

Summing  up,  to  obtain  an  integral  surface  *  it  is  sufficient  to  replace 
XQ,  ?/0,  «0,  p0,  qQ  in  the  equations  (80)  or  (81)  by  functions  of  an 
auxiliary  variable  v  which  satisfy  the  two  conditions 

(89)        F(xQj  y0,  *0,  p,,  qQ)  =  0,          ^*=po?%  +  qQ  d-j* . 

This  method  leads  very  easily  to  the  solution  of  Cauchy's  problem. 
In  fact,  if  we  wish  to  determine  an  integral  surface  through  a  given 
curve  r,  we  may  take  for  CCQ,  ?/0,  «0  the  coordinates  of  any  point  of 
that  curve  expressed  as  functions  of  a  variable  parameter  v,  and  the 
equations  (89)  then  determine  p0  and  qQ.  The  solution  may  also  be 
stated  in  geometric  language  as  follows :  The  first  of  the  equations 
(89)  expresses  the  fact  that  the  plane  through  the  point  (XQ,  y0,  «0) 

*  The  argument  presumes,  however,  that  the  denominators  P,  Q,  X+pZ,  Y+  qZ 
are  not  all  zero  for  the  initial  values  x0,  2/o>  zo>  Po»  <?o-  ID  case  tnev  are>  tne  equa 
tions  (81)  and  (82)  reduce  to  x  =  XQ,  y  —  yo,  z  =  ZQ,P=PQ,  q  =  qo,  whereas  if  we  suppress 
the  auxiliary  variable  u,  the  equations  (79)  may  have  integrals  which  take  on  the 
given  initial  values  (§  31,  Note).  Hence  the  integrals  of  the  given  equation  which 
satisfy  also  the  four  equations 

p  =  0,         Q  =  0,         X+pZ=0,         Y+qZ  =  0 

are  not  given  hy  the  general  method.  Such  integrals,  if  there  are  any,  are  singular 
integrals.  There  exist  normally  no  such  integrals  for  an  equation  given  a  priori  and 
not  formed  by  eliminating  constants. 

The  reasoning  can  be  arranged  so  as  to  put  in  evidence  the  hypotheses  necessary 
for  the  validity  of  the  conclusions.  Let  us  suppose  first  of  all  that  the  function 
F(x,  y,  z,  p,  q)  is  an  analytic  function  of  x,  y,  z,p,  q.  In  order  to  show  that  every 
integral  z  =f  (x,  y)  represents  a  locus  of  characteristic  curves,  it  is  not  necessary  to 
suppose  that  that  integral  is  analytic ;  it  is  sufficient  to  assume  that  it  has  continuous 
partial  derivatives  of  the  second  order  r,  s,  t,  since  only  these  derivatives  appear  in 
the  proof.  The  characteristic  curves,  being  defined  by  a  system  of  analytic  differen 
tial  equations,  are  necessarily  analytic  curves,  and,  consequently,  on  every  integral 
surface,  whether  it  is  analytic  or  not,  there  exists  a  family  of  analytic  curves,  namely, 
the  characteristic  curves.  The  functions  01?  02,  •  •  •,  <f>5,  which  represent  the  general 
integral  of  the  equations  (79),  are  analytic  functions  of  u  and  of  the  initial  values 
ao>  yo>  20)Po>  <7o  (§  26).  In  order  that  the  calculations  which  follow,  and  their  con 
clusion,  be  rigorous,  it  is  sufficient  that  these  initial  values  be  continuous  functions 
of  a  parameter  v,  and  that  they  have  continuous  derivatives,  but  it  is  not  necessary 
that  they  shall  be  analytic  functions  of  v. 

This  is  quite  in  accord  with  the  method  of  the  variation  of  constants.  If  the  com 
plete  integral  V(x,  y,  z,  a,  b)  is  an  analytic  function  of  its  arguments,  the  same 
will  be  true  of  F(x,  y,  z,p,  q),  but  nothing  in  the  argument  requires  that  the  arbi 
trary  function  6  =  0  (a)  shall  be  an  analytic  function  of  a.  A  similar  remark  applies 
to  the  general  integral  of  a  linear  equation.  For  more  details  on  this  subject  see 
E.  R.  HEDRICK,  Ueber  den  analytischen  Character  der  Losungen  von  Differential' 
gleichungen  (Inaugural-Dissertation,  Gottingen,  1901). 
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determined  by  the  values  pQ  and  qQ  is  tangent  to  the  cone  (T)  whose 
vertex  is  that  point ;  and  the  second  of  the  equations  (89)  expresses 
the  fact  that  this  plane  passes  through  the  tangent  to  the  curve  F. 
Hence  the  whole  process  may  be  formulated  as  follows :  Through 
the  tangent  at  the  point  M  to  the  curve  F  pass  a  plane  tangent  to  the 
cone  (!T)  whose  vertex  is  M ;  let  C  be  the  characteristic  curve  through 
the  element  thus  determined  /  the  surface  generated  by  this  charac 
teristic  curve,  as  the  point  M  describes  the  curve  F,  is  an  integral 
surface  through  the  curve  F. 

There  will  be  as  many  surfaces  fulfilling  these  conditions  as  there 
are  tangent  planes  to  the  cone  (T7)  through  a  tangent  to  the  curve  F. 
It  is  also  clear  that  we  should  associate  tangent  planes  which  form 
a  continuous  sequence. 

Let  us  consider  first  the  general  case  where  the  tangent  to  the 
curve  F  is  not  a  generator  of  the  cone  (T).  Since  pQ  and  qQ  fix  the 
position  of  the  tangent  plane  to  the  cone  (T7),  the  direction  cosines 
of  the  element  of  contact  of  (T)  with  that  plane  are  proportional  to 
P0,  Q0,  P0pQ  +  Q0?0,  by  the  formulae  (75)  and  (76).  Since  the  differ 
ence  P^dyjdu')  —  QQ(dxQ/dv)  is  not  zero,  the  values  of  pQ  and  of  qQ 
derived  from  the  equations  (89)  are  analytic  functions  of  v  in  the 
neighborhood  of  the  given  point  of  F.  On  the  other  hand,  we  can 
solve  the  first  two  equations  of  (81)  for  u  and  v,  for  the  functional 
determinant  dx/du  dy/dv  —  dy/du  dx/dv  reduces  f or  u  =  0  to 


that  is,  to  PQ(dyJdv)  —  QQ(dxQ/dv).  Substituting  these  values  of  u  and 
v  in  the  third  of  the  equations  (81),  we  see  that  z  is  an  analytic 
function  of  x  and  y  in  the  neighborhood  of  the  given  point  (see  §  84). 

If  the  tangent  at  a  particular  point  of  the  curve  r  coincides  with  the  element 
of  contact  of  (T)  with  the  plane  determined  by  the  values p0,  q0  at  that  point, 
this  point  is  in  general  a  singular  point  for  the  corresponding  integral.  If  the 
same  thing  happens  at  every  point  of  r,  we  must  distinguish  two  cases,  according 
as  the  curve  T  is  a  characteristic  curve  or  not. 

If  the  curve  T  is  a  characteristic  curve,  it  is  tangent  at  each  of  its  points  to  an 
element  G  of  the  cone  (T)  whose  vertex  is  at  that  point,  and  the  characteristic 
developable  surface  is  the  envelope  of  the  tangent  plane  to  the  cone  (T)  along 
the  generator  G  when  the  vertex  M  describes  the  curve  r.  The  characteristic 
curve  through  each  of  the  elements  thus  determined  coincides  with  the  curve 
T  itself,  and  the  equations  (81)  do  not  define  a  surface.  But  it  is  clear  that  in 
this  case  the  problem  is  indeterminate.  For  let  M  be  a  point  of  T,  let  P  be  the 
plane  tangent  to  the  cone  (T)  whose  vertex  is  M  along  the  tangent  G  to  r,  and 
let  r'  be  another  curve  through  M  whose  tangent  at  M  is  a  straight  line  of  the 
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plane  P  different  from  G.  From  what  we  have  just  proved,  the  integral  surface 
through  F'  contains  the  curve  F. 

If  the  given  equation  (74)  is  not  linear  in  p  and  7,  as  we  shall  suppose,  the 
curve  F  can  be  tangent  at  each  of  its  points  to  a  generator  G  of  the  correspond 
ing  cone  (T)  without  being  a  characteristic  curve.  The  family  of  curves 
having  this  property  depends,  in  fact,  upon  an  arbitrary  function.  Let 

/  . Y-y     Z- 


X-x    X- 


=  0 


be  the  equation  of  the  cone  (T)  whose  vertex  is  (x,  y,  z).  In  order  that  a  curve 
F  be  tangent  at  each  of  its  points  to  an  element  of  (T),  the  coordinates  x,  y,  z 
of  a  point  of  that  curve  must  be  functions  of  a  variable  v  satisfying  the  condition 


If  we  take  x,  for  example,  as  the  independent  variable,  we  may  choose  arbi 
trarily  y  =  /(x),  and  then,  substituting /(x)  for  y  in  the  preceding  relation,  we 
have  a  differential  equation  of  the  first  order  for  the  determination  of  z  as  a 
function  of  x.  Every  curve  not  a  characteristic  satisfying  the  condition  (90) 
will  be  called  an  integral  curve. 

Now  let  us  suppose  that  the  curve  F,  for  which  we  wish  to  solve  Cauchy's 
problem,  is  an  integral  curve.  From  each  point  M  of  F  there  issues  a  character 
istic  curve  tangent  to  F,  and  it  follows  from  the  preceding  arguments  that  the 
surface  S  generated  by  these  characteristic  curves  is  an  integral  surface.  Indeed, 
it  is  sufficient  to  take  for  x0,  ?/0,  z0  the  coordinates  of  a  point  of  F,  and  forp0, 
<70  the  coefficients  p  and  q  of  the  plane  tangent  to  ( T)  along  the  tangent  to  F. 
But  this  curve  F  is  a  singular  line  on  the  surface  S ;  for  if  it  were  not,  the 
derivatives  r,  s,  t  would  have  finite  values  in  a  point  of  F,  and,  since  we  have 
Q0dx0  =  P0dy0,  the  arguments  of  page  251  to  establish  the  equations  (79)  would 
apply  without  modification,  and  we  should  conclude  that  the  curve  F  is  a 
characteristic  curve,  which  is  contrary  to  the  hypothesis.  This  curve  F,  which 
is  the  envelope  of  the  characteristic  curves  of  the  surface  £,  is  the  analogue  of 
the  edge  of  regression  of  a  developable  surface. 

Note.  Cauchy's  method  also  leads  readily  to  a  complete  integral ; 
for  we  can  satisfy  the  conditions  (89)  by  putting  XQ  =  a,  y^  =  by 
20  =  c,  where  a,  b,  c  are  any  three  constants  and  where  pQ  and  qQ 
satisfy  the  relation  F(a,  b,  c,  pQ,  2'0)==  ^*  -^ne  integral  surface  thus 
obtained  is  the  locus  of  the  characteristic  curves  starting  from  the 
point  (&,  b,  c),  which  is  evidently  a  conical  point  for  that  surface. 
If  we  regard  one  of  the  coordinates  a,  b,  c  as  a  numerical  constant, 
we  have  a  complete  integral. 

Example  1.  Let  us  consider  the  equation  treated  by  Cauchy,  pq  —  xy  =  0. 
Making  use  of  the  equation  itself,  we  see  that  the  differential  equations  of  the 
characteristic  curves  can  be  written  in  the  form 

pdx  =  qdy  =  -j-  =  xdp  =  ydq. 
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We  derive  from  them  successively  the  integrable  combinations 

dp      dx          dq      dy  P^  Q  n 

—  =  —  ,         -iss-i,         dz  =  -2xdx  —  -2ydy, 

p        x  q        y  x  y 

and  the  characteristic  strip  through  the  element  (x0,  ?/0,  z0,  p0,  g0)  is  represented 
by  the  equations 

p_x  <l__y_  -*2(x*-x*}-Qo(v*-v^ 

—  —      i  —       i          z       ZQ  —        (A    —  XQ)  —  —  (y   —  ?/0;, 

Po      xo  Qo       y<)  xo  2/o 

where  x0,  ?/0,  j)0,  q0  are  connected  by  the  relation  p0q0  =  x0y0.  In  order  to 
obtain  the  integral  which,  for  x  =  x0,  reduces  to  <t>(y),  we  shall  put,  as  in  the 
general  method,  y0  =  u,  Z0  =  0  (o).  In  this  case  the  equations  (89)  give 


The  required  integral  is  therefore  represented  by  the  simultaneous  system  of 
two  equations 


which  define  v  and  z  as  functions  of  x  and  y.   These  two  equations  may  be 
replaced  by  the  equations 

[z  -  0  (r)]»  =  (a*  -  x?)  (2/2  _  ^         [z  _  0  (u)]  ^(y)  =  „  (x«  _  x^ 

of  which  the  second  may  be  obtained  from  the  first  by  differentiating  with 
respect  to  the  parameter  v.   The  desired  integral  can  be  obtained  by  eliminating 
t?,  and  it  follows  that  this  result  is  quite  in  accord  with  Lagrange's  theory. 
Example  2.   Let  us  consider  again  the  equation  of  page  240, 


which  states  that  the  length  of  the  segment  of  the  normal  cut  off  by  the 
xy-plane  is  equal  to  R.  Hence,  in  order  to  obtain  the  normal  cone  (N)  at  the 
point  M  of  space,  we  need  only  describe  about  the  point  M  as  center  a  sphere 
of  radius  R,  and  then  take  the  cone  of  revolution  whose  vertex  is  M  through 
the  circle  in  which  the  x?/-plane  cuts  this  sphere.  The  corresponding  tangent 
cone  (T)  is  the  cone  of  revolution  whose  vertex  is  M.  We  know  here  a  com 
plete  integral,  the  spheres  of  radius  R  having  their  centers  in  the  x^-plane. 
The  characteristic  curves,  which  are  the  limiting  positions  of  the  intersections 
of  two  spheres  that  are  an  infinitesimal  distance  apart  (see  §  86),  are  there 
fore  circles  of  radius  .R,  whose  planes  are  parallel  to  the  z-axis  and  whose 
centers  are  in  the  xy-plane.  Every  integral  curve,  as  we  have  seen,  may  be 
regarded  as  the  envelope  of  the  characteristic  curves  on  an  integral  surface. 
These  curves  are  therefore  represented  by  the  system  of  three  equations, 

(x  -  a)2  +  [y  -  0(a)]«  +  z2  -  R2  =  0, 

x-a+  |>-0(a)]0»  =  0, 

1  +  0/2  (a)  +  0  (a)  0"(a)  -  y  0"(a)  =  0, 

where  0  (a)  is  an  arbitrary  function. 
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86.  The  characteristic  curves  derived  from  a  complete  integral.  The  concept  of 
characteristic  curves  can  be  derived  in  a  very  natural  manner  from  Lagrange's 
theory.  We  have  seen,  in  fact,  that  if  V  =  0  is  a  complete  integral  of  a  given 
equation  of  the  first  order,  we  obtain  an  integral  surface  by  eliminating  a  from 
the  two  equations 

(91)  V  [x,  y,  z,  a,  0  (a)]  =  0,        ^  +  -^—  0'(a)  =  0, 

ca       £0  (a) 

where  0(a)  is  an  arbitrary  function.  If  we  give  to  the  parameter  a  a  constant 
value,  these  two  equations  represent  a  curve  whose  locus  is  the  integral  surface. 
The  equations  of  this  curve  are  of  the  form 

(92)  F(x,  y,  z,  a,  b)  =  0,         ^  +  ^-c  =  0, 

da        cb 

where  a,  6,  c  are  arbitrary  parameters.  These  curves  form  a  complex,  and  we 
see  that  the  integral  surfaces  are  generated  by  the  curves  of  this  complex 
associated  according  to  a  suitable  law.  The  name  characteristic  curves  is  self- 
explanatory,  since  they  are  the  curves  of  contact  of  the  complete  integral  with 
its  envelope. 

The  characteristic  developable  surfaces  also  appear  in  a  natural  manner. 
Let  us  consider  a  characteristic  curve  corresponding  to  the  values  cr0,  60,  c0  of 
the  parameters  or,  6,  c.  All  the  integral  surfaces  obtained  by  means  of  func 
tions  0,  such  that  we  have  60  =  0(cr0),  c0  =  0'(a0),  pass  through  this  curve  and 
are  tangent  to  each  other  along  this  entire  curve,  for  the  values  of  p  and  7,  which 
for  any  point  of  an  integral  surface  are  given  by  the  relations 

(93)  £  +  *£  =  «-        8/  +  ^=0, 
cx          cz  dy          cz 

are  the  same  for  all  these  surfaces.  It  is  therefore  natural  to  associate  with 
each  characteristic  curve  a  characteristic  developable  surface-  passing  through 
this  curve.  The  four  equations  (92)  and  (93)  enable  us  to  express  four  of  the 
variables  x,  y,  z,  p,  q  in  terms  of  one  of  them  and  of  the  three  arbitrary  con 
stants  a,  6,  c.  In  order  to  prove  the  identity  of  the  forms  thus  defined  with 
those  of  the  characteristic  strips  deduced  from  Cauchy's  method,  let  us  suppose 
that  the  complete  integral  is  represented  by  an  equation  of  the  form 


z  =  $(x,  y,  a,  6). 
The  equations  (92)  and  (93)  then  become 

(94)  Z  =  *(z,y,a,&),  + 


95  P  =  —  »         ?  =  —  • 

cx  cy 

The  relations  (94)  and  (95)  enable  us  to  express  the  five  variables  (x,  y,  z,  p,  q) 
in  terms  of  one  of  them  (x,  for  example)  and  of  the  three  arbitrary  constants 
a,  6,  c.  The  proof  reduces  to  showing  that  these  functions  satisfy  the  differen 
tial  equations  (64).  Since  the  function  <£(x,  y,  a,  b)  is  a  complete  integral  of 
the  equation  F  =  0,  we  have  already  between  these  functions  the  two  relations 

(96)  F(x,  y,  z,p,q)  =  0,         dz=pdx  +  qdy, 
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On  the  other  hand,  we  deduce  from  the  second  equation  of  (94) 
(97) 


Now  if  we  differentiate  with  respect  to  the  constants  a  and  b  the  identity 

a$    a$\ 
,  y,*,  —  .—   =0, 

dx    dy/ 


we  find 


+  p+          = 

da  dadx         dady 


db          dbdx         dbdy 
and  consequently,  by  eliminating  Z,  we  have 

(98) 


dady         dbdy 

A  comparison  of  the  two  relations  (97)  and  (98)  shows  that  we  have  dx/P=dy/Q. 
The  remaining  equations  of  (64)  are  established  as  in  §  85,  by  comparing  the 
relations  . 


,  9 

dxdy  dxdy  dy2 

which  are  deduced  from  the  equations  (95),  with  the  relations 


dx  ax2  dxdy 


dxdy          dy* 
which  in  turn  are  obtained  by  differentiating  the  identity 


ax 

with  respect  to  the  variables  x  and  ?/. 

Note.  The  theory  of  the  complete  integral  applies  to  linear  equations  as  well 
as  to  the  non-linear  equations.  It  seems  at  first  sight,  on  the  contrary,  that 
Cauchy's  method  is  altogether  different  for  linear  equations  and  for  non-linear 
equations.  In  fact,  the  characteristic  curves  of  a  linear  equation,  or  of  an 
equation  which  separates  into  several  linear  equations,  form  a  congruence  and 
not  a  complex.  But  if  we  associate  with  each  characteristic  curve  a  charac 
teristic  developable  surface,  the  paradox  disappears.  Each  characteristic  curve 
belongs,  in  fact,  to  an  infinite  number  of  characteristic  developable  surfaces 
which  depend  upon  an  arbitrary  constant,  so  that  this  family  of  characteristic 
strips  does  depend  upon  three  arbitrary  constants.  Let  us  consider,  for  example, 
the  equation  of  the  cones  px  +  qy  —  z  =  0.  The  equation  z  =  ax  +  by  represents 
a  complete  integral  formed  by  all  planes  P  through  the  origin.  The  character 
istic  curves  are  the  straight  lines  passing  through  the  origin,  and  the  character 
istic  developable  surfaces  are  the  planes  P  themselves.  We  shall  therefore 
obtain  a  characteristic  strip  by  associating  with  a  straight  line  through  the 
origin  a  plane  through  that  straight  line  ;  this  set  actually  depends  upon  three 
arbitrary  constants. 
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87.  Extension  of  Cauchy's  method.  Cauchy's  method  can  be  extended 
without  difficulty  to  an  equation  in  any  number  of  independent 
variables, 

(99)  F(xl9  x2,  .  •  .,  xn ;  z,  plfp^  •  .  .,  pn)  =  0. 


Let  z  =  &(xlt  x2,  •  •  .,  xn)  be  any  integral  of  the  equation  (99);  we 
shall  designate  as  an  element  of  this  integral  the  set  which  consists 
of  a  system  of  particular  values  a*5,  x?2,  •  •  •,  xQn  of  the  independent 
variables,  together  with  the  corresponding  values  z°,  7>°,  •  •  •,  pQn  of 
the  function  <£  and  its  partial  derivatives.  Let  us  suppose  that  an 
element  of  the  integral,  starting  with  certain  initial  values  a-J,  z°,  />?, 
varies  so  as  always  to  satisfy  the  differential  equations 

(100)  ^  =  ^=...=^, 

where,  as  in  §  83, 

dxf  k      dpk  dz 

It  is  clear  that  these  equations  determine  completely  a  family  of 
curves  (or  one-dimensional  manifolds)  on  each  integral.  For  if  z  is 
known  as  a  function  of  xv  x.2,  •  •  •,  xn,  the  same  thing  is  true  of  the 
partial  derivatives  p-t  and  consequently  of  the  functions  T5,-.  These 
relations  (100)  form,  therefore,  a  system  of  (n  —  1)  differential  equa 
tions  of  the  first  order  between  the  n  variables  (a^,  a*2,  •  •  •,  xn).  By 
the  theory  of  differential  equations,  through  each  point  of  the  inte 
gral  surface  there  passes  in  general  one  and  only  one  of  these  mani 
folds.  If  to  each  point  (xv  xz,  •  •  -,  xn,  z)  of  one  of  these  manifolds 
we  associate  the  corresponding  values  of  plt  p^  •  •  •,  pn,  we  have  a 
simply  infinite  sequence  of  elements,  which  we  may  again  call  a  char 
acteristic  strip.  We  shall  show  that,  without  knowing  the  expression 
for  the  function  z,  we  can  adjoin  to  the  relations  (100)  other  differ 
ential  equations  enabling  us  to  define  completely  the  variation  of 
the  variables  a*,-,  z,  pk  along  a  characteristic  curve. 

Let  us  start  from  an  element  of  the  integral  (ojj,  *°,^J),  and  let  us 
consider  the  characteristic  strip  through  this  element.  Along  this 
characteristic  strip  the  variables  xiy  z,  pk  are  functions  of  a  single 
independent  variable  satisfying  the  relation  F  =  0,  whose  differen 
tials  satisfy  the  equations  (100)  and  also  the  relations 

dz  =p  dx  +  •  •  •  +pndxn,         dpi 
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which  result  from  the  definition.   Differentiating  the  relation  F  =  0 
with  respect  to  the  variable  xiy  we  find 

Xi  +  PiZ  +  I\Pi,  +  •-+  PnPin  =  0. 

Indicating  by  du  the  common   value  of   the  quotients  (100),  and 
replacing  Pi  in  the  preceding  relation  by  dxi/du,  we  find 


(Xt  +  PiZ)du  +pildxl  +  •  •  •  +pindxn  =  0, 
'  (Xt  +  Pi  Z)  du  +  dpt  =  0. 

This  shows  us  that  the  elements  of  an  integral  satisfy,  along  the 
entire  length  of  a  characteristic  strip,  the  system  of  differential 
equations, 


These  equations  do  not  depend  upon  the  function  <£ ;  hence  we 
can  determine  the  successive  elements  of  a  characteristic  strip,  pro 
vided  that  we  know  a  single  element  (x°i}  z°,  pi).  We  conclude  from 
this,  just  as  before  (§  85),  that  if  two  integrals  have  a  common  ele 
ment,  they  have  in  common  all  the  elements  of  the  characteristic 
strip  through  that  element. 

If,  as  we  shall  assume,  the  denominators  of  the  equations  (101) 
remain  finite  and  are  not  all  zero  for  the  initial  values,  we  derive 
from  these  equations 

(102) 

where  x°,  z°,  p°k  denote  the  initial  values  corresponding  to  the  initial 
value  u  =  0  of  the  auxiliary  variable  u,  and  where  the  functions  fit 
<f>k,  \J/  are  continuous  differentiate  functions  of  u  and  of  the  initial 
values,  at  least  within  certain  limits. 

Since  each  integral  is  a  locus  of  characteristic  curves,  it  is  clear 
that  every  integral  will  be  represented  by  the  equations  (102),  where 
X1  j  2°,  pk  must  be  functions  of  n  —  1  independent  variables,  so  that 
these  equations  represent,  in  fact,  a  manifold  of  n  dimensions.  But 
in  addition  these  2/1  +  1  functions  xt,  z,  pk  of  n  independent  vari 
ables  must  satisfy  the  relations 


(103) 

dz  —plx—dx  — dx  =  0. 
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Since  the  differential  equations  (101)  have  the  integrable  combina 
tion  dF  =  0,  the  first  of  the  relations  of  (103)  will  surely  be  satisfied 
if  F(x1,  z°,  pi)  =  0.  On  the  other  hand,  we  also  have  from  the  equa 
tions  (101) 

dz  dxj_  dxn 

S    Ay  *'••+*  -sr 

Since  the  initial  values  a:?,  2°,  p°k  are  functions  of  n  —  1  independ 
ent  variables  vv  v2,  •  •  •,  vn-u  we  must  also  have 

U  =  8z  -pfa  -----  pn*xn  =  0, 

where  the  letter  8  denotes  the  differentials  corresponding  to  arbitrary 
increments  8^,  -  •  •  ,  8^B_j  of  these  variables.  By  proceeding  as  in 
the  case  for  n  =  2,  we  have  necessarily 


dU  =  dSz  —  p^dSxi  —  ...  —  pnd8xn  —  dp1Bxl  —  ...  —  dpn8xn, 
dz=2\dxi~\  -----  \-pndxn, 
Sp/^  H 


and,  since  we  may  interchange  the  order  of  the  operations  d  and  8, 

du  =  2)  \  *ptdxi  -  dp^} 

i=  1 

=  JZ\Pi  &P<  +  (*t  +  p<Z)  ^  I  du. 

t  =  i 

Since  «,  xi}  pk  satisfy  the  equation  F  =  0,  we  have 


and,  consequently, 

dU  =  —  ZUdu. 

From  this  we  find  the  following  expression  for  U: 


In  order  that  U  shall  be  zero,  it  is  necessary  and  sufficient  that  U  be 
zero,  that  is,  that  we  have 


To  sum  up,  in  order  that  the  equations  (102)  represent  an  integral, 
it  is  necessary  and  sufficient   that  the  initial  values  (x*,  ZQ,  p°k)  be 
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functions  of  n  —  1  independent  variables  satisfying  identically  the 
conditions 


(104) 

(105)  82° 

Every  system  of  2n  +  l  functions  (x°{,  z°,  p°k)  of  n  —  1  variables 
satisfying  these  conditions  defines  an  (n  —  l)-dimensional  manifold 
of  elements.  Again,  we  may  say  that  every  integral  of  the  equation 
F  —  0  is  generated  by  the  characteristic  curves  through  the  different 
elements  of  a  manifold  of  this  kind. 

In  particular,  to  obtain  Cauchy's  integral,  which  for  xl  =  x^  reduces 
to  a  given  function  <J>(x2,  •  •  •,  a;n),  if  we  take  x\,  x\,  •  •  •,  #J  for  inde 
pendent  variables  (x%  being  supposed  constant),  the  relation  (105) 
gives  the  values  of  2°,  pi,  -  -  -,p°n, 


The  value  of  p\  can  be  obtained  from  the  relation  (104).  If  P\  is  not 
zero  (as  we  must  assume  in  order  to  apply  the  general  existence 
theorem  of  I,  §  194,  2d  ed.  ;  §  188,  1st  ed.),  p\  will  be  an  analytic 
function  of  #§,•••,  xQn  in  a  certain  region,  and  the  equations  (102) 
will  give,  for  z,  x{,pk,  analytic  functions  of  u,  x%,  •  •  •,  sej.  Moreover, 

the  Jacobian 

D(xlj  x.2,  •••,<) 

D(w,«J,-.,a4) 

is  not  zero,  for  it  reduces  to  PJ  for  u  =  0.  Hence  we  can  solve  the 
first  n  equations  (102)  for  u,  x?2)  •  •  •,  x°,  and,  putting  these  expres 
sions  in  the  last  of  the  equations  (102),  we  obtain  for  z  an  analytic 
function  of  the  variables  xv  x2,  •  •  •,  xn. 

Note.  It  may  happen  that  the  application  of  the  preceding  general  rule  does 
not  lead  to  an  integral.  For  example,  it  might  turn  out  that  the  manifold  of 
elements  defined  by  the  equations  (102)  does  not  really  depend  upon  n  arbitrary 
parameters.  This  is  what  would  happen  if  the  manifold  formed  by  the  elements 
(zj,  z°,  pi)  were  composed  of  characteristic  strips  ;  in  this  case,  in  fact,  the 
manifold  defined  by  the  equations  (102)  would  coincide  with  the  manifold  of 
the  elements  (x?,  z°,  p°k)  . 

Disregarding  this  case,  it  may  also  happen  that  the  elimination  of  the  param 
eters  M,  vx,  '  •  .,  vn-i  from  the  equations  (102)  leads  to  several  distinct  relations 
between  the  variables  xx,  •  •  .,  XM,  z.  In  order  not  to  reject  such  solutions,  we 
agree  with  Sophus  Lie  to  enlarge  the  definition  of  the  integral  and  to  designate 
as  an  integral  of  the  equation  F  =  0  every  system  of  OOM  elements  (jrt-,  z,  pk)  sat 
isfying  the  relations 


(106)  Ffa,  z,  pt)  =  0,        dz  =  Pl  dx1  +  •  •  •  +  Pn  dxn  . 
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IV.   SIMULTANEOUS  EQUATIONS* 

88.  Linear  homogeneous  systems.     Let  us  consider  a  system  of 
q  linear  homogeneous  equations  in  one  unknown,  /, 


(107) 


where  the  coefficients  atX.  are  functions  of  the  ri  independent  variables 
ajj,  x2,  •  •  •  ,  #n  and  do  not  contain  the  unknown  function  f.  The  q 
equations  (107)  are  said  to  be  independent  if  there  does  not  exist 
any  identical  relation  of  the  form 


where  X1?  A2,  •  •  •,  At  are  functions  of  xlt  xv  •  •  -,  xn  not  all  zero.  It  is 
clear  that  every  system  of  q  equations  that  are  not  independent  can 
be  replaced  by  a  system  of  q'  independent  equations  (^'<  q)  equiva 
lent  to  the  first,  and  that  no  system  can  contain  more  than  n  inde 
pendent  equations. 

We  can  therefore  always  suppose  the  q  equations  (107)  inde 
pendent  and  q  ^  n. 

If  q  =  7i,  and  if  the  equations  (107)  are  independent,  the  deter 
minant  of  the  coefficients  aik  is  not  zero,  and  these  equations  have 
no  other  common  integral  than  the  trivial  solution  f=C9  which  we 
shall  hereafter  discard.  If  q  is  less  than  n,  we  can  always  find  the 
integrals  common  to  the  equations  (107)  by  successive  integrations. 
In  fact,  let  us  suppose  that  we  have  integrated  one  of  these  equa 
tions  (the  first,  for  example),  and  let  ylf  y^  •  •  •,  yn_l  be  a  system  of 
Ti  —  1  independent  integrals.  Again,  let  yn  be  another  function  such 
that  the  Jacobian  D(yv  y^  •  -  •,  yn)/D(xv  #2,  •  •  -,  xn)  is  not  zero. 
Then  we  may  take  yv  y^  •  •  •,  yn  for  new  independent  variables,  and 
the  equation  X^f)  =  0  becomes  df/dyn  =  0  by  this  change  of  vari 
ables,  while  the  equation  X{(f)  =  0  (i  >  1)  is  replaced  by  an  equation 


*  We  shall  limit  ourselves  to  an  indication  of  the  principal  methods  in  their  essen 
tial  features.  For  further  details  the  reader  is  referred  to  E.  GOURSAT,  Sur  I' inte 
gration  des  equations  aux  derivees  partielles  du  premier  ordre  (Paris,  Hermann 
et  fils,  1892). 
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of  the  same  form,  in  which  the  term  in  df/dyn  may  be  suppressed. 
This  new  equation  may  be  written  in  the  form 


where  the  coefficients  bki  are  functions  of  yv  y2,  •  •  •,  yn.  If  we  sup 
pose  the  coefficients  bki  arranged  according  to  powers  of  yn,  this 
equation  can  be  written  in  the  form 


where  the  coefficients  clf,  cliy  •  •  •  are  independent  of  yn.  Since  the 
unknown  function  /  must  be  independent  of  yn,  this  function  must 
satisfy  all  the  linear  equations  which  are  obtained  by  equating  to 
zero  all  the  coefficients  of  the  different  powers  of  yn.  Suppose  that 
we  proceed  in  this  way  with  all  the  equations  X{  (/)  =  0  (i  >  1).  If 
the  system  formed  by  all  the  independent  equations  which  we  thus 
obtain  contains  n  —  1  equations,  the  only  solution  is  /  =  C.  If  not, 
the  system  will  be  composed  of  r  linear  independent  equations 
(r  <  n  —  1).  We  may  operate  in  the  same  way  on  an  equation  of  the 
new  system,  and  so  on  in  the  same  manner.  Since  at  each  operation 
the  number  of  independent  variables  is  diminished  by  unity,  it  is 
easy  to  see  that  the  given  system  has  no  other  integral  than  /  =  C, 
or  else  it  reduces  to  a  system  composed  of  a  single  linear  equation. 

This  method,  which  may  be  easily  applied  in  certain  cases,  is 
evidently  very  imperfect  from  a  theoretical  point  of  view,  since  it 
does  not  enable  us  to  determine  a  priori  whether  the  equations 
(107)  have  common  integrals  other  than  f=C.  We  shall  now  show 
that  this  question  can  be  settled  without  any  integrations. 

Let  f  be  an  integral  common  to  the  equations  (107).  This  func 
tion  satisfies  the  two  relations  X^f)  =  0,  Xk(f)  =  0,  where  i  and  k 
are  any  two  of  the  indices  1,  2,  •  •  •,  q.  We  also  have 

*,•[**(/)]  =  *<(0)  =  o,      jr*[x,CO]  =  -Yt(0)  =  o, 

and,  consequently, 


We  have  already  observed  that  this  new  equation  contains  only  deriva 
tives  of  the  first  order  (§  36),  and  that  it  may  be  written  in  the  form 

A  -  *«  =  0. 
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Suppose  that  we  form  all  the  equations,  similar  to  the  preceding, 
obtained  by  combining  any  two  of  the  given  equations.  These  equa 
tions  have  all  the  integrals  of  the  system  (107).  Let  us  indicate  by 


all  those  of  these  new  equations  which  are  independent  of  each 
other  and  which  form  with  the  equations  (107)  a  system 

(108) 

of  independent  equations.  If  q  -f-  s  =  n,  the  system  (108),  and  con 
sequently  the  system  (107),  has  only  the  solution/^  C.  If  q  -\-s  <  n, 
we  repeat  on  the  system  (108)  the  operations  performed  on  the  first 
system,  and  so  on  in  the  same  manner.  Continuing  in  this  fashion, 
we  finally  obtain  either  a  system  of  n  independent  equations,  in 
which  case  the  system  (107)  will  have  only  the  solution  /=  C,  or 
else  a  system  of  r  independent  equations  (r  <  n)  such  that  all  the 
combinations  Xi[_Xk(f)']  —  A^[A't-(/)]  are  linear  combinations  of 
x\(f)y  '  '  ')  xr(f)-  Such  a  system  has  been  called  by  Clebsch  a 
complete  system. 

It  follows,  then,  that  the  search  for  the  integrals  of  a  system  of 
the  form  (107)  leads  to  the  integration  of  a  complete  system. 

Since  it  is  clear  that  every  system  of  n  linear  independent  equa 
tions  is  a  complete  system,  we  may  say  that  every  linear  system 
reduces  to  a  complete  system. 

89.  Complete  systems.  The  theory  of  complete  systems  rests  upon 
the  following  properties  : 

1)  Every  complete  system  is  transformed  into  a  complete  system 
by  any  change  of  variables. 

xi  =  4>t(yv  y»  -  -  •">  &>)  (*'  =  i>  2>  •  •  •>  n) 

be  the  formulae  that  define  a  change  of  variables  such  that  we  can 
express  also  the  variables  yv  yz,  •  •  •,  yn  in  terms  of  the  variables 
xv  o*2,  •  •  •,  xn.  By  means  of  such  a  transformation  every  symbol  of 
the  type  d  d 


where  alt  &2,  •  •  •,  an  are  functions  of  xlt  xz,  •  •  •,  xn,  changes  into  an 
expression  of  the  same  form,  Y(f)  =  b^cf/dy^  -\-  •  >  •  -f-  bndf/dyn, 
where  bv  b,2,  •  -  -,  bn  are  functions  of  yv  •  •  .,  yn.  We  have  identically 
X(f)=  Y(f),  where  the  letter  /on  the  left-hand  side  denotes  any 
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function  of  xlt  x2,  •  •  •  ,  xn1  and  on  the  right-hand  side  the  same  func 
tion  expressed  in  terms  of  the  variables  yv  y^  -  -  •,  yn. 
Now  let 

(109)  *,</)=  0,    -•-,    *„(/)=  0 

be  a  complete  system.  By  means  of  such  a  transformation  this 
system  goes  over  into  the  system 

(HO)  ^(/)=o,      ...,       rr(/)  =  o, 

where  A't-(/)  =  Yi(f)  identically,  with  the  understanding  just  men 
tioned  concerning  the  interpretation  of  f  on  the  two  sides.  This  new 
system  is  also  a  complete  system.  For,  since  we  have  identically 

W)=yx/),     **(/)=  w) 

for  any  function/,  we  also  have 


and,  consequently, 


Since  by  hypothesis  the  system  (109)  is  complete,  we  have  for  any 
two  indices  i  and  k 


Hence,  after  the  transformation,  we  have 


where  XJ,  •  •  •,  X'r  indicate  the  results  obtained  by  replacing  xv  £C2,  •  •  •, 
xn  in  \v  .  •  .,  Ar  by  their  expressions  in  terms  of  yv  -  -  .,  yn.  The  new 
system  is  therefore  a  complete  system. 

2)  Every  system  equivalent  to  a  complete  system  is  also  a  complete 
system. 

A  system  of  r  linear  homogeneous  equations  in  df/dxi9 
(109')  ^(/)=0,        ...,        *P</)=0, 

is  said  to  be  equivalent  to  the  system  (109)  if  we  have  r  identities 
of  the  form 

Zk(f)  =  AlkXi(f)  +  A2kX2(f)  +  .  .  .  +  4**r(A       (*  =  1,  2,  .  •  -,  r) 


where  the  coefficients  Aik  are  functions  of  xv  x^  •  •  •  .*•„  whose  deter 
minant  is  not  zero.  In  that  case  we  can  express  A'^/),  •  •  •,  Xr(f) 
linearly  in  terms  of  Z^(f),  >>>,  Zr(f),  and  the  name  equivalent 
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systems  is  self-explanatory.    The  difference  Zi\_Zk(JJ]  —  Zk\_Zi(f)'] 
can  now  be  written  in  the  form 

r  p    r  -i  r  r    r  -| 

hence  it  is  equal  to  a  sum  of  terms  of  the  form 

If  the  system  (109)  is  complete,  this  difference  will  therefore  be  a 
linear  function  of  AX(/),  •  -  •,  Ar(/),  since  all  the  differences 


are,  by  hypothesis,  linear  functions  of  X1(f)J  -  .  •  ,  Xr(f).    Since  the 
two  systems  (109)  and  (109')  are  equivalent,  all  the  differences 


can  be  expressed  linearly  in  terms  of  Zx(/),  Z2(/),  •  •  •,  Zr(f). 

It  is  clear  that  every  complete  system  can  be  replaced  by  an 
equivalent  system  in  an  infinite  number  of  ways.  We  say  that  the 
complete  system  (109)  is  a  Jacobian  system  if  all  the  expressions 
A'^A'^/)]  —  A't[A"f(/)]  are  identically  zero.  We  shall  now  show 
that  every  complete  system  is  equivalent  to  a  Jacobian  system. 

Since  the  r  equations  (109)  are  independent  by  hypothesis,  we 
can  solve  them  for  r  of  the  derivatives  of  /,  for  example,  for  the 
derivatives  df/dxv  •  •  •,  df/dxr.  Since  the  system  thus  obtained, 


(111) 


Zj(f)*S%-  +   ft-TT*-  +  -  -  -    +   b,  n-r^-  =  0, 
«B,  &*V+1  ^n 

^(/)  =  ?+   ^£  +  '  *  '    +   ^'I^0' 


^(/)=^  +  ^.f-4-...+^n_^  =  0, 
</ccr  rar ,  l  cxn 


is  equivalent  to  the  system  (109),  it  also  is  a  complete  system.  Now 
if  we  form  the  expressions  Zi[Zk(f)~\  —  Z k\_Z t(f)~\,  it  is  clear  that 
only  the  derivatives  df/3xr  +  l,  >>>,  df/dxn  will  appear,  and  conse 
quently  the  new  equations  Zi\_Zk(f)~\  —  Zt[Z,-(/)]  =  0  can  be 
linear  combinations  of  the  equations  (111)  only  if  the  left-hand  sides 
of  these  new  equations  are  identically  zero.  The  system  (111)  is 
therefore  a  Jacobian  system. 

The  reasoning  proves  that  every  complete  system  of  the  special 
form  (111)  is  a  Jacobian  system,  but  it  is  clear  that  a  Jacobian  sys 
tem  is  not  necessarily  of  that  form. 
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3)  Every  complete  system  of  r  equations  in  n  independent  variables 
can  be  reduced  by  the  integration  of  one  of  the  equations  of  the  system 
to  a  complete  system  of  r  —  1  equations  inn  —  1  independent  variables. 

Suppose  that  we  have  integrated  one  of  the  equations  of  the  sys 
tem,  for  example,  the  equation  X^f)  =  0,  and  that  we  choose  a  new 
system  of  independent  variables  (ylt  y^  •  •  •,  yn),  as  in  the  preceding 
paragraph,  in  such  a  way  that  ?/2,  ?/3,  •  •  . ,  yn  are  n  —  1  integrals  of 
A'x(/)  =  0.  The  system  (109)  is  replaced  by  a  new  complete  system 
in  which  the  first  equation  reduces  to  Qf/dyl  =  0.  Solving  the  r  —  1 
remaining  equations  for  the  r  —  1  derivatives  df/dy2,  •  •  •,  df/dyr>  f°r 
example,  we  obtain  a  complete  system, 


(112) 


&-+:..+,     v_0 

I  I     ^2  w r  o          ""      j 


df  df  df 

=  a     +  cn  IT1—  +  '  '  '  +  cr  n_r  £-  =  0, 

/7l/  X7-3/  '  »   **  *       XI /»  «  ' 


which  is  of  the  special  form  (111)  and  which  is  therefore  a  Jacobian 
system.    Now  we  have 


and  since  this  expression  must  be  identically  zero,  we  see  that  the 
coefficients  cik  of  the  new  system  are  independent  of  the  variable  yr 
Moreover,  f  or  i  >  1,  k  >  1  we  have  identically 


consequently  the  r  —  1  equations 

(113)    F2(/)=0,         F3(/)=0,         ...,         Fr(/)=0 

form  a  Jacobian  system  of  r  —  1  equations  in  n  —  1  independent 
variables  y2,  ?/3,  •  •  -,  yn,  which  establishes  the  proposition. 

The  system  (113)  can  in  turn  be  reduced  to  a  complete  system  of 
r  —  2  equations  in  n  —  2  independent  variables,  and  so  on  in  this 
way.  Continuing  in  this  manner,  we  finally  reduce  the  given  com 
plete  system  to  one  linear  equation  in  n  —  r  -f-  1  independent  vari 
ables.  We  conclude  from  this  that  every  complete  system  ofr  equations 
in  n  independent  variables  has  n  —  r  independent  integrals,  and  the 
general  integral  of  the  system  is  an  arbitrary  function  of  these  n  —  r 
particular  integrals. 
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The  preceding  reasoning  shows  also  what  are  the  integrations  to 
be  carried  out  in  order  to  obtain  these  integrals.  Moreover,  it  is  clear 
that  this  method  can  be  applied  in  a  variety  of  ways.  We  may,  in  fact, 
replace  the  given  complete  system  by  any  other  equivalent  system, 
and  begin  by  integrating  any  one  of  the  equations  of  this  new  sys 
tem.  For  example,  if  we  replace  the  complete  system  by  a  Jacobian 
system  of  the  form  (111),  we  know  at  once  r  —  1  particular  integrals 
.r2,  •  •  • ,  xr  of  the  equation  Z^  (/)  =  0,  and  it  is  sufficient  to  integrate 
a  system  of  n  —  r  ordinary  differential  equations  in  order  to  have 
the  general  integral.  For  complete  details  of  other  methods  of  inte 
gration  of  complete  systems,  the  reader  is  referred  to  special  treatises. 

Example.    Let  it  be  required  to  integrate  the  system 

J—      (x  +x  x}  — 

v"l  SXS  SX* 


Forming  the  combination  JT1[.Y2(/)]  —  X^X^/)],  we  are  led  to  add  to  the 
given  equations  a  new  equation  cf/cx3  +  x,  df/cx4  =  0,  and  the  system  of  three 
equations  thus  obtained  is  equivalent  to  the  system 

(116)    ^  +  (x3 
dxv 

which  is  a  Jacobian  system.  The  system  (114)  has  therefore  only  one  independ 
ent  integral.  The  general  integral  of  the  last  equation  of  this  system  is  an  arbi 
trary  function  of  x1?  x2,  and  x4  —  X1x3.  If  we  take  for  independent  variables 
Xj,  x2,  x3,  and  u  —  x4  —  xtxs,  every  function  /(xt,  x2,  x3,  x4)  changes  into  a 
corresponding  function  4>(xlt  x2,  x3,  w),  and  the  system  (115)  is  replaced  by  the 
system 

(116)  £^  +  3*?£*  =  0.         ^  +  x,^^0.        ^  =  0. 

cXj  cu  5x0        ~  cu  dx3 

The  first  two  equations  of  (116)  form  a  new  Jacobian  system  of  two  equations  in 
three  independent  variables  x1?  X2,  u.  The  general  integral  of  the  second  is  an 
arbitrary  function  of  Xi  and  of  u  —  x^/2. 

Let  us  now  take  for  independent  variables  x1?  x2,  and  u  —  x|/2  =  o.  Every 
function  </>(xi,  x2,  u)  changes  into  a  corresponding  function  ^(xx,  X2,  r),  and 
the  first  two  equations  of  (116)  become 


The  general  integral  of  the  first  is  an  arbitrary  function  of  v  —  xj,  and,  conse 
quently,  returning  to  the  original  variables,  we  see  that  the  general  integral  of 
the  system  (114)  is  an  arbitrary  function  of 
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90.  Generalization  of  the  theory  of  the  complete  integrals.    Let  us 
consider  an  equation 

(117)  V(xv  x2,  -  .  -,  xn,  «;  av  a2,  •  •  -,  an_r  +  l)  =  0 

denning  a  function  z  of  the  n  independent  variables  xl9  aja,  •  •  •,  xnt 
which  depends  also  upon  (n  —  r  -f  1)  arbitrary  parameters  alt  «2, 
•  •  •,  «n_r  +  i.  If  we  suppose  that  definite  values  have  been  assigned 
to  these  parameters,  and  if  we  eliminate  them  from  the  relation 
(117)  and  the  relations  obtained  by  successive  differentiations, 


we  obtain  in  general  only  r  independent  relations  between  z,  xv  •  •  -  , 

Xn>Pi>  '  ">Pn, 

(119)    Ffa,  ...,»„,  z,pv  ..;pn)  =  0,     F2=0,     ...,     Fr  =  0. 

Limiting  ourselves  to  this  case,  which  is  the  general  case,  we  shall 
say,  as  above  (§  82),  that  the  function  z  denned  by  the  relation  (117) 
is  a  complete  integral  of  the  system  of  partial  differential  equations 
(119).  We  shall  show  that,  in  this  case  also,  the  knowledge  of  a 
complete  integral  of  the  system  (119)  enables  us  to  find  all  other 
integrals.  In  fact,  since  the  equations  (119)  arise  from  the  elimina 
tion  of  alt  az,  •  -  •,  an_r+i  between  the  equations  (117)  and  (118), 
finding  an  integral  common  to  these  r  equations  (119)  reduces  to 
finding  a  system  of  functions  «,  av  -  •  •,  an_r  +  l  of  the  variables  xv 
as2,  •  •  •,  xn  satisfying  the  equations  (117)  and  (118).  It  is  obvious 
that  we  can  replace  the  system  of  equations  (117)  and  (118)  by  the 
system  consisting  of  the  equation  (117)  and  the  equation 

(120)      w     +     dat+.-.  +        -da^-o, 


which  is  obtained  by  differentiating  the  equation  (117)  and  making 
use  of  the  equations  (118).  We  can  satisfy  the  equations  (117)  and 
(120)  in  a  variety  of  ways  : 

1)  By  supposing  that  av  a^  -  •  •,  an_r  +  l  are  constants,  which  gives 
precisely  the  complete  integral. 

2)  By  putting 


The  elimination  of  av  a^  •  -  .,  an_r  +  l  from  these  equations,  if  it  is 
possible,  furnishes  an  integral  which  does  not  contain  any  arbitrary 
constant,  and  which  we  shall  call,  as  before,  a  singular  integral. 
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3)  If  all  the  coefficients  dV/daf  are  not  zero  simultaneously,  there 
exists  at  least  one  relation  between  the  unknown  functions  alt  a2, 
•••>  «»-r  +  i  of  the  variables  <rf  (I,  §  55,  2d  ed. ;  §  28,  1st  ed.). 
Suppose  that  there  exist  k  and  only  k  independent  relations  between 
these  functions, 

(121)     ffa,  •••,  «n_r  +  1)  =0,      ...,      ft(alt  aa,...,an_r  +  l)=0. 

Since  the  relation  (120)  must  be  a  consequence  of  the  relations 
df.  =  0(i  =  1,  2,  •  •  .,  k),  there  exist  k  coefficients  X1?  A2,  •  •  •,  \k  such 
that  we  have  identically 

dV  dV 


This  relation  is  equivalent  to  n  —  r  +  1  distinct  relations, 
(122) 


=  X,  ^-^—  +  •  •  •  + 


V*' 


The  elimination  of  a^  «2,  •  •  •,  «-B_r  +  i,  Xx,  X2,  •  •  •,  Xt  from  the  equations 
(117),  (121),  and  (122)  will  lead,  in  general,  to  a  single  relation 
between  o^,  ara,  •  •  •,  crn,  and  2,  that  is,  to  an  integral  common  to  the 
equations  (119),  which  depends  upon  the  arbitrary  functions  chosen. 
The  set  of  integrals  thus  obtained,  by  making  the  number  k  vary 
from  1  to  n  —  r,  and  by  taking  the  functions  fl9  /2,  •  •  •,  fk  arbitra 
rily,  constitutes  the  general  integral  of  the  system  (119).  It  will 
be  observed  that  the  complete  integral  will  be  obtained  by  supposing 
k  =  n  —  r  +  l.  .  .  • 

If  r  =  1,  the  system  (119)  reduces  to  a  single  equation.  Con 
versely,  given  any  equation  of  the  first  order  F(x{,  z ;  pk)  =  0,  it 
follows  from  the  general  existence  theorems  that  it  always  has  an 
infinite  number  of  integrals  which  depend  upon  as  many  arbitrary 
parameters  as  we  wish,  and  consequently  an  infinite  number  of  com 
plete  integrals.  The  preceding  method,  which  is  a  direct  generaliza 
tion  of  that  of  §  82,  enables  us  to  find  all  the  other  integrals  of  the 
equation  F  =  0  when  we  know  one  complete  integral. 

If  r  >  1,  the  system  (119)  is  not  the  most  general  of  its  kind,  for 
a  system  of  r  equations  of  the  first  order  with  a  single  dependent 
variable  does  not  necessarily  have  any  integrals.  We  shall  show  in 
the  following  paragraphs  how  to  determine  whether  such  a  system 
is  consistent,  and  how  to  find  the  integrals  when  they  exist. 
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91.  Involutory  systems.    Let 
(123)     Fl(xl,x2,.--,xn',pv2)2,-..,pn)=0,     F2  =  0,     .  •  .,     Fr  =  0 

be  a  system  of  r  independent  partial  differential  equations  of  the 
first  order,  not  containing  the  dependent  variable  z.  The  general 
case  can  always  be  reduced  to  this  particular  case  by  the  device 
used  in  §  75.  The  problem  of  finding  an  integral  common  to  the  r 
equations  (123)  is  equivalent  to  the  following  problem  :  To  find  n 
functions  p{  =  <f>i(^  •  •  •>  %„)  satisfying  the  relations  (123)  and  the 
conditions  dpi/dxk  =  dpk/dxi. 

If  we  know  a  system  of  n  functions  ^-(a^,  •  •  -,  xn)  satisfying  these 
conditions,  we  can  derive  from  them,  by  quadratures,  an  integral  of 
the  equations  (123)  which  depends  upon  an  arbitrary  constant. 

Let  F  and  H  be  any  two  functions  of  the  2  n  variables  x^  pk. 
Using  the  notation  (see  §  81) 

Sff   SHSF 


we  shall  call  the  expression  (F,  //)  a  Poisson  parenthesis.  We  now 
have  the  following  theorem  :  If  the  two  equations  F  =  0,  H  =  0  have 
a  common  integral,  that  integral  also  satisfies  the  equation  (F,  £7")  =  0. 
For  let  us  suppose  that  pv  pz,  •  •  -,pn  are  functions  of  the  n  vari 
ables  ajj,  •  •  •,  xn  satisfying  the  two  equations  F=  0,  //  =  0  and  the 
conditions  dpt/dxk  =  dpk/dxt.  Differentiating  the  relation  F  =  0  with 
respect  to  x{,  we  find 


Multiplying  this   equation  by  ^H/dpi  and  adding  all  the  similar 
resulting  equations,  we  find 

V—  MVv  v*M!£2&«e 
&Kfe   &afofo*% 

Permuting  the  letters  F  and  H  and  observing  that  we  may  permute 
the  indices  i  and  k  in  the  double  sum,  we  have  also 

V  —  —  4-  V  V  —  —  ^i  =  0 

h^dpi   hhfatpite* 

Subtracting  the  two  results  term  by  term,  it  follows 

(12t)     ('••> 
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If  Pv  '  '  '  j  Pn  are  the  partial  derivatives  of  the  same  function,  we 
have,  for  any  two  indices  i  and  k,  dpt/dxk  =  dpk/dxt  and,  consequently, 
(F,H)=0. 

This  theorem  contains  as  a  particular  case  the  one  which  was 
proved  above  (§  88)  for  linear  homogeneous  equations  in^,  .  .  -,pn, 
and  its  logical  consequences  are  also  analogous  to  those  of  §  88.  For 
every  integral  of  the  equations  (123)  is  also  an  integral  of  all  the 
equations  (Fa,  Fft)  =  0  which  can  be  formed  from  pairs  of  the  equa 
tions  (123).  Hence  we  can  adjoin  to  the  given  system  all  of  these  new 
equations  which  form  with  the  original  equations  a  system  of  inde 
pendent  equations.  Continuing  in  this  way,  we  must  finally  obtain 
either  a  system  of  independent  equations  whose  number  exceeds  n, 
in  which  case  the  system  has  no  integral  in  general,  or  else  a  system 
of  m  equations  (m  ^=  ri)  such  that  all  the  equations  (Fa,  Fp)  =  0  are 
satisfied  identically  or  are  algebraic  consequences  of  the  preceding. 

Such  systems  are  similar  to  complete  systems.  It  is  always  possi 
ble  either  to  show  that  the  given  equations  are  inconsistent  or  to 
reduce  them  to  a  system  for  which  all  the  parentheses  (Fa,  Fft)  are 
identically  zero.  In  fact,  let  us  suppose  that  we  have  solved  the  r 
equations  (123)  for  •/•  of  the  variables  pv  •  •  •  ,  pa,  which  must  always 
be  possible,  for  otherwise  the  elimination  of  piy  •  •  •,  pn  from  these  r 
equations  would  lead  to  a  relation  between  the  variables  xv  •  -  •,  xn, 
and  the  given  system  would  evidently  be  inconsistent.  Let 

(125)  ^-/^l,---,*.;    *!,  •••,*»)==  0,     ..-,    pr-fr(..-)=0 

be  the  equivalent  system  thus  obtained.    The  parenthesis 

(p«-f*>  P»-ffi) 

does  not  contain  any  of  the  variables  pl}  •  •  •,  pr\  hence  the  equations 
obtained  by  equating  these  parentheses  to  zero  cannot  be  conse 
quences  of  the  first,  and  they  furnish  new  equations  if  the  paren 
theses  are  not  identically  zero.  Solving  these  new  equations  for 
certain  of  the  quantities  pr  +  i,  •  -  ',pn>  an(i  continuing  in  the  same 
way,  we  finally  either  demonstrate  the  impossibility  of  the  problem 
or  else  obtain  a  system  of  in  equations  of  the  first  order  (m  ^  ri)j 

(126)  F1==0,         .-.,         Fm  =  0, 

such  that  all  the  parentheses  (Fa,  F^)  are  identically  zero. 

Such  systems,  which  are  similar  to  the  linear  Jacobian  systems, 
are  called  involutory  systems.  It  follows  from  what  precedes  that 
the  search  for  the  common  integrals  of  a  system  of  equations  of  the 
first  order  reduces  to  the  integration  of  an  involutory  system- 
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This  integration  is  immediate  if  m  —  n,  as  the  following  proposi 
tion  shows  :  Let  Fv  F2,  •  •  •,  Fn  be  functions  of  the  2n  variables  x{, 
pk)  such  that  all  the  parentheses  (Fa1  F^  are  identically  zero,  and 
such  that  the  Jacobian  A  =  D(F^  •  •  •  ,  Fn)/D(pv  •  •  •,  pn)  is  not  zero. 
If  we  solve  the  n  equations 

(127)  Fl  =  alt         ^2  =  S>         •  •  -i         F*  =  «», 

where  av  a^  •  •  •  ,  an  are  any  constants,  for  pv  p2,  •  •  •  ,  pn,  the  expres 
sion  pl  dxl  +  •  •  •  +pn  dxn  is  an  exact  differential  for  the  resulting 
values  of  the  p's. 

For  we  have     (^  _  ^  ^  _  ^  =  ^  ^  =  Q> 

and,  by  what  precedes,  these  n  functions  pv  p2,  •  -  •  ,  pn  of  the  n  varia 
bles  xl9  x2,  •  -  •  ,xn  denned  by  the  n  equations  (127)  must  satisfy  all  the 
relations 


Let  us  take  all  the  n  relations  of  this  kind  in  which  the  index  (3 
retains  the  same  value.    These  relations  can  be  written  in  the  form 


If  we  take  for  unknowns  the  n  expressions 


the  determinant  of  the  coefficients  of  these  unknowns  is  precisely 
the  determinant  A,  which,  by  hypothesis,  does  not  vanish  identically. 
It  follows  that  we  have,  for  any  two  indices  i  and  /3, 


Similarly,  taking  the  n  equations  of  this  kind  in  which  the  index  i 
has  a  definite  value,  we  evidently  have  dpt/dxk  =  dpt/dxi,  which 
proves  the  proposition. 
The  function 


(128) 


v      1' 

r 


where  an  +  1  is  a  new  arbitrary  constant,  represents  the  complete 
integral  of  the  involutory  system  (127).  If  we  regard  the  r  con 
stants  av  «2, . . . ,  ar  as  having  definite  values,  while  the  constants 
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ar  +  i>  •••>  a*  +  i  remain  arbitrary,  the  formula  (128)  represents  a 
complete  integral  of  the  involutory  system  formed  from  the  first  r 
equations  of  (127).  This  is  a  true  complete  integral,  for,  from  the 
way  in  which  we  have  obtained  the  function  <l>,  the  equations 


form  a  system  equivalent  to  the  system  (127),  and  the  only  inde 
pendent  relations  not  containing  «r  +  1,  ••-,«„  which  can  be  deduced 
from  them  are  evidently  the  first  r  equations  of  this  system. 

92.  Jacobi's  method.    Let  us  consider  an  involutory  system  of  r 
equations  (r  <  ri), 

(129)  FI(XV  •  •  •,  xn;  plt  -  -  .,#,)  =  av      •  •  .,     Fr(xv  -  -  -,pn)  =  ar, 

where  the  constants  alf  •  •  •,  ar  have  definite  values.  To  obtain  a 
complete  integral  of  this  system,  it  is  sufficient  to  adjoin  to  it  n  —  r 
new  functions  Fr  +  l,  -  -  -,  FnJ  such  that  the  Jacobian 


is  not  zero,  and  such  that  the  new  system 

(130)  Fl  =  al,  ..-,  Fr  =  ar,          Fr  +  l  =  ar+l,         .  .  .,          Fm  =  an 

is  itself  involutory.  Indeed,  the  complete  integral  of  this  system  (130) 
will  furnish,  as  we  have  just  seen,  a  complete  integral  of  the  system 
(129).  If  r  =  1,  this  method  is  merely  the  extension  of  the  method 
of  Lagrange  and  Charpit  to  an  equation  in  n  variables. 

Jacobi's  method  for  solving  this  problem  depends  upon  a  noted 
identity  due  to  Poisson.  Let  /,  <f>,  \fr  be  any  three  functions  of  the 
2  n  variables  xi}  pk;  then  we  have  identically  the  relation 

(131)  ((/,  f),f)  +  ((*,  </0,  /)  +  ((«A,  /),  <#>)  =  0. 

In  fact,  each  term  on  the  left-hand  side  is  the  product  of  a  partial 
derivative  of  the  second  order  and  two  partial  derivatives  of  the 
first  order.  Hence,  to  show  that  it  vanishes,  it  is  sufiicient  to  show 
that  it  does  not  contain  any  derivative  of  the  second  order  of  the 
function  f,  for  example,  since  the  three  functions  f,  <f>,  \f/  appear  in 
it  symmetrically.  The  terms  containing  the  second  derivatives  of/ 
can  arise  only  from  ((/,  $),  f)  +  (ty,  /),  <#>)  =  (fc  (<fc  /))  -  (<£,  (ft  /)). 
Observing  that  (<£,  f)  and  (\j/,  f)  are  two  linear  homogeneous  expres 
sions  in  the  derivatives  of/,  and  setting 
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the  preceding  expression  can  be  written  in  the  form 


Now  we  saw  in  §  88  that  this  expression  does  not  contain  any  second 
derivatives  of/.  It  follows  that  all  the  terms  of  the  left-hand  side 
of  the  equation  (131)  cancel  each  other  in  pairs. 

Finally,  in  order  to  integrate  the  involutory  system  (129),  let  us 
first  try  to  find  a  function  <£  independent  of  Fp  -  -  -,  Fr  satisfying 
r  linear  homogeneous  partial  differential  equations  of  the  first  order, 

(132)     (Fv*)=0,         (Fa,*)=0,         ..-,         (Fr,*)=0. 
These  r  equations  form  a  Jacobian  system.    For  if  we  set 

XtC*)-^*), 

Poisson's  identity, 

((Fa,  Fft),  *)  +  ((*>,  *),  F*)  +  ((<£,  Fa),  *»=  0, 
becomes 

since  (Fa,  Fft)=Q. 

Let  Fr+l  be  an  integral  of  this  Jacobian  system  which  forms  with 
Fj,  •  •  •,  Fr  a  system  of  independent  functions  of  pv  •  -  .,  pn.  We 
next  proceed  to  form  the  new  Jacobian  system  of  r  -f-  1  equations, 

(^,^=0,         ...,         (FP  +  1,*)=0, 

and  to  find  an  integral  of  this  system  which  is  independent  of 
Fj,  •  •  •,  Fr+i  as  functions  of  the  pt\  and  we  continue  in  the  same 
way.  Finally,  when  we  have  found  an  integral  of  the  last  Jacobian 
system, 

(Fv*)=0,         ...,          (FB_1,^)=0, 

we  can  obtain  a  complete  integral  of  the  given  system  by  a  quadra 
ture,  as  we  have  seen  above. 

V.   GENERALITIES  ON  THE  EQUATIONS  OF  HIGHER  ORDER 

93.  Elimination  of  arbitrary  functions.  The  study  of  partial  differ 
ential  equations  of  the  first  order  in  a  single  dependent  variable  has 
led  us  to  the  following  conclusions  :  1)  The  integration  of  an  equa 
tion  of  this  form  reduces  to  the  integration  of  a  system  of  ordi 
nary  differential  equations.  2)  All  the  integrals  of  this  equation  are 
represented  by  one  or  more  systems  of  equations  in  which  appear 
explicitly  one  or  more  arbitrary  functions  and  their  derivatives. 

These  properties  are  not  extensible  to  the  most  general  partial 
differential  equations  of  order  higher  than  the  first.  The  problem 
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of  the  integration  of  such  an  equation  cannot,  in  general,  be  reduced 
to  the  integration  of  a  system  of  ordinary  differential  equations. 

We  can  easily  generalize,  however,  the  method  of  the  elimination 
of  arbitrary  functions  which  leads  to  a  partial  differential  equation 
of  the  first  order  (§§  77  and  82),  but  the  equations  of  higher  order 
which  we  obtain  in  this  way  form  only  a  very  special  class. 

Thus  we  have  seen  that  the  general  integral  of  a  linear  equation 
in  two  independent  variables  Pp  -f  Qq  =  R  is  obtained  by  associating 
the  curves  of  a  congruence  according  to  an  arbitrary  law.  Let  us 
now  consider  a  family  of  curves  T  that  depends  upon  n  -f  1  arbitrary 
parameters  alf  &2,  •  •  •,  «B  +  1,  (n  >1), 

(133)    F(x,  y,  z,  av  -  •  •,  «n+1)  =  0,        3>(z,  y,  z,  al9  -  •  .,  an+l)  =  0. 

If  we  establish  n  relations  of  arbitrary  form  between  these  n  +  1 
parameters,  we  obtain  a  family  of  curves  F  that  depends  upon  only 
one  parameter.  These  curves  generate  a  surface  5,  and  all  these 
surfaces  S  satisfy,  whatever  may  be  the  n  relations  established 
between  the  n  -f-  1  parameters,  a  partial  differential  equation  of  the 
nth  order,  which  is  called  the  partial  differential  equation  of  the 
family  of  surfaces  S.  To  prove  this,  let  us  observe  that  instead  of 
establishing  n  relations  between  the  n  +  1  parameters  «v,  it  amounts 
to  the  same  thing  to  take  for  these  parameters  arbitrary  functions 
a,-(X)  of  an  auxiliary  variable  X.  The  two  equations  (133)  then  define 
two  implicit  functions  z=f(x,  y),  X  =  ^(.r,  y)t  and  we  have  to 
prove  that  the  function  z=f(x9y)  satisfies  a  partial  differential 
equation  of  the  nth  order,  independent  of  the  form  of  the  arbitrary 
functions  at-(X).  Differentiating  the  first  of  the  equations  (133)  with 
respect  to  x  and  then  with  respect  to  y,  we  obtain  the  two  relations 


from  which  we  derive 


X;  = 


X;  '     dF      dF 

te+^P 

From  the  second  of  the  equations  (133)  we  derive,  similarly,  an 
expression  for  the  quotient  \'y/\'x,  which  is  deduced  from  the  pre 
ceding  by  replacing  in  it  F  by  <£.  Equating  these  two  expressions, 
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we  adjoin  to  the  equations  (133)  a  new  equation  containing  x,  y,  z, 
p,  q,  av  a2,  •  •  •,  an+l, 

(134)  ^(z,  y,  z,  p,  q,  av  a^  -  •  -,  an+1)  =  0. 

Operating  on  this  new  equation  as  on  the  equation  F  =  0,  we  derive 
from  it  an  expression  for  X'y/\'x  which  depends  upon  x,  y,  z,  p,  q,  r, 
s,  t,  alt  -  •  •,  an  +  1.  Equating  this  new  expression  to  one  of  the  expres 
sions  already  obtained  for  this  same  quotient,  we  obtain  a  new 
relation  containing  the  second  derivatives  of  z, 

(135)  *a(a;,  y,  z,p,  q,  r,  s,  t,  alt  a,,  •  •  •,  an  +  l)  =  0. 

After  n  similar  operations  we  adjoin  to  the  system  (133)  a  system 
of  n  relations  containing  alt  a2,  •  •  •,  «n  +  1,  x,  y,  z,  and  the  derivatives 
of  z  up  to  those  of  the  nth  order.  The  elimination  of  alt  a2,  •  •  •,  &n+1 
from  these  n  +  2  equations  will  lead,  in  general,  to  one  and  only  one 
equation  between  x,  y,  z,  and  the  partial  derivatives  of  z  up  to  those 
of  the  nth  order.  This  is  the  partial  differential  equation  of  the 
surfaces  generated  by  the  curves  T. 

Example  1.  If  the  curves  F  are  the  straight  lines  parallel  to  the  xy-plane, 
the  equations  (133)  are 

z  -  ax,        y  =  a2x  +  «3. 

Applying  the  general  method,  let  us  suppose  that  an  a2,  a3  are  functions  of  a 
parameter  \.  From  the  two  preceding  equations  we  derive  for  the  quotient 
\'x/\'y  the  two  values  p/q  and  —  a2,  which  leads  to  the  relation  p/q  +  «2  =  0. 

Differentiating  this  last  relation  with  respect  to  x  and  then  with  respect  to 
y,  and  dividing  the  corresponding  sides  of  the  resulting  equations,  we  find 

xy  =  pt-qs 
\;      ps-qr' 

Equating  this  value  of  the  quotient  to  the  expression  q/p  already  obtained,  we 
find  again  the  partial  differential  equation  of  the  ruled  surfaces  which  have  the 
xy-plane  for  the  directing  plane  (I,  Ex.  §  39,  2d  ed.  ;  §  24,  1st  ed.), 


Example  2.  If  the  curves  F  are  all  possible  straight  lines,  the  equations  (133) 
can  be  written  in  the  form 


Applying  the  general  method,  we  derive  from  them  successively 

Xy_     aig      _as<l-1  =  _ai, 
\;      Ojp-1         asp  a8' 

or 
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From  this  new  equation  we  then  derive 


or 

(A)  afr  +  2a 

This  last  equation  gives  in  turn 

x        g»     +  2  a 


_ 

xx      ai-P3o  +  2  ax  a3p21  +  afp12  a8  '  c  x<  d  i/A 

or,  clearing  of  fractions, 
(B)  a*p30  +  3  a\  a3p>21  +  3  a:  ajpla  +  aj  p03  =  0. 

Eliminating  the  quotient  al/a3  from  the  relations  (A)  and  (B),  we  obtain  the 
partial  differential  equation  of  all  ruled  surfaces.  We  see  that  this  equation 
contains  only  derivatives  of  the  second  and  third  orders.  By  its  derivation 
we  see  that  it  states  that  at  each  point  of  the  surface  one  of  the  asymptotic 
tangents  has  contact  of  the  third  order  with  the  surface  (I,  §  223,  2d  ed.  ; 
§  238,  1st  ed.). 

Example  3.   Let  us  consider  the  plane  curves  T  represented  by  the  two 
equations 


2  =/(x,  „,«,,..,„„), 

Instead  of  applying  the  general  method,  let  us  suppose  that  a1?  a2,  '  •  .,  an  are 
functions  of  the  last  parameter  an  +  i.  The  surface  S  generated  by  these  curves 
T  has  for  its  equation  fr 


where  0t,  •  •  .,  0n  are  arbitrary  functions  of  y.  The  elimination  of  these  n  func 
tions  from  the  preceding  relation  and  the  relations  which  give  dz/3x,  d2z/dx2, 
•  •  •  ,  dnz/dxn  leads  to  a  partial  differential  equation  of  the  nth  order, 


/IQAX  3"z      IT/         dz  &t-1z\ 

(136)  _  =  ,/«,,,_,...,__», 


in  which  only  derivatives  with  respect  to  x  appear. 

Conversely,  every  partial  differential  equation  of  this  type  can  be  integrated 
as  an  ordinary  differential  equation  containing  a  parameter.  If  z  =/(x,  y,  C1? 
GZI  ' '  'i  Cn)  is  the  general  integral  of  such  a  differential  equation,  it  will  suffice 
to  replace  C1?  C2,  •  •  -,  Cn  in  it  by  arbitrary  functions  of  y  in  order  to  have  the 
general  integral  of  the  same  equation,  considered  as  a  partial  differential  equa 
tion  in  two  independent  variables  x  and  y. 

The  general  integral  of  a  partial  differential  equation  of  the  first 
order,  of  any  form,  in  two  independent  variables,  is  obtained  by  tak 
ing  the  envelope  of  a  two-parameter  family  of  surfaces  when  we 
establish  an  arbitrary  relation  between  these  two  parameters  (§  82). 
To  generalize  this  result,  let  us  consider  a  family  of  surfaces  5 
which  depends  upon  n  +  1  parameters, 

(137)  F(x,  y,  z,  av  aa,  .  .  .,  aw+1)  =  0.  (n  >  1) 
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If  we  establish  n  arbitrary  relations  between  these  n  -f-  1  parame 
ters,  or,  what  amounts  to  the  same  thing,  if  we  replace  alt  a2,  •  •  •, 
an  +  i  by  arbitrary  functions  of  an  auxiliary  variable  X,  we  have  a 
family  of  surfaces  S  which  depends  upon  a  single  parameter.  The 
envelope  of  this  family  of  surfaces  is  a  surface  S  which  satisfies  a 
partial  differential  equation  of  the  nth  order,  independent  of  the 
form  of  the  arbitrary  functions  a,-(X).  For  we  should  obtain  the 
equation  of  this  surface  by  eliminating  A.  from  the  two  equations 

(137)  and  (138) 

(138)  a;(x)  +  ...+__<+l(X)  =  0. 


But  these  two  equations  may  be  considered  as  defining  two  func 
tions  z  =  f(x,  y)  and  A.  =  <j>  (a-,  y)  of  the  two  variables  x  and  y.  The 
partial  derivatives  p  and  q  are  given  by  the  two  equations  (I,  §  41, 

2d  ed.  ;  §  25,  1st  ed.) 

(139)  ^  +  ^>  =  o,      ^  +  ^  =  0. 

dx        dz  r  dy        dz  * 

Applying  to  this  system  (139)  the  method  applied  to  the  system 
(133),  we  can  adjoin  to  it,  step  by  step,  n  —  1  new  relations  between 
ax,  «2,  •••,«„  +  !,  x,  y,  z,  and  the  partial  derivatives  of  z  of  orders 
2,  3,  •  •  .,  n.  The  elimination  of  av  «2,  •  •  •,  an+1  from  these  n  —  1 
equations  and  the  equations  (137)  and  (139)  will  lead,  in  general,  to 
a  single  relation  independent  of  av  «2,  •  •  -,  «B+1,  in  which  will 
appear  x,  y,  z,  and  the  partial  derivatives  of  z  up  to  those  of  the 
nth  order. 

Example.  If  the  surface  S  is  a  plane,  we  find  again  the  equation  of  the 
developable  surfaces  s2  —  rt  =  0.  If  the  surface  S  is  a  sphere  with  the  constant 
radius  J2,  the  equations  (137)  and  (139)  become 


f  1401 

x  -  C4  +  (z  -  a3)p  =  0,        y  -  a2  +  (z  -  a3)q  =  0. 

Suppose  that  a1?  a2,  a3  are  functions  of  a  parameter  X.  Equating  the  values 
of  the  quotient  X^/X^.  derived  from  the  last  two  equations  (140),  we  obtain  the 
relation 

(141)  (rt-s*)(z-as)2+[(l+p*)t+(l+q*)r-2pqs](z-a3)  +  l+p*  +  q*  =  0. 

We  shall  obtain  the  desired  equation  by  eliminating  ai,  ag,  as  from  (140)  and 
(141).  From  the  first  we  derive  z  —  a3  =  R/Vl  +  p2  +  g2,  and,  replacing  z  —  as 
by  this  value  in  (141),  we  obtain  the  partial  differential  equation  of  the  tubular 
surfaces, 

(142)  (rt- 
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The  geometric  meaning  of  this  equation  is  easily  verified.  It  states  that 
one  of  the  principal  radii  of  curvature  of  the  surface  is  equal  to  R  (I,  §  242, 
2d  ed.  ;  §  241,  1st  ed.). 

Note.  Given  a  function  of  several  variables  which  depends  upon 
one  or  more  arbitrary  functions,  it  is  not  always  possible,  as  in  the 
two  cases  which  have  just  been  examined,  to  deduce  from  them 
one  and  only  one  relation,  independent  of  the  form  of  the  arbitrary 
functions,  between  the  independent  variables,  the  function  z  and 
its  partial  derivatives  up  to  a  given  order.  Let  us  consider,  for 
example,  a  function  z  =  F(x,  y,  X,  F),  where  F  is  a  given  func 
tion  of  the  four  arguments  which  appear  in  it,  and  where  X  and 
Y  are  arbitrary  functions  of  the  variables  x  and  y  respectively.  The 
five  derivatives  p,  q,  ?•,  s,  t  of  the  first  and  second  orders  depend 
upon  X,  A",  A",  Y,  Y',  F",  and  it  is  in  general  impossible  to  elimi 
nate  these  six  quantities  from  the  six  equations.  But  if  we  continue 
up  to  derivatives  of  the  third  order,  we  have,  in  all,  ten  relations 
containing  eight  arbitrary  quantities,  A,  A',  A",  A'",  F,  Ff,  F",  Ffff, 
and  the  elimination  will  lead  to  a  system  of  two  equations  of  the 
third  order.2* 

94.  General  existence  theorem.  The  proof  given  for  a  system  of 
partial  differential  equations  of  the  first  order  (§  25)  can  be  extended 
readily  to  the  most  general  systems  of  the  normal  form,  studied  by 
Madame  Kovale vsky,  t  -y^  (Vrxk 


(143) 


Fp(xl 


in  which  the  right-hand  sides  contain  the  independent  variables  xv 
sr2,  •  •  -,  o*n,  the  dependent  functions  zv  •  •  •,  «p,  the  partial  derivatives 
of  zl  up  to  and  including  those  of  order  riy  the  partial  derivatives  of 
s2  of  orders  up  to  and  including  those  of  order  r2,  •  •  -,  and  so  on, 


*  See  HERMITE,  Cours  d' Analyse,  pp.  215-229. 

t  Journal  de  Crelle,  Vol.  LXXX.  In  her  proof,  Madame  Kovalevsky  reduces  the 
general  case  to  the  case  of  a  linear  system  of  the  first  order,  but  for  us  it  will  be 
sufficient  to  reduce  the  general  case  to  the  case  of  a  system  of  the  first  order  of  any 
form  whatever. 


284  PARTIAL  DIFFERENTIAL  EQUATIONS  [V,  §  94 


but  none  of  the  derivatives  d^z^/dx^,  d^z^/dx^,  —  •,  drpzp/dx[p. 
may  then  state  the  general  theorem  as  follows : 

Regarding  the  quantities  xv  jca,  •  •  -,  xn,  zv  z,2,  •  -  •,  zp, 

^  +  ^-  +  a^  , 
dxfi  dx%*  -  -  -  dx%* 

which  appear  in  the  functions  Ft  as  independent  variables,  let 


be  any  system  of  values  of  these  variables  in  whose  neighborhood  the 
functions  F{  are  analytic.    On  the  other  hand,  let 


(144) 


be  functions  of  the  n  —  1  variables  x^  xa,  -  -  •,  xn,  regular  in  the 
neighborhood  of  the  point  a^  •  •  •,  an,  and  such  that  we  have 


a*...  a,;.      «..•,.—» 

a2,  •  •  •,  xn  =  aw.     TAew,  ^7<-e  equations  (143) 
system  of  integrals,  analytic  in  the  neighborhood  of  the  point 
(av  «2,  •  •  •,  an),  and  such  that  we  have,  for  xl  =  av 


To  prove  this  we  observe  first  that  the  equations  (143),  and  those 
which  we  obtain  from  them  by  successive  differentiations,  enable  us 
to  express  all  the  partial  derivatives  of  the  dependent  variables  in 
terms  of  the  independent  variables,  the  dependent  variables,  and  the 
partial  derivatives  dai  +  --  +a*zi/dxfi  •  -  -  dx%n,  where  ax  <  i\  for  i  =  1, 
ai  ^  r2  ^or  *  =  ^'  '  '  '»  ai  ^  rp  -^or  *  ==P-  This  follows,  step  by  step, 
by  a  process  of  reasoning  exactly  like  that  of  §  25.  Now  the  ini 
tial  conditions  determine  immediately  for  x1  =  a1,  •  •  •,  xn  =  an  the 
numerical  values  of  the  derivatives  in  terms  of  which  all  the 
others  are  expressible.  Hence  the  coefficients  of  the  developments 
in  power  series  of  the  integrals  whose  existence  we  wish  to  prove 
can  be  calculated  by  the  operations  of  addition  and  multiplication 
alone,  in  terms  of  the  coefficients  of  the  developments  of  the  func 
tions  F{  and  of  the  functions  of  the  array  (144). 
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To  finish  the  proof,  it  remains  to  establish  the  convergence  of  the 
power  series  thus  obtained  when  the  absolute  values  of  the  differ 
ences  x{  —  cti  are  sufficiently  small.  We  have  already  proved  this 
convergence  when  all  the  numbers  rv  r^  -  -  •,  rp  are  equal  to  unity. 
We  shall  now  show  how  to  reduce  the  general  case  to  this  particular 
case  by  considering  as  dependent  variables  the  functions  zv  —  -,  zp, 
and  their  partial  derivatives  up  to  those  of  order  t\  —  1,  inclusive, 
for  z{(i  =  1,  2,  •  •  .,  %))• 

Let  us  put 


The  right-hand  sides  of  the  equations  (143)  contain  the  variables 
ajj,  •  •  •,  xn)  the  dependent  variables  zlt  •  •  •,  zp,  the  new  dependent 
variables,  and  certain  derivatives  of  the  first  order  of  these  new 
dependent  variables.  But,  by  hypothesis,  the  derivatives  of  the  varia 
ble  zi  of  order  r{  which  can  appear  are  different  from  the  derivative 
zrt,o, o, ••-., o-  Hence  at  least  one  of  the  numbers  a2,  «8,  •  •  •,  an  is  differ 
ent  from  zero.  If,  for  example,  a2  >  0,  we  can  replace  ^ ,  a , . . .,  «w  by 


when  a^  -\-  a2  -f-  .  •  •  -f-  an  =  riy  and  similarly  for  the  others.    We  can 
therefore  write  the  given  equations  (143)  in  the  equivalent  form 


(145) 


the  right-hand  sides  containing  only  the  independent  variables  and 
the  dependent  variables  with  some  of  the  partial  derivatives  of  the 
first  order  taken  with  respect  to  one  of  the  variables  o?2,  •  •  .,  xn.  To 
these  equations  must  be  adjoined  those  which  give  the  derivatives 
.with  respect  to  a^  of  the  new  dependent  variables,  other  than  those 
which  we  have  already  written.  If  we  have  a^  -j-  #2  -f-  •  •  •  -f-  an  ^  r{  —  2, 
we  can  write  immediately 

(146)         a**=  **+'•*  .....  - 


and  we  have  o^  +  1  +  aa  +  •  •  •  +  an  ^  i\  —  1,  so  that  the  right-hand 
side  is  one  of  the  dependent  variables.    If  we  have 
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we  must  suppose  a^  <  rt-  —  1,  and,  consequently,  one  at  least  of  the 
numbers  aa,  •••,«„  is  different  from  zero.  If,  for  example,  we  have 
«  >  0,  we  shall  write 


and  the  right-hand  side  is  the  derivative  with  respect  to  x2  of  one  of 
the  auxiliary  dependent  variables.  The  equations  (145),  (146),  and 
(147)  form  a  normal  system  of  equations  of  the  first  order.  The 
initial  conditions  which  must  be  satisfied  by  the  integrals  of  this 
new  system  result  immediately  from  the  initial  conditions  imposed 
upon  the  integrals  of  the  original  system,  and  it  is  clear  that  the 
power  series  obtained  for  the  integrals  zv  #2,  •  •  •,  »p  of  the  new  sys 
tem  will  be  identical  with  the  power  series  obtained  for  the  integrals 
of  the  given  system.  These  series  are  therefore  convergent  (see  §  25) 
in  the  neighborhood  of  the  point  (av  «2,  •  •  -,  an). 

For  example,  the  equation  of  the  second  order  r  —  /(x,  y,  z,  p,  <j,  s,  t)  can  be 
replaced  by  a  system  of  three  equations  of  the  first  order  in  the  normal  form, 

dz  _  dP_f(  dP    5<A          dq_dp 

dx  dx        \  dy    dy/          dx      dy 

If  it  is  required  that  z  =  <£(y),  dz/dx  =  \f/  (?/),  for  x  =  x0,  the  integrals  of  the 
auxiliary  system  must  reduce  respectively,  for  x  =  x0,  to  the  functions  0  (?/), 


This  general  theorem  does  not  furnish  a  reply  to  all  the  questions 
which  can  be  proposed  on  the  existence  of  integrals  of  any  system 
whatever  of  partial  differential  equations,  for  it  applies  only  to  sys 
tems  in  the  normal  form  considered.  The  most  general  systems  have 
been  the  subject  of  a  great  number  of  studies,  the  most  recent  of 
which,  due  to  Tresse,  Eiquier,  and  Delassus,  have  led  to  the  gen 
eral  solution  of  the  following  problem :  Given  a  system  of  m  partial 
differential  equations  of  any  order  in  any  number  of  independent 
and  any  number  of  dependent  variables,  to  determine  whether  this 
system  has  any  integrals  and,  if  it  has,  to  define  the  arbitrary  quan 
tities  (constants  or  functions)  upon  which  the  integrals  depend.* 

To  sum  up,  every  partial  differential  equation  of  any  order  in 
which  both  sides  are  analytic  functions  of  their  arguments  has  an 
infinite  number  of  analytic  integrals,  but  we  cannot  say,  in  general, 
as  in  the  case  of  ordinary  differential  equations  (§  26),  that  all  the 

*  The  investigations  of  Riquier  have  been  collected  by  him  in  his  work  Sur  les 
systemes  d' Equations  aux  dtrivtes  partielles  (1910). 
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integrals  are  analytic  functions  of  the  independent  variables.  We 
have  seen  above  (p.  255,  ftn.)  that  it  is  not  true  for  an  equation 
of  the  first  order.  It  is,  moreover,  easy  to  see  this  by  elementary 
examples  such  as  the  equation  p  =  0,  whose  general  integral  is  any 
function  of  y. 

The  methods  of  the  calculus  of  limits  do  not  apply  to  the  non- 
analytic  equations.    Let  us  consider,  for  example,  the  equation 

(148)  *  +  ?/(*,?)=<>, 

where  f(x,  y)  is  a  continuous  non-analytic  function  satisfying  the 
Lipschitz  condition  with  respect  to  y.  We  have  proved  in  §§  27-30 
that  the  differential  equation 


has  an  infinite  number  of  integrals  which  depend  upon  an  arbitrary 
constant  C.  In  order  to  conclude  from  this,  as  in  §  31,  the  existence 
of  an  integral  of  the  equation  (148),  it  would  be  necessary  to  prove 
that  all  these  integrals  are  defined  by  an  equation  of  the  form 
<£  (x,  y)  =  C,  where  the  function  <£  possesses  continuous  derivatives 
of  the  first  order.  We  shall  return  to  this  question  in  the  next 
volume. 

EXERCISES 

1.  Integrate  the  partial  differential  equations 

ax*p  +  (z*z  +  axsy  —  az2?/2)  q  =  2  axzyz  —  za2y*, 

2 


(x  -  6y)p  +  (lQx-y)q  =  Qy2  -  4z2  _ 

2.  Find  the  general  equation  of  the  surfaces  which  cut  at  right  angles  the 
spheres  represented  by  the  equation 

x2  +  y2  +  z2  +  2  az  =  0, 

where  a  is  a  variable  parameter. 

Deduce  from  the  result  obtained  some  systems  of  three  families  of  orthogonal 
surfaces. 

3.  It  is  required  to  find  the  partial  differential  equation  of  the  surfaces 
described  by  a  straight  line  which  moves  so  that  it  always  meets  a  fixed  straight 
line  at  a  given  angle.   Integrate  this  partial  differential  equation. 

[Licence,  Paris,  July,  1873.] 

4.  Given  a  plane  P  and  a  poinv  0  in  the  plane,  find  the  general  equation  of 
all  the  surfaces  such  that,  if  we  draw  the  normal  mn  at  any  point  m  of  one  of 
them  meeting  the  plane  P  at  n,  and  then  the  perpendicular  mp  to  this  plane, 
the  area  of  the  triangle  Onp  will  be  equal  to  a  given  constant. 

[Licence,  Paris,  November,  1871.] 
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5.  The  same  question  as  in  Ex.  4,  supposing,  however,  that  the  angle  nOp  is 

constant. 

[Licence,  Rennes,  1883.] 

6.  Determine  all  the  surfaces  which  satisfy  the  condition 

Op  x  mn  =  XOm2, 

where  X  denotes  a  given  constant,  0  the  origin  of  coordinates,  m  any  point  of 
one  of  the  surfaces,  p  the  foot  of  the  perpendicular  dropped  from  0  upon  the 
tangent  plane  at  m,  and  n  the  trace  of  the  normal  on  the  plane  xOy. 

[Licence,  Paris,  1875.] 

7.  Find  the  general  equation  of  the  surfaces  such  that  if  we  draw  the 
normal  mn  from  any  point  m  of  one  of  them  terminating  in  the  zz/-plane,  the 

length  mn  will  be  equal  to  the  distance  On. 

[Licence,  Poitiers,  1883.] 

8.  Find  the  integral  surfaces  of  the  equation 

xy2p  +  x2yq  =  z  (x2  +  y2). 

Determine  the  arbitrary  function  in  such  a  way  that  the  characteristic  curves 
form  a  family  of  asymptotic  lines  of  the  integral  surfaces,  and  find  the 
orthogonal  trajectories  of  the  surfaces  thus  obtained. 

[Licence,  Paris,  July,  1904.] 

9.  Consider  a  family  of  skew  curves  r  represented  by  the  two  equations 

z2  +  2y2  =  az2,        x2  +  y2  +  z2  =  bz, 

where  a  and  6  are  two  variable  parameters. 

1)  Prove  that  these  curves  are  the  orthogonal  trajectories  of  a  one-parameter 
family  of  surfaces  8  ; 

2)  Find  the  lines  of  curvature  of  these  surfaces  S ; 

3)  Show  that  these  surfaces  form  part  of  a  triply  orthogonal  system,  and  find 

the  other  two  families  of  this  system. 

[Licence,  Paris,  July,  1901.] 

10.  Form  the  partial  differential  equation  which  has  the  complete  integral 
y2  (x2  —  a)  =  (z  +  b)2,  and  integrate  this  equation. 

11.  Determine  the  surfaces  such  that  the  segment  mn  of  the  normal  included 
between  the  surface  and  the  point  of  intersection  n  with  a  fixed  plane  P  pro 
jects  upon  this  plane  into  a  segment  of  constant  length. 

12.  Let  n  be  the  point  where  the  normal  at  m  to  a  surface  meets  the  xy- 
plane.   Find  the  surfaces  such  that  the  straight  line  On  will  be  parallel  to  the 

tangent  plane  at  m. 

[Licence,  Poitiers,  July,  1884.] 

13.  It  is  required  to  determine  the  surfaces  which  cut  at  a  given  angle  V  all 
the  planes  passing  through  a  fixed  straight  line.   Show  that  the  characteristic 
curves  are  the  lines  of  curvature  of  the  integral  surfaces. 

14.  The  integral  curves  of  the  partial  differential  equation  for  which  a  com- 
plete  integral  is        (1  _  a2) x  +  fc(1  +  «2) z  +  2 ay  +  6  =  0, 

where  a  and  b  are  two  arbitrary  constants,  satisfy  the  relation 

dx2  +  dy2  =  k2dz2. 
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15*.  Every  integral  curve  of  a  partial  differential  equation  F(x,  y,  z,  p,  q)  =  0, 
tangent  at  a  point  M  to  a  generator  G  of  the  cone  T  with  its  vertex  at  M, 
has  contact  of  the  second  order  with  every  integral  surface  tangent  at  M  to  the 
plane  tangent  along  the  generator  G  to  the  cone  T. 

[SOPHUS  LIE.] 

16.  From  a  point  M  of  a  surface  S  a  perpendicular  MP  is  dropped  upon  the 
fixed  axis  0(7,  then  from  the  point  P  a  perpendicular  PN  upon  the  normal  to 
the  surface  at  M.   It  is  required  to  determine  the  surfaces  S  such  that  the 
length  MN  will  be  a  given  constant  a. 

Study  in  particular  the  surfaces  S  which  are  helicoids  having  0(7  for  axis. 

[Licence,  Paris,  October,  1908.] 

17.  It  is  required  to  find  the  general  form  of  the  functions  F(x,  y,  z,  p,  q) 
such  that  the  differential  equations  of  the  characteristic  curves  of  the  equation 
F  =  0  will  have  the  integrable  combination  d  (q/p)  =  0. 

Application.  Determine  the  surfaces  S  such  that  the  distance  of  any  point 
M  of  one  of  them  to  the  xy-plane  is  equal  to  the  distance  from  the  point  0  to 
the  tangent  plane  to  the  surface  at  the  point  M. 

18.  Given  the  partial  differential  equation 

(I)  Pp  +  Qq  =  Rz2  +  Sz  +  T, 

where  P,  Q,  B,  S,  T  depend  only  upon  the  variables  x  and  y,  show  that  the 
anharmonic  ratio  u  of  any  four  particular  integrals  of  the  equation  (I)  satisfies 
the  equation 

*£+«£=». 

dx          dy 

Knowing  four  particular  integrals  z19  z2,  z3,  z4  of  the  equation  (I),  can  we 
derive  from  them  the  general  integral  ? 

19.  Parallel  surfaces.   Let  B  (x,  y,  z)  be  an  integral  of  the  equation 


Prove  that  the  equation  B  (x,  ?/,  z)  =  C  represents,  in  rectangular  coordinates, 
a  family  of  parallel  surfaces. 

Note.   We  observe  that  the  equation  (E)  has  the  complete  integral 


e  =  V(x  -  a)2  +  (y  -  6)2  +  (z  -  c)2, 

and  the  general  integral  is  obtained  by  finding  the  envelope  of  the  sphere  of 
radius  B  whose  center  describes  a  surface  or  a  curve.  It  is  clear  that  by 
making  the  radius  B  vary  we  obtain  a  family  of  parallel  surfaces. 

Conversely,  in  order  that  the  equation  u  (x,  y,  z)  =  C  shall  represent  a  family 
of  parallel  surfaces,  it  is  necessary  and  sufficient  (Ex.  9,  p.  42)  that  u  (x,  y,  z) 
satisfy  an  equation  of  the  form 


which  we  may  reduce  to  the  form  (E)  by  putting  B  —  \fr  (u). 
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20.  In  order  that  the  expression  dz  +  Adx  +  Bdy  shall  have  an  integrating 
factor  independent  of  z,  it  is  necessary  and  sufficient  that  it  be  of  the  form 

d z  +  z  d<f>  +  e~4>  cfy, 
where  0  and  \f/  are  functions  of  x  and  y. 

21.  Apply  the  method  of  J.  Bertrand  (p.  232)  to  the  equation 

Pdx  +  Qdy  +  Rdz  =  0, 

where  P,  Q,  R  are  linear  functions  of  x,  y,  z  satisfying  the  condition  of 
integrability. 

22*.  Given  a  completely  integrable  system  of  the  form 

dz  =  pdx  +  qdy, 

dp  -  (a^p  +  a2q  +  a3z)dx  +  (c^p  +  czq  +  csz)dy, 

dq  =  (^p  +  czq  +  c3z)  dx  +  (6xp  +  62g  +  bsz)dy, 

where  ctt-,  6,-,  ct-  are  functions  of  x  and  y,  the  general  integral  is  of  the  form 
z  =  CjZj  +  C2z2  +  C3z3,  where  zx,  z2,  z3  are  three  linearly  independent  inte 
grals,  and  where  C15  C2,  (73  are  arbitrary  constants.* 

23.  Find  the  necessary  and  sufficient  conditions  in  order  that  the  equations 

r=fl(x,y),         s=/2(x,  y),        t=fs(x,y) 
be  consistent. 

Application.  Find  what  condition  the  functions  A  (cc,  y),  B(x,  y),  C(a;,  y) 
must  satisfy  in  order  that  the  integral  curves  of  the  differential  equation 
Adx2  +  2Bdxdy  +  Cdyz  —  0  be  the  projections  on  the  xy-pl&ne  of  the  two 
families  of  asymptotic  lines  of  a  surface. 

*  APPELL,  Journal  de  Liouville,  3d  series,  Vol.  VIII,  p.  192. 
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177,  64  ;  775,  65  ;  193,  ftn. 
Briot  and  Bouquet's  equation  :  173,  64 
Briot  and  Bouquet's  method,  analytic 

integrals :  50,  ftn. ;  59,  26 
Briot  and  Bouquet's  theorem  :  175, 64; 

176,  64  ;  177,  64  ;  178,  65 

Calculus  of  limits:  45,  21  and  22;  65, 
ftn. ;  137,  50 ;  (system  of  equations) : 
45,22;  equations  of  the  nth  order:  49, 
22  ;  100,  37 ;  non-linear  equations : 
174,  64;  partial  differential  equa 
tions  :  53,  25 ;  (system  of) :  56,  25  ; 
283,  94 ;  287,  94 ;  system  of  linear 
equations :  50,  23 ;  total  differential 
equation :  51, 24;  (system  of) :  53, 24 

Canonical  form,  of  substitutions :  131, 
48  ;  132,  48 ;  of  a  system  of  linear 
equations :  161,  59  ;  165,  61  ;  179,  65 

Cauchy :  35,  18 ;  45,  21  ;  46,  22  ;  61, 
27  ;    68,  30  ;    73,  30  ;    74,  30  ;    70 
39  ;    109,  ftn. ;  725,  46  ;  154,  ftn. 
772,  63  ;  183,  67  ;  198,  71  ;  202,  71 
214,  75  ;  217,  75  ;  246,  84  ;  245,  85 
254,  85 ;  257,  85 ;  257,  Note ;  255, 
86  ;  260,  Note  ;  261,  87  ;  264,  87 

Cauchy-Lipschitz  method :  61, 27  ;  68, 
30 ;  74,  30 

Cauchy's  equation :  257,  ex.  1. 

Cauchy's  first  proof  :  68,  30  ;  73,  30 

Cauchy's  method :  non-homogeneous 
linear  equations :  108,  39  ;  109,  ftn. ; 
(system  of):  154,  ftn.;  partial  dif 
ferential  equations  :  245,  85  ;  257, 
Note ;  255,  86 ;  260,  Note ;  (ex 
tended)  :  261,  87 

Cauchy's  problem  :  246,  84  ;  264,  87 

Cauchy's  theorem  :  45,  22  ;  772,  63  ; 
183,  67  ;  198,  71  ;  202,  71 ;  (system 
of  equations)  :  48,  22  ;  277,  75 ;  par 
tial  differential  equations :  54,  25 
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Center,  of  integral  curves:  180,  65; 
of  similitude,  8,  3 

Characteristic  curves:  £25,  76;  224, 
77;  249,  85;  250,  85;  259,  86; 
261,  87 ;  Cauchy's  method  :  249,  85 ; 
257,  Note;  259,  86;  £60,  Note; 
#£1,  87;  congruence  of:  219,  76; 
220,  76 ;  £££,  77 ;  derivation  from 
complete  integral :  259,  86 ;  differen 
tial  equations  of  :  219,  76  ;  222,  77  ; 
224,  77;  251,  85;  see  also  Char 
acteristic  strip 

Characteristic  developable  surface : 
252,  85  ;  259,  86  ;  £60,  Note 

Characteristic  direction :  250,  85 

Characteristic  equation :  ISO,  47  ;  139, 
50  ;  140,  51  ;  245,  53  ;  147,  54  ;  255, 
61;  166,  62;  275,  65;  elementary 
divisors:  132,  ftn.;  roots  of:  130, 
47  ;  252,  48  ;  139,  50  ;  149,  Note  2 

Characteristic  exponents:  247,  54; 
150,  55 

Characteristic  numbers :  247,  54 

Characteristic  strip :  252, 85  ;  259,  86  ; 
260,  Note;  261,  87;  differential 
equation  of  :  262,  87 

Circles,  differential  equation  of  :  5,  1 ; 
of  double  contact  with  a  conic: 
206,  ex.  4 

Cissoid :  206,  ex.  5 

Clairaut :  17, 10  ;  42,  ftn.  ;  44,  ex.  20  ; 
205,  72  ;  £2£,  74  ;  2S9,  ex.  1 

Clairaut's  equation  :  27,  10  ;  41,  ftn. ; 
44,  ex.  20  ;  205,  72 ;  generalized  : 
212,  74  ;  239,  ex.  1 

Clebsch :  267,  88 

Complete  integral :  236,  82  ;  £50,  82  ; 
241,  83  ;  247,  84  ;  £60,  Note  ;  £77, 
91 ;  278,  92 ;  generalization  of  the 
ory  :  272,  90 ;  geometric  interpreta 
tion  :  238,  82 ;  of  involutory  systems : 
£77,  91 ;  see  also  Cauchy's  method 
and  Lagrange's  theory 

Complete  systems:  267,  88  and  89; 
equivalent :  268,  89 ;  Jacobian  sys 
tems:  269,  89;  £70,  89;  £72,  ex.; 
£75,  91  ;  278,  92 ;  method  of  inte 
gration:  £70,  89;  change  of  varia 
bles  :  £67,  89 


Completely  integrable  total  differen 
tial  equations:  52,  24;  ££5,  78; 
system  of  equations :  53,  24 ;  see 
also  Condition  for  integrability 

Complex  of  curves :  259,  86 

Condition  for  incornpressibility  of  a 
fluid :  86,  33 

Condition  for  integrability  of  total 
differential  equations  :  5£,  24  ;  ££5, 
78 ;  230,  80 ;  the  bracket  [u,  v] : 
234,  81;  £42,  83;  invariance  of: 
231,  80;  involutory  systems,  Pois- 
son's  parenthesis :  £74,  91 ;  the 
parenthesis  (it,  v) :  234,  81 

Conformal  representation:  ££,  13 

Congruence  of  curves :  209,  74 ;  £25, 
76 ;  £££,  77  ;  focal  points  of,  focal 
surface :  209,  74  ;  ££4,  77  ;  see  also 
Characteristic  curves  and  Edge  of 
regression 

Conical  point :  £57,  85 

Conies,  differential  equation  of :  5,  1 ; 
having  circles  of  double  contact: 
£06,  ex.  4 

Conoids  :  ££0,  ex.  1 

Constant  coefficients  in  differential 
equations:  227, 43;  (system  of  equa 
tions) :  257,  58;  260,  58;  D'Alem- 
bert's  method  :  2££,  44  ;  262,  58 

Constants  of  integration :  74,  31  ;  see 
also  Elimination  of  constants 

Continuous  one-parameter  groups : 
87,  34  ;  see  also  Groups 

Corresponding  homogeneous  linear 
equation:  207,  39 

Cotton :  64,  ftn. 

Covariant :  80,  Note  2 

Cremona  transformation  :  198,  ftn. 

Critical  points,  algebraic :  173,  63 ; 
183,  67 ;  199,  71  ;  £02,  71 ;  infinite 
number  of  :  185,  ftn. ;  linear  equa 
tions  :  129,  47 ;  non-linear  equa 
tions:  173,  63;  permutation  of 
integrals  about :  129,  47  ;  133,  49 ; 
transcendental :  257,  70 

Curves,  asymptotic  lines :  43,  ex.  18 ; 
91,  35  ;  £06,  ex.  6;  circles:  see  Cir 
cles  ;  cissoid :  £06,  ex.  5 ;  complex 
of :  £55,  86 ;  congruence  of :  see 
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Congruence  of  curves ;  conies :  see 
Conies;  cycloid:  41,  20;  edge  of 
regression :  209,  74  ;  212,  74  ;  240, 
ex.  2;  257,  85;  elastic  space  curve: 
99,  ex.  7;  ellipse:  18,  10;  enve 
lope  :  see  Envelope ;  family  of :  S,  1 ; 
helices :  220,  ex.  2 ;  isothermal :  43, 
ex.  12;  orthogonal:  14,  7;  55,- 17; 
£00,  ex.  3  ;  228,  78 ;  parabola :  6, 
1 ;  parallel :  42,  ex.  9  ;  similar :  8, 
3;  straight  lines :  4,  1;  trajectories: 

14,  7;    54,  17;    55,  36;    unicursal 
quartic:  19,  ex.  2;  205,  72;  see  also 
Cusps    Integral    curves,    Lines    of 
Curvature,  Locus 

Cusps    of    integral   curves :    41,   20 ; 
201,  71 ;  202,  71 ;  005,  73;  212,  74; 

015,  ex.  2  ;  see  ateo  Locus  of  cusps 

Darboux :   29,  16  ;    41,  f  tn. ;    45,  21 ; 
73,  ftn. ;  116  ftn.  ;  005,  ftn. ;  015, 
ex.  2  ;  059,  ftn.  ;  055,  85 
Darboux's  theorems :  29,  16 
D'Alembert :  122,  44  ;  161,  58 
D'Alembert's  method :  100, 44;  161, 58 
Definite  integrals  as  solutions,  of  Bes- 
sel's  equation :  126,  46  ;  169,  ex.  8 ; 
of  Laplace's  equation :  104,  46 
Delassus :  286,  94 

Depression  of  order :  36,  19 ;  109,  40 
Derivative  in  non-linear  equations, 
infinite  :  170,  63 ;  indeterminate : 
175,  64  ;  177,  65 ;  see  also  Briot  and 
Bouquet's  equation  and  Briot  and 
Bouquet's  theorem 
Developable  surfaces :  040,  82  ;  057, 
85  ;  282,  ex.  ;  see  also  Character 
istic  developable  surfaces 
Differential  equations :  5,  1 ;  admit 
ting  a  group  of  transformations : 
89,  35  ;  91,  35  ;  95,  36  ;  96,  36  ;  97, 
36  ;  98,  ex.  4 ;  algebraic  :  180,  66  ; 
150,  67 ;  algebraic,  of  deficiency 
zero  or  one :  18,  11 ;  Bernoulli's :  11, 
5  ;  Bessel's :  126,  46  ;  140,  52  ;  169, 
ex.  8 ;  Briot  and  Bouquet's :  173,  64 ; 
Cauchy's:  057,  ex.  1;  of  character 
istic  curves:  019,  76;  000,  77;  004, 
77  ;  051,  85;  of  characteristic  strip: 


060,  87;  of  circles:  5, 1;  Clairaut's: 
see  Clairaut's  equation ;  of  conies 
(Halphen's  method) :  5,  1 ;  Dar 
boux's  theorems :  29,  16;  depression 
of  order  of:  36,  19;  109,  40;  differ 
ential  notation  :  7,  2  ;  elastic  space 
curve:  99,  ex.  7;  equations  F(x,y') 
=  0,  F(y,y')  =  0:  18,  11 ;  Euler's: 
seeEulers  equation;  Euler's  linear: 
105,  45;  existence  theorems:  see 
Existence  theorems  ;  of  first  order : 
6,  2;  180,  66;  Gauss's:  140,  51; 
geometric  representation  of  :  14,  8 ; 
of  higher  order :  55,  18  ;  196,  70 ; 
homogeneous :  5, 3  ;  16,  ftn.;  38, 19  ; 
90,  35 ;  of  incompressible  fluid :  84, 
33;  integrals  of:  see  Integral  curves, 
Integral  surfaces,  and  Integrals ;  of 
isothermal  curves:  45,  ex.  12 ;  Jaco- 
bi's :  see  Jacobi's  equation ;  La- 
grange's  :  16,  9 ;  004,  72  ;  005,  72 ; 
Lamp's :  146,  53 ;  Laplace's  linear : 
104,  46;  Legendre's:  112,  ex. ;  lin 
ear:  9,  4;  90,  35;  Liouville's:  79, 
ex.  3 ;  of  the  nth  order :  4,1;  6, 
2  ;  49,  22  ;  100,  37 ;  order  of :  4, 
1 ;  of  orthogonal  trajectories :  14, 
7;  55,  17;  228,  78;  Painleve^s: 
196,  70  ;  197,  70 ;  of  parabolas :  6, 
1 ;  with  periodic  coefficients :  see 
Periodic  coefficients;  Picard's:  145, 
53 ;  raising  order  of  :  41,  Note  ; 
regular:  154,50;  Riccati's:  see  Ric- 
cati's  equation ;  of  similar  curves : 
8,  3 ;  singular  points  of  :  see  Singu 
lar  points ;  of  straight  lines :  4,  1 ; 
of  trajectories:  see  Trajectories;  see 
also  special  classes  of  differential 
equations  and  systems  of  equations 

Differential  notation :  7,  2 

Differential  operators:  97,  36;  102, 
38  ;  115,  41 ;  bracket  [u,  v] :  234, 
81 ;  041,  83 ;  the  parenthesis  (u,  v) : 
234,  81;  Poisson's  parenthesis:  074, 
91 ;  X\Y(fi\  -  Y[X(fft  :  97,  36  ; 
266,  88  ;  075,  92 

Dixon :  44,  ex.  21 

Dominant  functions:  45, 21 ;  47,  22 ;  51, 
23  ;  50,  24  ;  55, 25  ;  155,  50  ;  174,  64 
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Doubly  periodic  functions  of  the  sec 
ond  kind :  145,  53 

Edge  of  regression :  209,  74 ;  £12,  74 ; 
240,  ex.  2  ;  257,  85 

Elastic  space  curve :  99,  ex.  7 

Element :  251,  85  ;  261,  87 

Elementary  divisors :  132,  f tn. 

Elimination,  of  arbitrary  functions : 
222,  77 ;  238,  82  ;  259,  86 ;  273,  90  ; 
278,  93 ;  of  constants :  8,  I ;  £0£, 
74  ;  2S6,  82  ;  255,  ftn.  ;  27,2,  90 

Ellipsoid,  lines  of  curvature  of:  41, 
Note 

Elliptic  functions :  23,  14 ;  as  coeffi 
cients  of  a  linear  equation :  144, 
53 ;  146,  54 ;  existence  proof  from 
Euler's  equation :  28,  14  ;  194,  69 ; 
as  integrals:  19,  ex.  3 ;  89,  20 ;  144, 
63  ;  192,  68 ;  Picard's  equation : 
144,  53 

Envelope,  of  asymptotic  lines :  206, 
ex.  6 ;  of  integral  curves :  17,  10 ; 
203,  71  ;  204,  f  tn.  ;  m>,  72  ;  209,  74 ; 
#.?#,  ex.  8 ;  of  integral  surfaces :  238, 
82  ;  281,  93 ;  of  straight  lines :  18,  10 

Equations  of  first  order,  higher  order: 
see  Differential  equations  and  special 
classes  of  equations 

Equivalent  complete  systems:  268,  89 

Essentially  singular  points :  131,  47  ; 
134,  49 ;  movable :  196,  70 

Euler:  19,  12;  28,  14;  27,  14;  28, 
15  ;  29,  16 ;  41,  ftn.  ;  43,  ex.  17  ; 
117,  43;  7^,45;  754,  69;  205,  72; 
2&Z,  ex.  3 

Euler's  equation  :  23, 14  ;  28,  15  ;  41, 
ftn.  ;  754,  69  ;  205,  72 ;  Abel's  the 
orem :  28,  15;  existence  of  elliptic 
functions:  28,  14;  194,  69;  La- 
grange's  integral  of:  43,  ex.  17; 
Stieltjes's  general  integral :  27,  14 

Euler's  linear  equation  :  123,  45 

Euler's  relation  for  homogeneity :  221, 
ex.  3 

Exceptional  initial  values:  172,  63; 
173,  64  ;  177,  65 

Existence  theorems :  45,  22  ;  98,  ex. 
1 ;  analytic  integrals :  see  Analytic 


integrals  and  Briot  and  Bouquet's 
method;  calculus  of  limits:  see 
Calculus  of  limits ;  for  elliptic  func 
tions:  28,  14;  194,  69;  for  inte 
grating  factors:  57,  26;  successive 
approximations :  see  Successive  ap 
proximations  ;  for  systems  of  partial 
differential  equations  in  normal 
form :  283,  94 ;  see  also  Exceptional 
initial  values 
Extended  group  :  94,  36 

First  integrals :    74,  31  ;   76,  31  ;   81, 

32  ;  83,  32  ;  157,  57  ;  216,  75 
Fixed  singular  points :  181,  66  ;  182,  67 
Floquet:  151,  ftn. 
Focal  point :  209,  74 
Focal  surface:  209,  74;  224,  77 
Focus :  180,  65 
Fuchs  :  134,  50  ;  139,  ftn. ;  150,  ftn. ; 

194,  ftn. 

Fuchs'  theorem :  134,  50 
Functions     defined     by     differential 

equations :  182,  67 
Fundamental  characteristic  equation : 

139,    50 ;     see    also    Characteristic 

equation 
Fundamental     system    of    integrals: 

103,  38 ;  105,  38 ;  129,  47  ;  130,  47  ; 

147,   54;    for  a  system  of  linear 

equations :  153,  56 

Gauss :  140,  51 

Gauss's  equation:  140,  51 

General  integral :  3,  1  ;  12,  7 ;  59,  26 ; 
74,  31 ;  of  homogeneous  linear 
equations :  103,  38  ;  105,  38 ;  of 
partial  differential  equations :  217, 
75 ;  238,  82  ;  273,  90 ;  of  a  system 
of  equations :  57,  26  ;  152,  56 

Goursat:  83,  ftn.;  170,  exs.  14,  15; 
208,  ftn.;  265,  ftn. 

Group,  differential  equations  admit 
ting  a :  89,  35  ;  91,  35  ;  55,  36  ;  96, 
36;  57,  36;  98,  ex.  4;  differential 
equations  of  a :  55,  34 

Groups,  one-parameter  continuous : 
86,  34;  91,  36;  application  to  differ 
ential  equations  :  89,  35  ;  96,  36  ; 
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97,36;  functions  admitting :  55,36; 
of  infinitesimal  transformations : 
91,  36 ;  93,  36 ;  invariants :  93,  36 ; 
similar :  88,  34 ;  of  translations : 
89,  34  ;  see  also  Transformations 

Halphen :  5,1;  115,  42 

Hedrick :  255,  ftn. 

Helices :  220,  ex.  2  ;  245,  83 

Helicoid :  220,  ex.  2  ;  245,  83 ;  lines 
of  curvature  of  :  91,  35 

Hermite:  99,  ex.  7;  146,  53;  765,  ex. 
8;  193,  ftn.;  2SS,  ftn. 

Homogeneity  of  functions,  Euler's  re 
lation  :  221,  ex.  3 

Homogeneous  equations:  8,  3;  16, 
ftn. ;  38,  19  ;  90,  35 

Homogeneous  linear  equations:  102, 
38 ;  107,  39 ;  adjoint  equation,  poly 
nomial:  116,  42;  analogies  with 
algebraic  equations :  113,  41 ;  anal 
ogies  with  the  Galois  theory,  with 
symmetric  functions  of  roots :  115, 
41 ;  auxiliary  equation,  polynomial : 
117,  43 ;  Bessel's  equation :  126,  46 ; 
142,  52  ;  169,  ex.  8 ;  common  inte 
grals  of  two  equations :  114,  41 ; 
constant  coefficients:  117,  43; 
(D'Alembert's  method):  122,  44; 
corresponding:  107,  39;  critical 
points :  129,  47 ;  depression  of  order : 
109,  40;  elliptic  coefficients:  144, 
53  ;  146,  54 ;  Euler's  linear  equation: 
123,  45 ;  Fuchs'  theorem  :  134,  50 ; 
fundamental  system  of  integrals: 
103,  38  ;  105,  38  ;  129,  47 ;  Gauss's 
equation :  140,  51 ;  general  integral : 
103,  38  ;  105,  38  ;  greatest  common 
divisor :  113,  41 ;  group  of  substitu 
tions  :  132,  48  ;  134,  48  ;  invariants : 
115,  41 ;  Lamp's  equation :  146,  53  ; 
Laplace's  equation :  124,  46 ;  Legen- 
dre's  equation:  112,  ex.;  linearly 
independent  integrals :  103, 38 ;  105, 
38;  periodic  coefficients:  128,  47; 
146,  54 ;  150,  ex. ;  151,  ftn. ;  per 
mutations  of  integrals  around  a 
critical  point:  129,  47;  Picard's 
equation:  143,  53;  ratio  of  two 


integrals :  169,  ex.  10;  regular:  134, 
50 ;  regular  integrals :  128,  47 ;  131, 
47 ;  134,  49 ;  relation  to  Riccati's 
equation:  111,  40;  112,  ftn.;  roots 
of  integrals,  Sturm's  theorem :  111, 
ftn.;  solution  as  a  definite  inte 
gral  :  see  Definite  integrals ;  system 
of  :  see  System  of  homogeneous  lin 
ear  equations ;  Wronskian :  129,  47 ; 
see  also  Characteristic  equation, 
Characteristic  numbers,  and  Char 
acteristic  exponents 
Houel :  212,  ex.  1 
Hyperelliptic  functions :  193,  68 
Hypergeometric  series:  140,  51;  de 
generate  cases :  142 ,  52 

Identical  transformation :  88,  34 ;  91, 
36 

Incompressible  fluid,  condition  for : 
86,  33 ;  invariant  integrals :  84,  33 

Independent  equations :  265,  88 

Independent  integrals :  81,  31 ;  line 
arly  :  103,  38  ;  105,  38 

Infinitesimal  transformations:  86,  34  ; 
91,  36 ;  93,  36  ;  98,  36 

Initial  conditions:  45,  22  ;  48,  22  ;  49, 
22;  50,23;  52,24;  53,24;  61,26; 
defining  an  integral :  100,  37 ;  partial 
differential  equations :  54,  25 ;  57, 
25  ;  214,  74  ;  221,  76  ;  246,  84  ;  284, 
94 ;  see  also  Cauchy's  problem,  De 
rivatives  in  non-linear  equations, 
and  Exceptional  initial  values 

Integrable  combination :  77,  31  ;  78, 
exs.  1,  2;  -220,  76;  245,  83 

Integral  curves :  4,  1 ;  60,  26  and  ftn. ; 
61,  26  ;  79,  Note  1  ;  173,  ftn. ;  179, 
65 ;  199,  71 ;  center:  180,  65 ;  cusps: 
see  Cusps;  envelope  of :  17,  10;  203, 
71 ;  204,  ftn. ;  205,  72 ;  209,  74 ;  213, 
ex.  8 ;  focus :  180,  65 ;  in  para 
metric  form  :  16,  9 ;  of  a  partial  dif 
ferential  equation  :  257,  85  ;  258, 
ex.  2;  289,  ex.  15;  saddleback: 
179,  65  ;  see  also  Integrals 

Integral  equation :  61,  27 

Integral  surfaces :  218,  76 ;  219,  76 ; 
227,  78  ;  246,  84  ;  250,  85  ;  255,  85; 
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envelope  of :  238,  82  ;  281,  93  ;  see 
also  Cauchy's  problem  and  Integrals 

Integrals:  Abelian :  18,  \l;  analytic: 
see  Analytic  extension  and  Analytic 
integrals ;  anharmonic  ratio  of :  13, 
.  1 ;  Cauchy's  problem:  246,  84  ;  264, 
87 ;  complete  :  see  Complete  inte 
gral  ;  common  to  two  linear  equa 
tions  :  114,  41 ;  denned  by  initial 
conditions:  100,  37;  in  form  of 
definite  integrals:  see  Definite  in 
tegrals;  elements  of  :  251,  85;  261, 
87;  elliptic  functions :  19,  ex.  3;  39, 
20  ;  144,  53 ;  192,  68 ;  of  equations 
of  higher  order :  196,  70 ;  existence 
of  :  see  Existence  theorems ;  first : 
see  First  integrals;  fundamental 
system  of  :  see  Fundamental  system 
of  integrals ;  general :  see  General 
integral ;  general  properties  of  : 
100, 37;  hypergeometric series:  140, 
51  ;  142,  52 ;  independent :  81,  31 ; 
initial  conditions :  see  Initial  condi 
tions  ;  invariant :  see  Invariant  inte 
grals;  Legendre's  polynomials:  112, 
ex. ;  Lie's  enlarged  definition :  264, 
Note;  linearly  independent:  103, 
38 ;  105,  38 ;  non-analytic :  see  Non- 
analytic  integrals;  particular:  3,  1; 
12,  7;  14,  7;  20,  12  ;  107,  39  ;  109, 
40;  periodic:  192,  68;  permutation 
of  integrals  around  a  critical  point: 
129, 47 ;  133, 49 ;  rational  functions : 
144,  53;  192,  68;  rational  functions 
of  constants:  10,  4  ;  12,  7  ;  186,  67; 
regular:  128,  47;  131,  47;  134,  49; 
roots  of,  Sturm's  theorem:  111, 
ftn.;  singular:  see  Singular  inte 
grals;  singular  points:  see  Singular 
points ;  Wronskian  :  129,  47 ;  see 
also  Integrable  combination,  Inte 
gral  curves,  Integral  surfaces,  and 
special  types  of  equations 

Integrating  factors :  19, 12 ;  81, 32 ;  83, 
32  ;  96, 36 ;  98,  exs.  3, 4  ;  115, 42  ;  231, 
80  ;  290,  ex.  20 ;  existence  of  :  57,  26 

Integration  by  raising  order :  41,  Note 

Invariance  of  condition  of  integrability : 
231,  80 


Invariant  functions :  93,  36 

Invariant  integral :  83,  33 ;  of  homoge 
neous  linear  equations :  115,  41 ;  of 
incompressible  fluid:  84,  33;  line 
and  surface:  84,  33;  multiple:  85, 
33 ;  volume  :  86,  33 

Involutory  systems :  274,  91 ;  com 
plete  integral :  277,  91 ;  Jacobi's 
method  :  277,  92 ;  Poisson's  paren 
thesis  :  274,  91 

Isothermal  curves :  43,  ex.  12 

Jacobi:  11,  6;  25,  14;  32,  16;  74,31; 
81,  32  ;  163,  60  ;  269,  89  ;  270,  89  ; 
271,  ex. ;  275,  91 ;  277,  92 ;  278,  92 

Jacobi's  equation :  11,  6 ;  82,  16 ;  re 
lation  to  a  system  of  homogeneous 
linear  equations :  163,  60 

Jacobi's  method,  involutory  systems : 
277,  92 

Jacobi's  multipliers :  74,  31 ;  81,  32 

Jacobian  system:  269,  89;  270,  89; 
271,  ex. ;  275,  91  ;  278,  92 

Kovalevsky,  Madame :  45,  21 ;  283,  94 
and  ftn. 

Lagrange:  16,9-,  41,  fin.;  43,  ex.  17; 
107,  39 ;  109,  ftn. ;  115,  42  ;  203, 
71  ;  204,  72  ;  205,  72  ;  218,  ex.  4  ; 
286,  82  ;  289,  82  ;  240,  83 ;  241,  83  ; 
251,  85 ;  255,  ftn. ;  258,  ex.  1  ;  ^55, 
86 ;  277,  92 

Lagrange  and  Charpit's  method  :  240, 
83  ;  277,  92 

Lagrange's  equation  :  16,  9  ;  204,  72  ; 
205,  72 

Lagrange's  integral  of  Euler's  equa 
tion:  43,  ex.  17 

Lagrange's  method :  241,  83  ;  251,  85 

Lagrange's  method  of  the  variation  of 
constants :  107,  39  ;  109,  ftn. ;  255, 
ftn. 

Lagrange's  theory  of  the  complete  in 
tegral  :  286,  82 ;  289,  82  ;  258,  ex. 
1  ;  259,  86 

Laguerre :  115,  41 

Lami* :  146,  53 

Lamp's  equation :  146,  53 
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Laplace :  124,  46  ;  127,  Note 

Laplace's  linear  equation:  124,  46; 
127,  Note 

Legendre :  16,  f  tn. ;  28,  15  ;  112,  ex. 

Legendre's  equation  :  112,  ex. 

Legendre's  polynomials :  112,  ex. 

Legendre's  transformation :  16,  ftn. 

Leibnitz  :  118,  43 

Leibnitz's  formula  :  118,  43 

Liapunof:  151,  55  and  ftn. ;  166,  62 

Lie:  43,  ex.  12;  86,  ftn.;  55,  36; 
264,  Note  ;  2£S,  ex.  15 

Lie's  enlarged  definition  of  the  inte 
gral  :  264,  Note 

Lie's  theory  of  differential  equations : 
86,  34  ;  see  also  Groups 

Lindeldf:  61,  27  ;  98,  ex.  1 

Linear  equations :  9,  4  ;  90,  35  ;  100, 
37;  106,  39;  .Z<?£,  67;  coefficients 
depending  upon  a  parameter:  65, 
Note ;  depression  of  order  :  109,  40 ; 
general  properties  of  integrals :  100, 
37;  see  also  Homogeneous  linear 
equations,  Integrals,  Non-homoge 
neous  linear  equations,  Partial  differ 
ential  equations,  and  Singular  points 

Linearly  independent  functions :  103, 
38 ;  integrals :  103,  38  ;  105,  38 

Lines  of  curvature:  206,  72;  of  an 
ellipsoid  :  41,  Note ;  of  a  helicoid : 
91,  35 

Lioumlle :  79,  ex.  3 

Liouville's  equation  :  79,  ex.  3 

LipschUz  :  68,  30  ;  287,  94 

Lipschitz  condition  :  68,  30 ;  287,  94 

Locus,  of  characteristic  curves :  219, 
76;  of  cusps  of  integral  curves: 
201,  71 ;  202,  71 ;  206,  72  ;  208,  73  ; 
212,  74 ;  213,  ex.  2 ;  of  points  of 
inflection  of  integral  curves:  213, 
ex.  2. 

Mayer:  229,  79 
Mayer's  method :  229,  79 
Meray :  45,  21 
Moigno  :  68,  30 ;  212,  ex.  1 
Monge :  41,  Note 

Monge's  method  of  finding  the  lines  of 
curvature  of  an  ellipsoid :  41,  Note 


Movable  singular  points:  181,  66; 
185,  67 ;  197,  70  and  ftn. ;  for 
equations  of  higher  order :  196,  70  ; 
essentially  singular:  196,  70;  lines 
of  :  197,  70 ;  poles  :  197,  ftn. ;  tran 
scendental  critical  points :  197,  70 

Multipliers :  74,  31 ;  81,  32  ;  85,  33 

Non-analytic  integrals :  50,  22  ;  255, 
ftn. ;  Briot  and  Bouquet's  theorem : 
175,  64  ;  176,  64  ;  177,  64  ;  178,  65; 
see  also  Analytic  integrals  and  Briot 
and  Bouquet's  method 

Non-homogeneous  linear  equations : 
100,  37;  106,  39;  analytic  exten 
sion  of  integrals :  101,37;  Cauchy's 
method:  108,  39;  109,  ftn.;  con 
stant  coefficients:  120,  43;  corre 
sponding  homogeneous  equation : 
107,  39 ;  depression  of  order :  110, 
40;  general  integral:  107,  39;  La- 
grange's  method  of  the  variation  of 
constants:  107,39;  109,  ftn.;  singular 
points:  100,37 ;  system  of  equations: 
see  Systems  of  non-homogeneous 
linear  equations 

Non-linear  differential  equations,  172, 
63;  179,  65;  algebraic  equations  of 
the  first  order :  180,  66  ;  182,  67 ; 
Briot  and  Bouquet's  problem  :  193, 
ftn.;  having  single-valued  inte 
grals:  187,  68;  192,  68;  193,  ftn.; 
exceptional  initial  values:  172,  63; 
(derivative  infinite):  172,  63;  (de 
rivative  indeterminate)  :  173~,  64  ; 
177,  65;  integrals:  see  Envelope  of 
integrals,  Integral  curves,  Integrals, 
Locus  of  cusps,  and  Singular  inte 
grals  ;  functions  defined  by  y'  = 
R(x,  y):  182,  67;  non-analytic  inte 
grals  :  see  Non-analytic  integrals ; 
singular  points:  see  Critical  points, 
Fixed  singular  points,  Movable  sin 
gular  points,  Singular  points;  sys 
tems  of :  208,  74  ;  see  also  Equations 
of  Briot  and  Bouquet,  Clairaut, 
Euler,  Lagrange,  and  Riccati 

Normal  form  of  a  system  of  partial 
differential  equations :  283,  94 
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Order  of  a  differential  equation  :  4, 1 ; 
depression  of  :  36,  19  ;  109,  40;  first 
order :  6,  2  ;  180,  66 ;  higher  order, 
nth  order :  4,  1 ;  6,  2  ;  35,  18  ;  196, 
70 ;  integration  by  raising  order : 
41,  Note 

Orthogonal  trajectories:  14,  7;  S3, 
17;  £00,  ex.  3;  228,  78 

Orthogonal  surfaces :  223,  77 

Painlevei  59,  ftn. ;  74,30;  196,70-, 
197,  70 ;  £15,  ex.  7 

Painleve^s  equation:  156,  70;  157, 
70 

Parallel  curves :  42,  ex.  9 

Parallel  surfaces :  289,  ex.  19 

Parenthesis  (u,  v) :  234,  81 ;  Poisson' s : 
274,  91 

Partial  differential  equations :  76,  31 ; 
of  first  order :  see  Partial  differential 
equations  of  the  first  order;  of 
higher  order:  278,  93;  (system  of 
equations) :  283,  94 ;  of  ruled  sur 
faces  :  280,  ex.  1  ;  281,  ex.  2 ;  of 
tubular  surfaces :  240,  ex.  3  ;  282, 
ex.  ;  see  also  Systems  of  differential 
equations  and  Existence  theorems 

Partial  differential  equations  of  the 
first  order,  linear :  75,  31  ;  214,  75 ; 
characteristic  curves:  see  Character 
istic  curves;  of  conoids:  ££0,  ex.  1; 
general  integral :  217,  75 ;  geomet 
ric  interpretation :  218,  76 ;  general 
method  of  integration :  214,  75 ;  of 
helicoids:  ££0,  ex.  2 ;  245, 83;  initial 
conditions,  221, 76;  integral  surface : 
218,  76;  219,  76;  singular  integral, 
surface :  224,  77 ;  see  also  Systems 
of  differential  equations 

Partial  differential  equations  of  the 
first  order,  non-linear :  any  num 
ber  of  variables :  261,  87 ;  Cauchy's 
equation:  £57,  ex.  1;  Cauchy's 
method:  £45,  85;  £55,  86;  £60, 
Note;  (extended):  261, 87;  Cauchy's 
problem:  246,  84;  characteristic 
curves,  characteristic  developable 
surface,  characteristic  direction, 
characteristic  strip:  see  these  titles; 


Clairaut's  equation,  generalized : 
239,  ex.  1;  complete  integral:  236, 
82,  and  see  also  Lagrange's  theory; 
element:  £51,  85;  envelope  of  sur 
faces:  238,  82;  general  integral: 
238,  82;  integral,  Lie's  enlarged 
definition:  264,  Note;  integral 
curves:  £57,  85;  289,  ex.  15;  La- 
grange  and  Charpit's  method :  £40, 
83 ;  £77,  92 ;  separation  of  variables : 
£44,  ex.  3 ;  singular  integrals :  224, 
77;  £37,  82;  238,  ftn.;  £7£,  90; 
three  variables :  236,  82 ;  see  also 
Involutory  systems 

Particular  integral,  solution :  3,  1 ; 
12,  7 ;  U,  1 ;  £0,  12 ;  107,  39 ; 
105,  40 

Periodic  coefficients :  128,  47  ;  146, 
54  ;  150,  ex. ;  151,  ftn. ;  elliptic : 
144,  53;  146,  54;  Picard's  equa 
tion:  144,  53;  system  of  linear 
equations :  164,  61  ;  166,  62 

Picard:  55,  ftn.;  61,27;  74,30;  115, 
42  ;  144,  53  ;  177,  64 

Picard's  equation :  144,  53 

Picard's  method  of  successive  approxi 
mations  :  see  Successive  approxima 
tions 

Poincare:  55,33;  126,  ftn.;  151,  ftn.; 
177,  64  ;  180,  65  ;  154,  ftn. 

Poisson :  274,  91 ;  £77,  92 

Poisson's  identity :  £77,  92 

Poisson' s  parenthesis :  £74,  91 

Poles  of  integrals :  143,  53  ;  183,  67  ; 
185, 67 ;  movable :  186, 67 ;  157,  ftn. 

Properties,  of  differential  equations  of 
higher  order:  156,  70;  of  e*,  tanx: 
213,  ex.  6 

Quadratures :  7,  2  ;  10,  4  ;  12,  7  ;  13, 
7;  14,7;  16,9;  15,12;  75,31;  75, 
Note  1 ;  83,  32  ;  50,  35 ;  105,  39  ; 
110,  40  ;  111,  40  ;  154,  56  ;  £75,  92 

Raffy  :  44,  ex.  21 

Ratio,  of  similitude:  5,  3;  of  two 
integrals :  165,  ex.  10 

Rational  functions,  of  constants  as  in 
tegrals:  10,  4;  12,  7;  156,  67;  of 
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variables  as  integrals :  144,  53  ;  192, 

68 

Reducible  systems :  165,  62 
Regular  differential  equations:    134, 

50 
Regular  integrals :  128,  47  ;  131,  47 ; 

134,  49 ;  Fuchs'  theorem :  134,  50 ; 

substitutions :  132,  48  ;  134,  48 
Riccati :  12,  7  ;  13,  f tn. ;  43,  ex.  13  ; 

79,  ex.  2 ;  777,  40;  77£,  40  and  ftn.; 

143,  Note;  757,57;  169,  ex.  9  ;  170, 

ex.  15;  7££,  67;  187,  67  and  ftn.; 

754,  ftn. ;  197,  ftn. ;  213,  ex.  7 
Riccati's  equation  :  12,  7 ;  45,  ex.  13 ; 

79,  ex.  2  ;  277,  40 ;  77,2,  40  and  ftn. ; 

143,  Note  ;  757,  57 ;  169,  ex.  9  ;  770, 

ex.  15;  181,  67  and  ftn.;  186,  67; 

194,  ftn.;  213,  ex.  7;  generalization 

of:  757,  ftn.;  linear  transformation 

of  :  13,  ftn.;  relation  to  linear  equa 
tions  :  777,  40 ;  77,2,  ftn. 
Eiquier :  45,  21 ;  286,  94  and  ftn. 
Roots  of  characteristic  equation :  130, 

47;  131,  48  ;  139,  50  ;  149,  Note  2; 

elementary  divisors :  132,  ftn. 
Roots  of  integrals :   Sturm's  theorem  : 

111,  ftn. 
Ruled  surfaces  :  280,  ex.  1 ;  281,  ex.  2 

Saddleback :  775,  65 

Sauvage :  132,  ftn. 

Schlomilch :  212,  ex.  1 

Separation  of  variables :  6,  2 ;  8,  3 ; 
19,  12 ;  244,  ex.  3 

Serret :  212,  ex.  1 ;  213,  ex.  3 

Similar  curves :  8,  3 

Similar  groups :  88,  34 

Single-valued  integrals:  744,  53;  of 
(y'}m  =  R  (?/),  classification  of  equa 
tions  :  187,  68 ;  192,  68  ;  193,  ftn. 

Singular  integral,  curve,  surface:  77, 
10  ;  27,  14  ;  76,  ftn. ;  198,  71 ;  202, 
71 ;  205,  72  ;  200,  72  ;  208,  74  ;  210, 
74  ;  £24,  77  ;  237,  82  ;  £55,  ftn.;  as 
an  envelope :  203,  71 ;  238,  82 ;  geo 
metric  interpretation :  207,  73 

Singular  integral,  curves  and  surfaces: 
determination  of  :  205,  72 ;  of  first- 
order  equations  :  198,  71 ;  202,  71 ; 


206,  72 ;  geometric  interpretation  : 

207,  73 ;  of  partial  differential  equa 
tions:  224,  77  ;  237,  82 ;  238,  ftn.  ; 
272,  90 ;  of  a  system  of  equations : 

208,  74 ;  210,  74 

Singular  lines,  movable  :  757,  70 

Singular  points :  algebraic  critical 
points:  173,  63  ;  183,  67  ;  184,  67  ; 
201,  71 ;  Briot  and  Bouquet's  theo 
rem:  776,  64;  center:  180,  65;  of 
equations  of  the  first  order :  180, 
66 ;  essentially  :  131,  47 ;  134,  49 ; 
essentially  singular  movable  :  196, 
70 ;  fixed :  7<?7,  66  ;  182,  67 ;  focus : 
180,  65;  of  linear  equations:  65, 
28  ;  100,  37  ;  129,  47  ;  140,  51  ;  142, 
52  ;  143,  53 ;  indeterminate  deriva 
tive  :  775,  64  ;  infinite  derivative  : 
77,2,  63 ;  infinite  number  of  critical 
points:  185,  ftn.;  movable:  see 
Movable  singular  points ;  poles:  757, 
47 ;  745,  53  ;  744,  53 ;  7<?5,  67 ;  184, 
67 ;  185,  67  ;  757,  ftn. ;  saddleback  : 
775,  65 

Solution :  see  Integral 

Star :  67,  29 

Stationary  flow  :  86,  33 

StieUjes :  27,  14 

Stieltjes's  general  integral  of  Eider's 
equation :  27,  14 

Straight  lines,  differential  equation 
of :  4,  1 

Sturm :  111,  ftn. 

Sturm's  theorem :  777,  ftn. 

Substitutions :  linear  equations :  129, 
47;  132,  48;  754,  48;  canonical 
form :  757,  48  ;  75.2,  48  ;  system  of 
linear  equations,  canonical  form : 
165,  61 ;  Wronskian  :  7,25,  47 

Successive  approximations:  61,  27; 
analytic  functions:  66,29;  102,  37; 
775,64;  Cauchy-Lipschitz  method : 
61,  27 ;  68, 30 ;  74,  30;  Cauchy's  first 
proof:  68,  30;  75,  30;  coefficients 
functions  of  a  parameter :  65,  Note ; 
Lindelof's  addition:  61,  27;  linear 
equations:  64,  28;  Lipschitz  condi 
tion  :  68,  30  ;  287,  94  ;  non-analytic 
integrals:  775,  64;  real  variables: 
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Gl,  27;  62,  27;  68,30;  73,30;  150, 
55 ;  star :  67,  29 

Surfaces,  conoids:  220,  ex.  1;  develop 
able  :  240,  82;  257,  85;  282,  ex.; 
ellipsoid:  41,  Note;  focal:  209, 
74  ;  224,  77 ;  helicoids :  220,  ex.  2  ; 
#45,  83 ;  orthogonal :  223,  77 ;  par 
allel  :  289,  ex.  19 ;  ruled :  280,  ex. 
1  ;  281,  ex.  2;  tubular:  #40,  ex.  3  ; 
282,  ex. ;  see  also  Characteristic  de 
velopable  surfaces,  Envelopes,  and 
Integral  surfaces 

Symbolic  polynomial :  118,  41 ;  116, 
42;  118,  43;  divisor:  114,41;  great 
est  common  divisor :  113,  41 

Systems  of  differential  equations :  60, 
26  ;  74,  31  ;  79,  Note  1 ;  covariant : 
80,  Note  2 ;  existence  theorem : 
see  Existence  theorem ;  first  inte 
grals  :  see  First  integrals ;  general 
integral:  57,  26;  integral  curve: 
60,  26;  invariant  integrals:  see 
Invariant  integrals ;  multipliers : 
74,  31 ;  81,  32  ;  85, 33 ;  singular  inte 
grals  :  208,  74 ;  see  also  Integrable 
combination,  Systems  of  homoge 
neous  linear  equations,  and  Systems 
of  non-homogeneous  linear  equations 

Systems  of  homogeneous  linear  equa 
tions  :  152,  56 ;  adjoint  system : 
156,  57;  166,  62;  auxiliary  equa 
tion:  158,  58;  canonical  form: 
161,  59;  165,  61;  179,  65;  con 
stant  coefficients:  157,  58;  160, 
58;  (D'Alembert's  method):  161, 
58;  fundamental  system  of  inte 
grals  :  153,  56 ;  periodic  coefficients : 

164,  61 ;  166,  62 ;  reducible  systems : 

165,  62 ;  relation  to  Jacobi's  equa 
tion:  163,  60;  substitutions :  165,  61 

Systems  of  non-homogeneous  linear 
equations:  154,  56;  Cauchy's 
method  :  154,  ftn. ;  existence  theo 
rem  :  50,  23 

Systems  of  partial  differential  equa 
tions  :  of  first  order :  272,  90 ;  nor 
mal  form,  general  existence  theo 
rem  :  283,  94 ;  see  also  Existence 
theorems,  Involutory  systems,  and 


Systems  of  homogeneous  linear  par 
tial  differential  equations  of  the  first 
order 

Systems  of  partial  differential  equa 
tions,  homogeneous  linear  equa 
tions  of  the  first  order:  265,  88; 
independent  equations :  265,  88 ; 
X[Y(f)]-Y[X(f)]:  266,88;  see 
also  Complete  systems 

Tannery :  189,  ftn. 

Taylor :  35,  18 

Total  differential  equations:  51,  24; 
225,  78;  241,  83;  276,  91;  Ber- 
trand's  method :  232,  80 ;  290,  ex.  21 ; 
completely  integrable  :  52,  24  ;  225, 
78;  existence  theorem:  51,  24; 
geometric  interpretation :  227,  78  ; 
integral  surface :  227,  78 ;  Mayer's 
method:  229,  79;  method  of  inte 
gration:  225,  78;  232,  80;  Pdx  + 
Qdy  +  Rdz  =0  :  230,  80  ;  see  also 
Condition  of  integrability 

Trajectories:  13,  7;  14,  7 ;  34,  17; 
93,  36 

Transcendental  critical  points :  197,70 

Transformations:  82,  32;  83,  32; 
84, 33 ;  admitting  a  group  of :  89, 35  ; 
96, 36 ;  of  complete  systems :  267,89 ; 
covariants :  80,  Note  2 ;  Cremona : 
198,  ftn.;  extended  group  of :  94, 36 ; 
identical :  88,  34  ;  91,  36 ;  infinites 
imal  :  86,  34  ;  91,  36  ;  93,  36 ;  98, 36; 
inverse  :  89,  34 ;  Legendre's :  16, 
ftn. ;  of  linear  equations :  115,  41  ; 
162,  59 ;  of  Riccati's  equation :  13, 
ftn. ;  see  also  Groups  and  Invariants 

Tresse :  286,  94 

Tubular  surfaces :  240,  ex.  3  ;  282,  ex. 

Unicursal  quartic :  19,  ex.  2  ;  205,  72 

Variation  of  constants  :  107,  39  ;  109, 
ftn. ;  255,  ftn. 

Weierstrass :  45,  21 ;  182,  48  and  ftn. 
Weierstrass's     elementary     divisors : 

132,  ftn. 
Wronskian :  129,  47 
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